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I Outline of the Talk

¢ Reflexion: Just intuitive approach, no precise formulation of quote

— Martin’s talk.

e Prelude: The Standard Polynomials

e Polynomials and Reflexion

e The General Notion of Polynomial

e The Rdle of Canonical Simplification

e Back to the Standard Polynomials

e Other Examples of Generalized Polynomials
e Postlude: The Green’s Polynomials

W « | y | M 3 of 19




Talk.nb

I The Standard Polynomials
Older texts:

I "An expressiorof the formap, X" + a,_1 X" + ... + a1 X + a9, wheren is a natural number, the
coefficientsa, are arbitrary real numbers, aagd+ 0, is called qnalynomialof degreen.”

(eds), THe IR 'conbise ERcydopedid o Mathem:
Van Nostrand Reinhold., New York, 1975, paae

Modern texts:

I For any fieldK, themonoid ringoverK for the monoidN is denoted b¥[x]; its elements are

calledpalynomials overK.

| . BEecKer, V. vveisprenningsrooner sase
Sprinaer, New York, 1993, paage

Multivariate polynomials:
e Takexy, ..., X, instead ok.

e Take the monoi@" instead of.

Resumé: The“old approachis outright nonsense!?
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I Footnotes for Concrete Computations
Often assume that ring[x] has additionahdividual constants
e One for each coefficient i, called itsname.
e One for the algebraic generatgrcalled thendeterminate.

Concrete computation & = Q(r, i) € C:

Expand[ (37i x2 +7.2) % (X - 1) ]

—7.21+7.2x-31x2 i +3x3 ni

Input polynomials have indeterminat@nd the names:
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e Name3rieC.

e Name7.2eC.

e Namele C or unitlc.

e Name—ie C or —¢ i withi € C.
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I The Idea of Reflexion

Intuition:

The polynomials frorK[x] are like“templated for terms in the

ring signature(+, —, =) with “numbers fromK and a“variable” x.

Hence proving/computing on ttfeneta level of terms might beeflected
in proving/computing on th&object lever of polynomials.

An example, in the usual formulation on tlabject lever:

For any fieldK, the polynomial rind<[X] is Euclidean.

This means essentially:

a’be\{([x] q’rzelK![X] (a=qb+r Adeg (r) <deg (b) & b #£0)

The example, reflected on thmeta level:

Whenever we have termsg such that+ 5 # O,
there are terms, p such that- @ = 8 + p and r degp) < deg ).
And if there are any other termi§ p’ fulfilling the same requirements,

we haver 6’ =6 and+p’ = p.
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I A Result without Reflexion
Observation:

e The usage of reflexion is typically hidden in (computer) algebra textbooks.
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¢ But in the majority of cases, one does not need reflexion.
Example of d@'majority casé that uses Euclideanicity:
B For any fieldK, the polynomial rind[X] is a principal ideal domain.

| . BECKEr, V. welsprenningsrobner sase
Sprinager, New York, 1993, page

Proofsketch: Take any ideblc K[x]. If | =0, thenl = 0-K[x] is principal. Otherwise takee< | \ {0} with degb) minimal
and show = b-K[x]. Indeed, the inclusion is obvious, so we must proae= | = a € b-K[x]. Now takea e | and apply
theEuclidean algorithnfior obtainingg, r € K[x] with a = gb+r anddedr) < degb). But thenr =a—-bge I, sor = 0 by

the minimality of thedegb) overb e 1 \{0}. Hence we hava= gb e b-K[x], as required.O

| « | » | oo 7 of 19

I Working on the Term Structure: Integration of Elementary Functions
Distinguish:

Integral operator, saﬁ : C[0, 1] -» C[0, 1] is specified (noruniquely!) by:

Integral quantifier via integral operator (syntactic abbreviation in FOL):

Why should we need an integral quantifier rather than operator?

¢ Input domain may be characterized syntactically (like Liouvillian fields or elementary functions) rather than
abstractly (likeC[O, 1] above).

e Integration algorithms may be more efficient if applied on terms.
e Integral tables are always written with integral quantifier.
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I Using the Euclidean Algorithm on the Term Level
Example from an analysis book:

LetR=P/Q be a proper rational function, and assume the denominator polynomial has tl
productrepresentatio®(z) = [T, (z— ¢)" . ThenR can be written in théorm of apartial
fractiondecompositiorR(z) = Zzl Zf'zl (Z_l(‘i)]— for suitables;j € C.

H. HeuserAnalysis |
Teubner, Stuttaart, 1990. page ¢

Carollary: We can integrate afirithmetic termgsi.e. all terms built
e over the signaturét, —, =, —),
¢ with names from (a computable subfield 6f)
e and containing at mostas a variable.

Proofsketch: Every term may be rewrittenagss with @ andg being polynomial terms ane g8 + 0. Using theEuclidean

algorithm we obtain term8 andp with +a /B8 =60+ p/ B such thap/ B represents a proper rational function. Siﬁde
linear, the above result reduces the problem to the known integrals of polynomial terms am-t&rps O

W « | y | oo 9 of 19

I Reflexion Used in Solving

Find ¢, n € C such that (metavariables!):

EN° +2€En+ € +1=0

en+nti1s0 pute. m

The Buchberger algorithm fulfills:
]U[GroebnerBasis{fl, veer Tn11 = U[fq, ..., fnl

Here is the variety (common zeroes of a polynomial list).

Carallary: We haver IT [, n] iff +T1[€, n], wherelI[£, n] is the polynomial equation systein= ... = f, = 0 from the
outputfy, ..., f, of .

Computation:
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G oebnerBasi S[{&n? +2 &n+ &2 +1, En+n? +1}, {& n}]

-1-n?+n+n*+n®, 2 +nfent + &)
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I The General Notion of Polynomial

Two natural questions:
e How can ongudify thisreflectionof the“meta level in the*“object level?
e Can onggeneralize this from ring terms tother term®

Answer given by:

I Given anyvariety %, a coefficient algebra@ in X, and a set ahdeterminate, there is an
algebrafl[X],, in X; the elements dil[X]; are called (generalizeghlynomials.

H. Lauscn, v. Nobauealgenra o1 Folynomiaj
North-Holland, Amsterdam, Lemma 4.10%016912
V4

Variety = Model class with functional signature and equatiar@&ims

Algebra=Model from a variety.
Let me call — A[X]; theLauschNObauer functar
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I A Rough Sketch of the Lausch -NObauer Functor

Condtruction analogous to functional part of Gédel's completeness proof:

A[X]g := Term(X, SgnZ) U Nm(R)) / =5 x
trzat': © AXmE)UOpR) Ft=1t’

Here we have used the followiagbreviations:
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Eundamentaproperty of the Lauseh6bauer functor:

I Every extensiol’ of At generated byju, | x € X} admits an epimorphisev : A[X], - A" with
ev|g = Id andev(x) = uy for all x e X.

LausCRrNODauer, Lemma 4.4s5, pade

=
-
v
=

I The Standard Polynomials Revisited
Let Ring be the variety ofinital commutativerings.

LetQx be the ringD together with all names and operation table:

Setting nowX = {xq, ..., X,}, we regain the standard polynomials:

=
-
\d
s
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I The Role of Canonical Simplification for Symbolic Computation

Canonical simplifiex — & with respect to a congrueneeon a domair:

X = X
X=zy = )?:)7

General significance of canonical simplifiers:

Let f : D" - D be any operation that respestsgiving rise to the operatioh: D' — D on the
quotient domaiD = D/ ~, defined byf ([x¢1_, ..., [Xa1.) = [f(X1, ..., Xa)I_ -

Having a canonical simplifiet— &, the quotienD is isomorphic td = {X| x € D}, andf can
be realized isomorphically vifi: D' — D, defined byf (xq, ..., Xa) = f(X¢, ..., %)

If f andx ~ & arecomputablethenf is also.
Algenra,; N4
ile

B. Bucnpberger, K. LOOSaLﬁ(gIR%lJIeIEFaIC OMpu
" B BugHeIEty 'R MRk RS
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I Canonical Simplification for the Standard Polynomials
Apply above result te and , and obtain for> exactly..

I Thetermsap X" + a,_1 X" + ... + a3 X + ap with coefficientsa, € Nm(Qx) anda,, + O constitute
the canonical forms foer, g, -

(eds) The INR condise Ercydopsdid' of Mathém:
Van Nostrand Reinhold. New York, 1975, paae

Operations liket and# carried out as we learned it in high school:

Compute as ik were arf‘unknowri’ element ofY, and simplify in the end.
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I A Menagerie of Other Examples
(1) Grauppolynomials: Seb = Grp with, say,X = {x, y} andfl = D,.

(2) Lattice palynomials: Analogously, s&t= Lat, etc.
(3) Baaleanpolynomials: Analogously, s&t= Boof, etc.
(4) Differential polynomials: Se¥ = DiffRing with, X = {u} andA = C* (R):

Variety DiffRing like Ring, but(d : 1) added to signature,
ando(f +g)=9df + dgA d(fg) = f g+ f dg to axioms.

Traditional description:

I An Example from my own Research

(5) Integro—differentiapolynomials: Se¥ = IntDiffRing, else as before.
Variety Int DiffRing like DiffRing, but( [~ : 1, f* : 1) added to signature,

and the following axioms:
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Typical integredifferential polynomial:

Extract subring of linear polynomials, write composition as multiplication

— Green’s polynomials— Green’s system

I The Green’s System |
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I The Green’s System Il

T S T [ L SC R

I The Use of Green’s Polynomials: Solving Boundary Value Problems

Example (an iHposed problem):

Operator formulation (with solution algorithm):
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Note the benefit of a godttlatastructuré
e Case distinction eliminated.

e Instead of two variablesg & only one.

e Direct representation of operators.

e Polynomials have (noncommutative) ring structure.

e Canonical simplifie~ extraction of Green’s function.



