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Overview

SPRACHE

= Background: Granularity in mathematics and
mathematical dialogs

= Approach and mechanization
= Analysis & Evaluation
= Observations

= Further Directions
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» Background » Approach » Analysis » Observations » Further Directions

Intelligent Tutoring/Dialog Systems for Mathematics: help with
solving maths problems/learning maths.

Tasks for math. dialog systems:

Assume that ¢ € X.
f XNY =0,
thena ¢ Y.

= Natural language analysis

= Mathematical domain

reasoning O
= Dialog management O/'\
= ;\%
= Output generation and ver- \ '
balization )
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SPRACHE

Tasks for Math. Domain Reasoning

» Background » Approach » Analysis » Observations » Further Directions

Tasks (Benzmuller & Vo 2005):

= Analyze mathematical
accuracy/correctness

Assume that a € X.
f XNY =0,
thena ¢ Y.

O
@
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= Analyze granularity

= Analyze relevance
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Granularity ...in the corpus

» Background » Approach » Analysis » Observations » Further Directions

Granularity ... the size/argumentative complexity of a proof
step

Granularity factors:
= abstraction
= explicitness/underspecification

= cognitive effort
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Granularity in '05 Wizard-of-Oz Studygmﬁ'ﬁ'g

» Background » Approach » Analysis » Observations » Further Directions

= Task for the participants: Collaboratively solve
mathematical proofs with a mathematical tutoring system
(domain: relations).

= Task for the wizards: Categorization of mathematical
dialog contributions:

student] Let (z,y) € (RoS)™*
tutor] Correct. Good start!

correct | appropriate | relevant
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» Background » Approach » Analysis » Observations » Further Directions

= abstraction

student] let (z,y) € (RUS)o T, then (z,z) e (RUS)A(z,y) €T
(..)then (z,2) e RV (z,2) € S

tutor] This statement is true.

student] what can be concluded from (AvV B) A C?

tutor] Then for example it holds (AAC) Vv (B AC)

student] thenholds ((z,z) € RA(z,y) € T)V ((x,2) € SA(z,y) € T)

= explicitness/underspecification

= cognitive effort
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Aspects (Il)

» Background » Approach » Analysis » Observations » Further Directions

= abstraction

= explicitness/underspecification

student 13] (RUS)oT thusis

student19] (RoT)U(SoT)thusis (...)
tutor ] Correct. Can you also indicate according to which law
you have transfomed input 13 to the current input 19?

student 20] “distributivity law”

= cognitive effort
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» Background » Approach » Analysis » Observations » Further Directions

= abstraction
= explicitness/underspecification

= cognitive effort

student] (z,y) € (RoS)™!

tutor] Now try to draw inferences from that!
student] (xz,y) € S toR™!
tutor] One cannot directly deduce that.

You need some intermediate steps!
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Approach @

» Background » Approach » Analysis » Observations » Further Directions

Mechanize granularity ratings with thm. proving techniques:

= Use OMEcA framework.

= Hypothesis: granularity level of a mathematical statement
IS related to number of inference steps required for its
justification.

= Calculi: Gentzen’s ND (Gentzen 1934) and “Psychology of
Proof” (Rips 1994).

= Granularity analysis framework for proofs.
= Evaluation: compare mechanical classification to expert’s

ratings.
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Granularity Evaluation

SPRACHE

» Background » Approach

» Analysis » Observations

» Further Directions

Example:

student] (z,y) € (S 'oR™) & 32[(z,2) € SA(y,2) € R]

tutor] This is correct!

... with the help of a parser:

correct

too coarse-grained

relevant

(equiv ((composed M (inverse-1 S)

(inverse-1 R)) x y)

(exists (lam (z a)
(and (and (M z) (S z x)) (Ry 2)))))
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Sample Analysis

SPRACHE

» Background

» Approach

» Analysis

» Observations » Further Directions

A (z,y) € (Sto R < 3z[(z,2) € SA(y,2) € R
B: VaVy[dz[(y,2) € RA(z,2) € S] — (y,x) € (Ro S)]
C: therefore it follows: (z,y) € (S™'o R™') — (y,2) € (Ro S)

Statement A

Statement B

Statement C

PSYCOP

|Gentzen34|

Tutor

Number of justifying proof steps for PSYCOP and Gentzen’s NK.
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Sample Analysis

SPRACHE

» Background

» Approach

» Analysis

» Observations » Further Directions

A (z,y) € (Sto R < 3z[(z,2) € SA(y,2) € R
B: VaVy[dz[(y,2) € RA(z,2) € S] — (y,x) € (Ro S)]
C: therefore it follows: (z,y) € (S™'o R™') — (y,2) € (Ro S)

Statement A

Statement B

Statement C

PSYCOP

5

2

10

|Gentzen34|

Tutor

Number of justifying proof steps for PSYCOP and Gentzen’s NK.
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SPRACHE

Sample Analysis

» Background » Approach » Analysis » Observations » Further Directions

A (z,y) € (Sto R < 3z[(z,2) € SA(y,2) € R
B: VaVy[dz[(y,2) € RA(z,2) € S] — (y,x) € (Ro S)]
C: therefore it follows: (z,y) € (S™'o R™') — (y,2) € (Ro S)

Statement A Statement B Statement C
PSYCOP 5 2 10
|Gentzen34| | 3 3 9

Tutor

Number of justifying proof steps for PSYCOP and Gentzen’s NK.
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Sample Analysis

SPRACHE

» Background

» Approach

» Analysis

» Observations » Further Directions

A (z,y) € (Sto R < 3z[(z,2) € SA(y,2) € R
B: VaVy[dz[(y,2) € RA(z,2) € S] — (y,x) € (Ro S)]
C: therefore it follows: (z,y) € (S™'o R™') — (y,2) € (Ro S)

Statement A

Statement B

Statement C

PSYCOP 5 2 10
|Gentzen34| | 3 3 9
Tutor “too coarse-grained” | “appropriate” | “appropriate”

Number of justifying proof steps for PSYCOP and Gentzen’s NK.
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Discrimination?

» Background » Approach » Analysis » Observations » Further Directions

Frequency Distributions of Proof Steps - Psycop

too detailed
[ ]too coarse

B appropriate

Frequency

Step Number 21
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Observations

» Background » Approach » Analysis » Observations » Further Directions

SPRACHE

= Sample of 20 statements: data not clear-cut (both for
PSCYOP and Gentzen’s NK).

= Dependence on natural language interpretation.

= Role of definitions?

= PSYCOP designed to explain reasoners untrained In
formal logics.

Granularity in Mathematical Dialog - Marvin Schiller 2005 — p.15



SPRACHE

Further Directions

» Background » Approach » Analysis » Observations » Further Directions

1. Develop proof analysis mechanisms:
= Enumeration & analysis of proof alternatives.
= Develop & investigate complex evaluation hypotheses.

= Develop & investigate cognitively “realistic” proof
systems.

= Relationship: granularity < relevance ?

2. Apply techniques and evaluate them empirically .
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Questions?
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Exercises from the experiment

Exercise W

Assume R and S are relations on an arbitrary set M . It holds:

(Ros) ! =s—

Exercise A

Assume R, S and T are relations on an arbitrary set M . It holds:

(RUS)oT =(RoT)U (SoT)

Exercise B
Assume R, S and T are relations on a set M. It holds:

(RUS)oT = (T tos H lu@mltor—hH—1
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Exercises from the experiment

Exercise C

Assume R and S are relations on a set M . It holds:

(RUS)oS = (So(SUR) 11

Exercise E

Assume R is an asymmetric relation on a set M. Show: If E is not empty (i.e. R # (), then it holds:

R#R1
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