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m Specification of the problem

Find aninstantiation of variables (acollection of witness terms), which satisfies domain-specific constraints.

E.g., inorder to prove the formula

(1) 3 V X*x(y-1) =x,

YER X€R

the only proper instantiation of the existentially quantified variableis:

y 2.

In[ Zimmer-Melis 2004], it is emphasized that

— instantiationis ahard task not only for the automated provers, but also for the humans,
— unificationis not the appropriate i nstantiation technique, when the constraints are specific to adomain,

— instead of unification, constraint solvers can be used.

Inthis presentation we deal withreal algebraic contraints, i.e. the contraints are expressible in the Elementary Theory
of Real Closed Fields (ETRCF), see e.g. [Winkler 1996])

(CS: 0, 1; FS: +, *; PS: <, <,>, >, =, #)

Recall that atypical formulainthistheory looks as follows:

(2) ley (X2 +y% <4 N\ y?>-2x+2<0)

Quantifier elimination, decidability, extension of the languauge
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CreaComp Project (E-Schulung von Kr eativitét und Probleml 6sekompetenz);

Educational Unit for Elementary Analysis (see W. Windsteiger's talk).

Inthe first phase of the exploration cycle, we focus in this educational unit on proving properties of particular func-

tions.

Typica propertieswhich are investigated in the unit —expressed in Theorema syntax:

Fr omAAndBBoundedSequence(f ]
BoundedSequence [f ]

Conver gent Sequence[f ]

Local Conti nuousFunction[f, a]

Uni f or mCont i nuousFuncti on[f ]

E| \4
k, KeR neN

\4
KeR neN

4 Vv 3V
aeR e€R NeN neN

e>0 nzN
v 3 v
eeR 6eR YER
e>0 6>0 ly-a}<é
v 3 v

€€R Se€R X, YER
e>0 6>0 ly-x | <&

(k <f[n] Af[n] <K)
(f [n1t <K)
(If [n] -al <€)

(If [yl -f[alt<e)

(f Lyl -fIx1t<e)
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m Method

The characteristic property of these notions is that their defining formulahas a sequence of alternating quantifiers

(3(7, yT denote afinite sequence of variableswithlength > 0, the matrix P is quantifier-free).

v P[xl yl x2 y2 ]

xl-

J——
N e e

=lw
ol <
Nl
Sl<
Sl

—We use the PCS method introduced by Buchberger [Buchberger 2001] to prove propositions belonging to this
domain.

PCS: Combination of Proving, Symbolic Computing and Solving phases
—first implementation by Dupre [Dupre 2000]

—one crucia step inthose proofsisto construct witness terms, typically contants or unary or binary Skolem func-
tions (Solve).

Improvement of the solving phase:

We useavariant of the quantifier elimination (QE) technique in ETRCF — whichis based on Callins Cylindrical
Algebraic Decomposition Method (CAD) [Collins 1975]

We emphasize, that proper pre-processing is needed to get an instatiantion of an existentially quantified variable of
the goal formulain the proof situation; use the constraint solver as an , Which gives agood guess for the witness
term.
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m Interface to the Solver

— Preliminary step: Partition the repeated alternating quantifier sequence in the prefix of the goa formula

Round 1:

— Eliminate (pre-process) in one step (only) the first segment of the quantifiers,

( \. (\1 \p[}_l), y1, x2, Tl] »

,__-
><|
N

\<|
~ol W

N—

3‘, P[x1lo, ... xIm, y11*, ., yln*, x2, y2]
2)

whereuniversally quantified variables eliminated by "the arbitrary but fixed"- inference rule and
existentially quantified variables by introducing metavariables:

(x11—x11lp, x12—x12p, .., XIMm—oxlm, yll—oyll* yl2—yl2* .., yln—yln*)

— UseQEasanoracle: y11* «—f 11 [x11lg, .., x1my]1, .., yln*«—f1ln[x1lly, .., X1my]
(appropriate post-processing of the output must be done to get 11, ..., f1n)

After the first step we remain with

El)\ P[x11o, .., x1m, f11[x11ly, .., x1mp]l,
2)

P e

SIS

_—_ —

i
., Tin[x11y, .., x1mp], X2, y2]

Since Theoremais implemented on top of Mathematica, it is convenient for usto exploit the available Mathematica
algorithmslike

— Cylindrica Decomposition (Newin4.x, experimental package, Standard package from 5.x )

— Resolve (Newin 5.x)
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m Example: s1: n - —=— is convergent

Definition

Conver gent Sequence[f]e 3 v 3 Vv |f[n] -a} <e
aeR e€€eR NeN neN
e>0 nx=N

Proposition

Conver gent Sequence[sl]

Proof
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Step 1: Partition the prefix (and an additional RW step)

3 v 3 VvV |seqO0l[n] -a} <€
aeR €€eR NeN neN
e>0 nx=N

(3)={v H\Ii(v\ii -------- z _al <e
e ) g ) Poevsen
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Step 2: pre-process the first segment of the prefix by introducing ametavariable (a—a*)

(3 )Yy 31tV || -al<e -
aeRr l eeR NeN neN | N2 + 3%n H
lexo J \nhan/
( V() 2 |
v atiy —— é----——a}<e
eeR NeN ! Inen
leso ) \psn /) P No+o*N '
Step 3: Call the oracle (QE)
( 2 el rar
In[10]:= [Ve.es0 Innel Vi1 | (N2 N) = Abs[——— -a*] <el, {a*}, Real s]
{ nN2+3%n )

oulo= a* =0

The oraclereturns the instantiationa™ « 0, so our goal would be implied by

(o1, )2 |
el o | e 0l <
\e>0 )\nzN) Tox '
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Step 4: Pre-process the second segment of the prefix (e —eg, N—N*)

( \I( \II 2 I
| v E’iivi|"'§ --------- -0 <e -
\eso ™) ey ) T nee3n
() (N2N)=| e - 0] < &

Step 5: Call the oracle (QE) once more, since auniversal quantifier is still involvedin the remaining formula

In[15]:=

Vi sl (nzN*: (Abs[ 2 - 0] <eo))/\eo>0/\N*zl, {eo, N}, Reals]

N2 +3%n

( 8:9¢cn |

out[15]= |0<eos£&&N*>—§+i %IH eo>£&&N*zl
' 2 € | 2
\ o)

r -l 1 1
(Y B [T N R S
R I
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Step 6-7: Pre-process the last segment of the prefix (n —ng), since the remaining formulais aquantifier- and
meta-free, useaconstraint checker to validate the goal.

v
(o)
{ .r 3 1 8+9x%x¢g -! ! 2 ! \
inzi-—+ - [ -——— —+ll=>| --------------- —O}<eoi -
\ P2 2 €0 i i N2 +3%n i )
| |
[ 3 1 [8+9%e | 2 -
Np2!-—+— [ ———- +1:=>| —Ol<eo
i 2 2 €0 i I Ng2 +3%Ng i
In[20]:=
Experimental " For Al | Real Q[ (0 >0ANg 21) =
i 3 1 8 +9xegg ‘.
g2 -— + — + 1= Abs| -0] <eoj, {0, No}]
| 2 2 €p n02+3*n0 |
( )
out20]= True
out[20]=
Ir 3 1 8+9 x¢g -!
{True, a*—0, Ne—{-—+ — [ ——— +1}}
i 2 2 €p E
1 1
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Theorema Session —Prover in Action

Init
Theorema Database, Proposition, Calls

TS_In[5]:=

Definition["sl", any[n], seq0l[n] =
N2 +3%n

Ts_inf71:= Definition [ convergent", any[f], with[lsSeq[f]],

Convergent [fle» 3 v 3 v ({f[n]-a}<e)]
aeR eeR NeN neN
e>0 nxN

TS_In[10]:=
Proposition["convl", Convergent [seq0l]]

Ts_in[11]:= Prove[Proposition["convl"],
using -» {Definition["convergent"], Definition["s1"],

Ts_ou11= = Proof Qbj ect -
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m Conclusion and Future Work

@ We have shown apossible way for exploting quantifier elimination algorithms available in computer algebra
systems for the purpose of finding witness terms

@ Incomputer supported mathematical education we found promising application areas, where this domai n-specific
technique can be utilized

@ A more careful and exhaugtive review of the related available algorithms in Mathematica5.1 seems to blur the
traditional strict distinction between computer agebraand automatic theorem proving systems (see e.g. [Harrison
1998])

Cylindrical Deconposi tion
Resol ve

Reduce

Fi ndl nst ance

For Al | Real Q

Exi st sReal Q

I mpliesQ

@ Further work is needed when the proof situationis only simlplifed by the real constraint solver, and we have to
switch to another phase or we have to call another domain-specific contraint-checker.

(x xx = S 0}
3 Ix*x x+x/\xe{yye|IR infy] > }) >

xer |

(Oe{nyP Sinry] >0} \/Ze{yleSin[y] >o})

(Proving phase, disjunctionin the goal)
We assume that
- foe Sinfy] > 0})
0ty ) Sny1>0})
and prove

2e{y | Sin[y] >0}
yeR
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