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Abstract

In this position paper we briefly review the developmentdristof automated inductive
theorem provingand computer-assisted mathematical inductioiWe think that the current
low expectations on progress in this field result from a fanlrrow-scope historical projec-
tion. Our main motivation is to explain — on an abstract bygdfally sufficiently descriptive
level — why we believe that future progress in the field is ®utefrom human-orientedness

anddescente infinie
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1 Introduction

1.1 Subject Area

In this paper we are concerned with

e automated inductive theorem proviagd

e computer-assisted mathematical induction

Both terms refer to the task of doing mathematical inducivith the computer. The former term
puts emphasis on the importance of strong automation sty@gsofound in the classical systems
NQTHM [15, 16], INKA [7], and AcL2 [56] based on explicit induction. The latter and more
general term, however, is to denote more human-orientetbappes in addition, as found in
QuoDLIBET [10] and other future systems baseddascente infinieNote that we do not believe
in the usefulness of the extreme representatives of anyedfatb terms: Neither mere black-box
automation nor mere proof-checkers can be too useful inenadltical induction. Above that, we
think that a successful system has to put strong emphasisthralpects and find a way to be
both humanand machine-oriented.

1.2 Expectations and Importance of Future Progress

A majority of researchers in the area of computer-assistttiematical induction seem to believe
that no further progress can be expected in this area witieiméarer future. Moreover, recently,
between two talks at a conference, one of the leading Gersrd@argesearchers in the field told
me that he thinks that currently it is hardly possible to gst funding for research on computer-
assisted mathematical induction.

Thus, we should ask for possible scientific reasons for theentfunding situation. We ought
to check the justification of the belief that progress in catep-assisted mathematical induction
is unlikely to occur in the nearer future.

It is, however, obviously not the case that progress in cderpssisted mathematical in-
duction is considered to be unimportant. Indeed, progmresomputer-assisted mathematical
induction is in high demand for mathematics assistancesystfor verification of software and
hardware, and for synthesis of recursive programs. Due llmaadown in progress of automated
mathematical induction in the last decade, however, ctiyréimere does not seem to be much
hope among scientists for further progress in the nearardut

1.3 A Possible Way to Future Progress — Overall Thesis

To show a possible way to future progress is the aim of thigtipagpaper. Namely, to explain
why we are confident thalescente infiniean initiate a further breakthrough in computer-assisted
mathematical induction.

Together withdescente infiniave present our ideas on the importancenafman-oriented
theorem provinga point of view we have been holding and furthering for mdvanta dozen
years [110, 121].



“Human-oriented theorem proving” basically means that —ewercome the current stagna-
tion — we have to developaradigms and systenfa the synergetic combination and cooperation
of the human mathematician with its semantical strengthtb@dnachine with its computational
strength.

Our thesis is thatlescente infinies such a paradigm.

1.4 Organization of this Paper

The paper organizes as follows. In 8 2 we describe the gecenskxt where and why mathema-
tics and mathematicians should win from computers. As tasae for the little hope in progress
in mathematical induction seems to be a wrong projectiomfiioe past into the future, we can-
not reasonably state what we may hope to achievhugan-orientednesand descente infinie
(84) and why the two belong together (8 5) before we have hdwb#d ®ok at the history of
computer-assisted theorem proving in 8 3. Without diving deep into technical details, after
presentinglescente infiniég 6) andexplicit induction(88 7 and 8), we then support our overall
thesis of §1.3 in 88 9 and 10, and discuss the standard alojedti § 11. Finally, we conclude
in§12.



2 Requirements Specification

From the ancient Greeks until today, mathematical theprieBons, and proofs are not devel-
oped the way they are documented. This difference is not dundyto the iterative deepening of
the development and the omission of easily reconstrucpites. Also the global order of pre-
sentation in publication more often than not differs frora tirder of development. This results
in the famouseurekasteps, which puzzle the freshmen in mathematics. The differ does not
only occur in scientific publications where tkaccinct presentation of resulisay justify this
difference, but also for the vast majority of textbooks agctuires where the objective should be

e toteach how to fingbroofs, notions, and theorems.
The conventional natural-language representation of emadtical proofs in advanced theoretical
journals with its intentional vagueness [115, §6.2] anddbid sophistication can only inform
highly educated human beings about already found proofss ddnventional representation,
however — as fascinating as it is as a summit of the abilityhefltuman race to communicate
deep structural knowledge effectively — does not tell muobua the

e originally applied plans and methodsmbof construction

and does not admit computers

e to check for soundnessd

¢ totake over the tedious, error-prone, computational, andrgppartsof proofs.

Obviously, a computer representation that admits the filéyilhor and the support of the issues
of all above items in parallel plus the computation of

¢ different conventionahatural language presentationailored to various purposes

is in great demand and could increase the efficiency of wgrkiathematicians tremendously.



3 Short History of Computer-Assisted Theorem Proving

3.1 Formula Language and Calculi

Starting with the Cossists and&TE in the 15 and 16 centuries, the formula language of mathe-
matics and its semantics were adequately and rigorousheleddy the end of the ¥entury
in PEANO’s ideography [78] and REGES Degrifsjdrift [37].

An adequate rigorous representation that supports a wgprkethematician’sheorem prov-
ing, however, has not been found until today. But already novidimaula language of mathema-
tics and its semantics can provide a powerful interface eetwhuman and machine.

The numerous logic calculi developed during the 28ntury were mostly designed to satisfy
merely theoretical criteria, but not to follow the theor@noving procedures of working mathe-
maticians.

An important step toward human-oriented calculi was don&bBRHARD GENTZEN (1909—
1945) when he used his structural insights to refine his Mheduction calculi (which were
close to natural-language mathematics) into sequentic§did). These calculi meant a huge
progress toward an adequate human-oriented representdtep working mathematician’s de-
ductive proof search. Sequent and tableau calculi capheeadductive (analytic, top-down,
backward) reasoning from goals to subgoals directly in #szetial calculus rules and the gen-
erative (synthetic, bottom-up, forward) reasoning fronoms to lemmas can be adequately re-
alized with lemmatizing versions of the Cut rule [9, 10, 1103] (cf. Note 10). Based on
GENTZEN's sequent calculus there has been further progress irgaltréction: Free-variable
calculi [35, 71, 113] admit to defer commitments until thatstof the proof attempt provides
sufficient information for a successful choice. Therebythelp the mathematician to follow
his proof plans more closely by overcoming premature wirtescisions forced by BNTZEN'S
original calculus. Indexed formula trees [6] admit the neatlatician to focus immediately on the
crucial proofs steps and defer the problemg-afequencing ang-multiplicity [115].

3.2 Automation

Starting in the 1950s, there was great hope to automatedimeproving with the help of com-
puters and machine-oriented logic calculi. State-ofahefully-automated heorem povers of
today @ATPs, such as ¥MPIRE [84] and WALDMEISTER [17, 67]) represent a summit in the
history of creative engineering. That ATP systems will med@velop into systems that can assist
a mathematician in his daily work, however, is a general ensgs among their developers for
more than a dozen years now. The reason for this is the fallpwi

The automatic theorem provers’ search spaces are too hugmioplete automation
and completely different from the search spaces of the wgnkiathematicians, who
therefore can neither interact with these systems, norsiemntheir human skills to
them.

Note that this does not mean that ATP systems are uselesgalready now provide a powerful
basis for the automation in mathematics assistance sysiethsag)MEGA [93].



3.3 Proof Planning

Atthe end of the 1980s, the ideas to overcome the approadeadjend in ATP were summarized
under the keyworgroof planning Beside its human-science aspects [19], the idea of proof
planning [18, 28] is to add smaller and more human-oriehigter-level search spacds the
theorem-proving systems on top of tloev level search spacex the logic calculi. In the 1990s,
the major proof-planning systemsy&TER-CIAM [18, 22], QMEGA [93], and A\CIAM [20] seem

to have been led astray by the hopes that with these additewads

1. the underlying logic calculus could be neglecteudhd,

2. instead of the working mathematician himself, it wouldsbhéicient to get his proof plans
to the machine.

3.4 Alternative Point of View in Proof Planning

To the contrary of these hopes, we believe that progressowof ptanning and computer-assisted
mathematical theorem proving requires the further devekg of human-oriented state-of-the-
art logic calculi, which free the higher levels from unnesaey low-level commitments and admit
the mathematician to interact directly with the machinerewhen the automation of proofs fails
on the lowest logic level.

We need both high-level top-down interactive proof devakamt and bottom-up sup-
port from a state-of-the-art flexible human-oriented célsuwvith strong automation.

The neglect of the logic calculus and human—machine intierats to be overcome in the system

ISAPLANNER [28, 29, 30] and in the ne®?MEGA system currently under construction [9] by

using the standard calculus fABELLE/HOL [70, 71] and the new human-oriented calculus of
CORE [6], respectively.

3.5 Conclusion: Human-Oriented Automated Theorem Proving

The completely automatic generation of a non-trivial pfoof given input conjecture is typically
not possible today and — contrary to the complete automatichess playing — will probably
never be.

Thus, beside some rare exceptions — as the automation dfggach will always fail on the
lowest logic level from time to time — the only chance for aattic theorem proving to become
useful for mathematicians ssynergetic interplay between the mathematician and thehina

For this interplay, it does not suffice to compute human¥adé representations of machine-
oriented proof attempts for interaction with a user integfaluring the proof search. Indeed,
experience shows that the syntactical problems have todsepted accurately and in their exact
form. Thus — to give the human user a chance to interact — tleellog itself must behuman-
oriented



4 What Can we Hope to Achieve? And How?

After all that history of great original expectations andmeslowing progress, what can we
reasonably hope for the nearer future?

As described in §3.1 and Note 1, the formula language of madlies and its semantics
already now provides a powerful interface between humamaahine. But we still have to find
a representation of mathematical proofs supporting theesmentioned in § 2, namely: machine
assistance in and teaching of proof search, proof planaind theory development; automation
of tedious, error-prone, computational, and boring paftsroofs and checking for soundness;
and the computation of various natural language presentati

As full automation cannot succeed within the current payaxiwe have to follow the human
mathematicians, although we do not know much about theicgaiores and they hardly know
how to explain thend.

The first steps on this way are to give the mathematician gezlfsm to go his way and let the
system assist him. Not the other way round as usual! We angramad of a potential success of
the following development cycle:

¢ In a first step, informal and formal logical calculi and theeusterfaces have to provide
the freedom to use all the required means in a human-origetsidn, and then,

e in a second step, we have to learn the heuristics that adm@sakiie proof search from the
mathematicians; by human learning in the beginning, hdlyefy artificial-intelligence
machine-learning later.

And the starting point ought to be a human-oriented, maebirented, flexible state-of-the-art
calculus [6, 113] and an administration of proof tasks in@pdata structure [9].

5 Why Mathematical Induction?

In this 85, we briefly explain why we see an affinity between hororientedness and mathema-
tical induction and why this position paper is about baéiscente infiniand human-orientedness
in parallel.

Beside some proof-theoretical peculiarities of mathetahthduction that do not really have
a practical effect, mathematical induction is the area of mathematical thequeswing where
our heuristic knowledge is best. This is the case both fordnu@escente infiniecf. 8 6) and for
machine-oriented heuristicexplicit induction cf. 8 7). As these two heuristics are completely
different in their surface structure and the progress irctpral usefulness was quite moderate
in the last decade, mathematical induction is a good areaotofor evidence for our thesis on
human-orientedness

Human-oriented procedures can overcome the current slamdof progress in
computer-assisted theorem proving. Their — even comparedaichine-oriented
procedures — huge search spaces can be controlled by hesrisérned from hu-
man mathematicians working with advanced systems.



6 Descente Infinie

In everyday mathematical practice of an advanced theatgtarnal the frequent inductive ar-
guments are hardly ever carried out explicitly. Instead, ghoof just reads something like “by
structural induction om, g.e.d.” or “by induction on(z, y) over <, g.e.d.) expecting that the
mathematically educated reader could easily expand th# ffria doubt. In contrast, very diffi-
cultinductive arguments, sometimes covering severalpageh as the proofs ofiEBERT’S first
e-theorem[48, Vol. Il] or GENTZEN's Hauptsat440], or confluence theorems such as the ones
in [47, 109, 119] still require considerable ingenuity amdél be carried out! The experienced
mathematician engineers his proof roughly according tddahewing pattern:

He starts with the conjecture and simplifies it by case amalyd/hen he realizes
that the current goal becomes similar to an instance of tingecture, he applies
the instantiated conjecture just like a lemma, but keepsimdrthat he has actually
applied an induction hypothesis. Finally, he searchesdoreswell-founded ordering
in which all the instances of the conjecture he has applieddsction hypotheses
are smaller than the original conjecture.

The hard tasks of proof by mathematical induction are

(Hypotheses Task)
to find the numerous induction hypotheses (as, e.g., in thef of GENTZEN'S Hauptsatz
on Cut-elimination) and

(Induction-Ordering Task)
to construct annduction orderingfor the proof, i.e. a well-founded ordering that satisfies
the ordering constraints of all these induction hypothesgsarallel. (For instance, this
was the hard part in the elimination of tagormulas in the proof of thesk-theorem in
[48, Vol. 1], and in the proof of the consistency of arithnedby thes-substitution method
in[2]).

The soundness of the above method for engineering hardtindyaroofs is easily seen when
the argument is structured as a proof by contradiction,rasgya counterexample. FOIERRE
FERMAT’s (1607?-1665) historic reinvention of the method, it isglust natural that he devel-
oped the method itself in terms of assumed counterexamf2e2p, 33, 68, 116]. He called it “
descente infinie ou indéfirlieHere it is in modern language, very roughly speaking: Apwsi-
tion I" can be proved bgescente infinias follows:

Show that for each assumed counterexamplg tifere is a smaller counterexample
of I" w.r.t. a well-founded ordering:, which does not depend on the counterexamples.
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There is historic evidence otescente infinideing the standard induction method in mathe-
matics: The first known occurrence déscente infinién history seems to be the proof of the
irrationality of the golden numbe%(1+\/5) by the Pythagorean mathematiciarPFHASUS OF
METAPONTUM (Italy) in the middle of the & centurys.c. [38]. Moreover, we find many occur-
rences oflescente infinign the famous collection “Elements” of lELID OF ALEXANDRIA [32].
The following eighteen centuries showed a comparativelyl&vel of creativity in mathematical
theorem proving, but afterdFRMAT’s reinvention of the Method dDescente Infinien the middle

of the 1 century, it remained the standard induction method of wayknathematicians until
today.

At FERMAT’s time, natural language was still the predominant tooldgpressing terms and
equations in mathematical writing, and it was too early féoranal axiomatization. Moreover,
note that an axiomatization captures only validity, but @mgral does neither induce a method
of proof search nor provide the data structures requiredlmoitaboth a formal treatment and a
human-oriented proof search. The formalizable logic gaotyever, ofdescente infiniean be
expressed in what is called the (second-ordémorem ofNOETHERan Induction(N), after
EMMY NOETHER (1882-1935). This is not to be confused with #w@éom of Structural Induc-
tion, which is generically given for any inductively defined dataucture, such as thxiom(S)

of Structural Induction for the natural numbers inductivdefined by the constructors zérand
successos. Moreover, we need the definitighiVellf (<)) of well-foundedness of a relation.

(Wellf(<))  VQ. (3:5. Q) = Im. (Qm)A-Jw<m. Q(w)))

(N) VP, (Vx. P) <« 3< (/\ We-”](c(i)(“) < Vu<v. P(u) ) ) )
®) P (o Pa) < PO) AWy (PG) < P)) )

(natl) Ve, (=0 V Jy. z=s(y) )

(nat2) V. s(z)#0

(nat3)  Va,y. (s(x)=s(y) = z=y )

Let Wellf(s) denoteWellf(\z,y. (s(x) =vy)), which implies the well-foundedness of the order-
ing of the natural numbers. The natural numbers can be sgecifi to isomorphism either by
(S), (nat2), and(nat3), or else byWellf(s) and(natl). The first alternative follows RHARD
DEDEKIND (1831-1916) and is named afteuGEPPEPEANO (1858-1932). The second fol-
lows MARIO PIERI (1860-1913). As the instances fBrand< in (N) are often still easy to find
when the instances fdr in (S) are not, the second alternative together Wi is to be preferred
in theorem proving for its usefulness and elegance. Cf.][fidr3nore on this.

For a more detailed discussionddscente infinikom the historical and linguistic points of view
see [116, §2].
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7 Explicit Induction

In the 1970s, the&school of Explicit Inductiowas formed by computer scientists working on
the automation of inductive theorem proving. Inspired byALAN ROBINSONS resolution
method [85], they tried to solve problems of logical infezervia reduction to machine-oriented
inference systems. Instead of implementing more advane@tematical induction techniques,
they decided to restrict the second-order Theorem oENHERan Induction(N) (cf. §6) and
the inductive Method oDescente Infini¢o first-orderinduction axioms&nd deductive first-order
reasoning [113, §1.1.3].

Note that in these induction axioms, the subformula
Vu<v. P(u)

of (N) is replaced with a conjunction of instancesit(fu) with predecessors aflike in (S). The
induction axioms of explicit induction must not contain thduction ordering<.

Furthermore, note that although an induction axiom may ta&déorm of a first-order instance of
the second-order Axiom of Structural Inducti(8) (cf. § 6), conceptually itis an instance @)
and the whole concept @xplicit inductionis a child of the computer, where&S) was already
applied by the ancient Greeks [1].

The so-called “waterfall”-method of the pioneers of thigpegach [15] refines this process into
a fascinating heuristic, and the powerful inductive theooving system RTHM [15, 16] has
shown the success of this reduction approach already indh@sl For comprehensive surveys
on explicit induction cf. [105] and [20]. Cf. [114] for a swey on the alternative approaches of
implicit and inductionless inductioh.

BOYER & M OORES NQTHM [15, 16] and BINDY & HUTTER's rippling® [13, 23, 24, 49, 50, 52,
95] are prime examples of practically useful automatioppguted theorem proving and proof
planning, respectively. Mainly associated with the depglent of explicit induction systems
such as @sTER-CIAM [18, 22], A\CIAM [20], and INKA [7], there was still evidence for con-
siderable improvements over the years until the end of thec2@tury [53]. Since then, ex-
plicit induction has become a standard in education invitveFun project [106]. Today, the
application-oriented explicit induction systentci [56] is still undergoing some minor im-
provements. &L2 easily outperforms even a good mathematician on the typidactive proof
tasks that arise in his daily work or as subtasks in softwar#igation. These methods and sys-
tems, however, do not seem to scale up to hard mathematwmiallepns andorogram synthesis
(where the computer-assisted inductive proof of a propefran underspecified program actually
is to synthesize the recursive definitions of the program)e BMieve that there aggrincipled
reasondor this shortcoming.
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8 Why Sticking to Explicit Induction Blocks Progress

8.1 Flow of Information

Apart from sociological reasohsxplicit induction blocks progress because it does not admi
natural flow of informationn the sense that a decision can be delayed or a commitmeanteief
until the state of the proof attempt provides sufficient imation for a successful choice. Indeed,
explicit induction unfortunately must solve the two hargks mentioned in 86 (namely the
Hypotheses Task and the Induction-Ordering Task) alréadigrethe proof has actually started.
A proper induction axiom must be generated without any imftion on the structural difficulties
that may arise in the proof later on. For this reason, it islfiar an explicit-induction procedure
to guess the right induction axioms for difficult proofs invadce.

8.2 Recursion Analysis and Induction Variables

One of the most developed and fascinating applications wfi$tec knowledge found in artificial
intelligence, informatics, and computer scienceeisursion analysigl5]. This is a technique
for guessing a proper induction axiom by static analysisefdyntax of the conjecture and the
recursive definitions. In this paper, we subsume under ttiemof “classical recursion analysis”
also its minor improvements [98, 99, 102, 103, 104]. Underrbtion of “recursion analysis”
we also subsumepple analysisan important extension of classical recursion analysis.

Ripple analysis is sketched already in [21, § 7] and nicebcdbed in [20, § 7.10]. On the
one hand, by rejecting recursive definitions whose unfgiadwould block the application of the
induction hypothesis, ripple analysis excludes some ungiog induction axioms of classical
recursion analysis. On the other hand, by considering lesxahareductive character in addition
to the actual recursive definitions, ripple analysis can fimate useful induction axioms than
classical recursion analysis.

A requirement, however, which we put on the notion of “recumsnalysis” is that it does not
perform dynamical proof search but has a limited lookahetalthe proof, typically one rewrite
step for each term in a set of subterms that covers all oaueeseofinduction variables Note
that although “induction variable” is a technical term icuesion analysis, roughly speaking, this
notion is also common among working mathematicians whey ¢hg that something is shown
“by induction ony’; for a variabley, for instance.

8.3 The Hypotheses Problem

However fascinating and highly developed recursion amalysy get, even the disciples of the
School of Explicit Induction admit the inherent limitat®wf explicit induction: In [81, p. 43],
we find not only small verification examples already showirege limits, but also the conclusion:

Problem 8.1 ([81, p.43]) “We claim that computing the hypotheslesforethe proof is not a
solution to the problem and so the central idea for the lazthotkis to postpone the generation
of hypotheses until it is evident which hypotheses are reguor the proof.”
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This “lazy method” removes only some limitations of exdliciduction as compared ttescente
infinie. It focuses more on efficiency than on a clear separationrafejts, and there is no imple-
mentation of it available anymore. The labels “lazy indactiand “lazy hypotheses generation”
that were coined in this context are nothing but a reinventidb parts of ERMAT’'s descente
infinie by the explicit-induction community.

8.4 The Induction-Ordering Problems

Computer scientists from the School of Explicit Inductised to consider the tasks of

e induction (i.e. the choice of an induction axiom; e.g. byursgn analysis) and

e deduction (i.e. the rest of the proof; e.g. by standard @rder reasoning techniques or by
rippling [13, 23, 24, 49, 50, 52, 95])

to be orthogonal. Working mathematicians know that thisfisng. Especially the choice of a
proper induction ordering interacts with the several cages proof in such a way that a new
proof idea tends to be in conflict with the induction orderaighe previous cases.

e On the one hand, it is standard in explicit induction to fixuntion orderings eagerly, at
the very beginning of a proof.

¢ On the other hand, fixing an induction ordering earlier thathe last steps of an induction
proof has hardly any benefit ever:

— Fordifficult proofs, this is obvious to any working mathematician.

— For simpleproofs, the simple fact that any equation has a left- andtg-hgnd side
provides us with sufficient pragmatics for searching in #raa of the search space
where the smaller induction hypotheses use to be applicatbeided that the speci-
fier has written his specifications in the standard style &eduser has activated his
lemmas for rewriting with a suitable orientation.

Problem 8.2 Explicit induction has to commit to a fixed and unchangeaftiction ordering
eagerly, at the very beginning of an induction proof. Suclommitment comes far too early
and is a typical cause of failure. Moreover, it is superflubesause there is hardly any heuristic
benefit of committing to an induction ordering earlier tharhe last steps of an induction proof.

Beside the restriction of explicit induction to enforceeagercomputation of induction axioms
(i.e. induction hypotheses and the related induction angs}, explicit induction by recursion
analysis has also another limitation:

Problem 8.3 Computing induction axioms by recursion analysis can oedylt in such induc-
tion orderings that are recombinations of orderings resyfrom the recursive definitions (and
from the currently known lemmas of a reductive charactethefrelated specifications.

As a matter of fact, most of the non-trivial induction prodfs not work out with such induction
orderings. Moreover, for the case of program synthesis, avead want to be restricted to such
induction orderings. For an instance of this see [25], whkesquick-sort algorithm is to be
synthesized from the requirements specification of thergpftinction.
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9 Why Descente Infinies Promising Now

The theoretical research paper [113] provides us withititegration of descente infiniento
deductive calculi. It is — to the best of our knowledge — thstfsuch combination in the
history of logic, which doesot encodenduction, but actuallynodelsthe mathematical process
of proof search bylescente infinie itselinddirectly supports it with the data structures required
for a formal treatment.

This integration (presented for state-of-the-art fregalde sequent and tableau calculi) is
well-suited for an efficient interplay of human interactiand automation and combines rais-
ing [69], explicit representation of dependence betweer 4+ and j-variables (according to
SMULLYAN s classification [96]), the liberalizefirule, preservation of solutions, and unrestricted
applicability of lemmas and induction hypotheses. Moreptlee integration is natural in the
sense that it goes together well with context-improvedaesg as in [6], with modern proof
data structures as in [9], with program synthesis as in [@B4 with logical binders such as
ande [42, 48, 65, 112, 118]. The semantical requirements for mitegration are satisfied for
practically al? two-valued logics, such as clausal logic, classical firgeo logic, and higher-
order modal logic [113, Note 8].

When computer-assisted inductive theorem proving stantéloe early 1970s, the induction
axioms of explicit induction were the only known feasiblenfal means to integrate induction
into deductive calculi. Today, however, we are in a bettieragsion because the results of [113]
provide us with a simple, elegant, and both machine- and heonanted integration alescente
infinie itself

The only overhead this integration requires is to add a wegim to each sequent or proof
goal. These weight terms stay inactive until a goal is appliedrasmduction hypothesis. Com-
pared to the application of a goal as lemma, such an indutiypothesis application produces
an additional ordering subgoal, which asks us to show trairtluction hypothesis is smaller
than the goal to which it is applied in some well-founded oirog

On a more technical level — to integratescente infiniato a given logic calculus — we need

1. to augment the goals (sequents) of the calculus with weéggims,
2. to add a lemma applicatidhto the calculus if not already present,

3. to patch the lemma application of the calculus to admituatidn-hypothesis application,
which generates an additional ordering subgoal for sowsglbhased on the weights of in-
duction hypothesis (lemma) and goal, and

4. to solve the ordering constraints of the induction-hiaests applications.

Typically, these requirements are easily satisfied, afjhahere may be problems with calculi
based on fixed logical frameworks.
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10 The Fundamental Practical Advantage of
Descente Infinie

For human mathematicians, non-trivial mathematical g@ppear to have semanticahature.
Therefore, mathematics assistance systems should conitplywatural human proof techniques
and should be able to follow the exact order in which the huoser organizes his semantical
problem solving.

Automated theorem proving, however, workssymtacticaldomains. These syntactical do-
mains are different from the semantical ones. Typicallgytadmit neither a global view on the
proof task nor the realization of a false commitment. Fotanse, if recursion analysis results
in a useless induction axiom, the proof attempt fails comapye? Of course, this does not mean
that automatic search in a calculus is useless. To the ecgnarmanytime and sparse automated
syntactic search through the semantically highly redunhdaarch spaces of a logic calculus is
most helpful in parallel to the interaction of the human user

In such a parallel approach, the “hot” constraints shoulchgs be solved first. With the
term “hot constraints’, we mean constraints with solutions that amengly indicated by the
current state of the proof attempt in the sense that thereasamitting step toward their solution
that makes a success of the proof attempt more likely or witti@t the proof can hardly succeed.
Although those constraints that are hot for a mechanic plaeeand those that are hot for a
human mathematician in the construction of the proof iddbb&idifferent more often than not,
man and machine can cooperate very well, provided that thet@nts can be solved in any
intended order and the effects can be communicated on tieedfascommon view. Note that a
step from either side will typically change the set of hotstoaints of the other.

We are very well aware of the fundamental difficulties androgaestions that have to be
solved for such a cooperation of man and machine. It actealiyot be denied that there seem
to be several divergences between man and machine, e$pecial

e Automation prefers fully expanded definitions while the tamuser prefers a concise
representation with composite notions.

e The higher the automatization the more difficult the analydia failed proof attempt for
the human user.

Nevertheless, we are convinced that a cooperation of mamaotine on the basis of a common
view is a realistic goal.

Now we finally just have to mention the fundamental practazhlantage oflescente infinie
as compared to encodings of some form of induction. (Suchnaonding can be found, e.g.,
in the induction rule of [41], or by application of the secemdler Theorem of NETHERan
Induction (N) (cf. §6), or the second-order Axiom of Structural Inducti®) (cf. §6), or by
generation of first-order induction axioms.):

The fundamental practical advantage of our integration esacente infinie is that the
constraints of the inductive proof search can now be solegdther with all other
constraints of the whole deduction in any suitable order.
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Thus, if recursion analysis shows us the proper way, we chue $be constraints in the order
according to the heuristics of explicit induction. But arther order is also possible. And we
may delay solving the harder constraints until the statenefgdroof attempt provides us with
information sufficient for a successful choice.

11 Discussion

11.1 Paradigm Shift without Sacrifice — Really?

In blank opposition to our evaluation déscente infinien § 9 as promising, in the 1990s and still
in the beginning of the 2century, some leading scientists from the explicit-inductommunity
used to claim

(1) thatdescente infinigvould be too complicated to be useful in practice, and

(2) that the proper induction axioms could be computed leefbe actual proof search by a
partial inspection of the proof in a specialized preseatatiifferent from the actual proof
search with some advanced artificial-intelligence teches51].

Claim (1) has already been falsified by the successful tretwfdescente infinian the theorem
prover QUODLIBET [8, 10, 61, 62, 66, 88, 89, 90, 91, 109, 110, 113, 119]. AlthoQyobD-
LIBET does not use any induction axioms, it is competitive withlgeeling inductive theorem
prover AcL2 [56], with the practically important exception thatA2 is so efficiently imple-
mented that it can be used for both verificataord testingof software.

We believe that also Claim (2) is wrong and that we need thedfse to solve the two hard
tasks mentioned in § 6 (namely the Hypotheses Task and thetind-Ordering Task) in small
portions spread over the whole search of the actual proois Bélief was also confessed to by
others in [58, 8§4.5] and in [45, 8§ 13.4], and there is furtle@ment evidence for this in [91, 8 8].
Even if Claim (2) were right and the proposed procedure Bagsit would still be an uneconomic
procedure because there is no need to plan the inductiomaxith specialized tools based on a
special additional representation before searching fatiiual proof.

The deeper reasons behind the Claims (1) and (2) seem to bergatism and the fear that the
heritage of the great heuristic contributions to inductiveorem proving developed within the
paradigm of explicit induction could be lost. Although suokses are typical for paradigm shifts
[63, 117], the fear seems to be completely unjustified in agec

e Theoreticallydescente infiniencludes explicit induction.

e Practically, QoDLIBET has shown that in our framework déscente infinighe heuristic
knowledge ofrecursion analysisn the field of explicit induction is still applicable, indis
pensable, and at least as useful as before. We will explaiirti§ 11.3. That also rippling
probably stays as important as before is sketched in §11.4.
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Eng ift die Welt, und das Gebirn ift weit.
eidt Deieinander wohnen die Gedanten,
Dody hart im Raume ftofen fidy die Sadyen.

— FRIEDRICH VON SCHILLER; WALLENSTEINS TOD,
2. AUFZUG, 2. AUFTRITT; WALLENSTEIN

11.2 Schism in Minds vs. Schism in Systems

Actually, the schism between explicit induction on the oige anddescente infinien the other,
never really existed in the minds of most of the leading g@e&nof the field, especially not since
theyear 1996 [114, §4.2]. This expertise, however, habeseiteen published nor communicated
to the outside of the inner circle. Moreover — contrary to filegibility of the minds — in the
powerful inductive theorem prover@ 2 [56] and most other such systems this schism is still
manifest:

Problem 11.1 (No Natural Flow of Information in ACL2)

The only way to get AL2 to use an induction ordering which is not of the kind of PeohB.3
is to add a recursive functiofi terminating over this ordering and to hint the prover to use t
ordering of its termination proof for the eager generatiba eurekainduction axiom. Note that
the functionf is typically nonsense and will be used nowhere and espgdaiatlin the theorem,
so that the hint to use it is really necessary.

11.3 The Role of Recursion Analysis irbescente Infinie

The cases where eager induction-hypotheses generaticeded to guide the proof into the
right direction (cf. e.g. [113, §3.3]) are so rare in pragttbat the current standard induction
heuristic of thedescente infinisystem QUODLIBET [10, 88] generates induction hypotheses only
lazily, whereas the case splits for the induction variablesdone eagerly right at the beginning
(after simplification). The possibility to be lazy even siifips recursion analysis when different
induction schemes are in conflict because we do not have tgentkem completely: Compare
[61, 8§ 8.3] with the complicated problems of [103, 104]!

Nevertheless, recursion analysis plays an important iéteia QUODLIBET and indescente in-
finiein general. Even without generating induction hypothegeédlae induction ordering eagerly,
the case analysis suggested by recursion analysis is df lggasastic value. Indeed, nothing is
more helpful than to know how to start the proof of a conjeetafter simplification).

The recursion analysis idescente infiniés most useful for solving the following task of case
analysis:
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(Task of Case Analysis on Induction Variables)

Which outermost universal variables of the (simplified) jeature to are to be used as
induction variables, and which lemmas are to be used fordke analysis on the structure
of the induction variables?

For instance, which lemmas of the following form are to besgrofor our induction vari-
ablesm : nat and! : list(nat) for a natural number and a list of natural numbers, respec-
tively?

m=0 V dn:nat. (m=s(n))

m=0 V szlist(nat)-( b )

A Every(Prime, p)
I=nil vV 3n:nat. 3k : list(nat). (I =cons(n, k))

I=nil vV 3n:nat. 3k : list(nat). (I =append(k, cons(n, nil)))

Note that this task is most critical for explicit inductidsecause the eager induction-hypotheses
generation fixes the result of this case analysis and makateaddjustment impossible. In
descente infinighowever, this task is non-critical because it serves osily laeuristic hint on how

to start proof search. This is shown in the following example

Example 11.2
Consider the toy example of the even-predicate on naturabeuws in the clause
Even(x + z), —Even(x +y), —Even(y + z).

When recursion analysis based sfv) +w = s(v +w) suggests a base caseof0 and a step
case ofr=s(z’), then a proof attempt by explicit induction fails.

A proof attempt bydescente infiniehowever, can go on with a second case distinctiont6a0
and 2'=s(2") and actually proceed by the two base cases-60 and z=s(0) and a step case of
x=s(s(z")). This, however, is not possible for explicit induction béi&a any form of recursion
analysis. Note that the three casesyef0, ==0, and y=s(y’) A z=s(z’) provide yet another
way for descente infinieo extend the proof attempt into a successful proof.
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11.4 Rippling andDescente Infinie

Although QUODLIBET does not implementppling [13, 23, 24, 49, 50, 52, 95] yet (but applies a
less syntactically restricted search by a refined contéréwaiting with markings [90, 91]), we
expect that the restrictions of the search space introdigegpling can be more useful in the
less restrictive framework afescente infini¢han in the more restrictive framework of explicit
induction.

When induction hypotheses are not generated eagerly tienarippling” [23] or “blowing up
of terms” [51, 52] are not required. Instead, the inductianables occur as additional sinks in
the induction conclusion.

e On the one hand, this makes rippling technically and inteiyi simpler (esp. for destructor
style recursion) and better suited for human—computerantmn.

e On the other hand, however, the induction variables in thelosion must be somehow
limited in their character of being a sink: Unless we limiesle sinks to swallow wave
fronts consisting of destructors, we will have difficultieginding a well-founded induction
ordering justifying the induction-hypothesis applicato

11.5 Further Historical Limitations in Explicit Induction

Beside overcoming the must of generating induction axisinsbould be noted that QODLIBET
has some additional advantages over classical explidiation systems:

e The strongadmissibility restrictionsof explicit induction systems (i.e. specification only
by functional programs, requiring thesompleteness and termination proofs in advance
have shown to superfluous [10, 62, 119, 120]. For the suadesmsformation of inductive
theorem proving we do not have to enforce a complete spedaiicaf the the recursive
functions that participate in the recursion analysis. &WjeUODLIBET requiresneither
termination nor completeneder those recursive function definitions. Nevertheless, in
QuUODLIBET, these recursive function definitions come with a guaranteeonsistency
and are used for recursion analysis and other special tiesarig hus, overspecification can
be avoided and stepwise refinement of specifications becpossible, with a guarantee
on the monotonicity of validity [120].

This is of practical relevance in applications. For ins&@gna [66], BERND LOCHNER
(who is not a developer but a user obQDLIBET) writes:

“The translation into the input language of the inductivedtem prover QOD-
LIBET was straightforward. We later realized that this is diffiarimpossible
with several other inductive provers as these have probleithsmutual recur-
sive functions and patrtiality” .. .
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e Another advantage compared t@ with its poor user interface and its restriction to a
complete reset after failure is the following: When autaoratails, QUODLIBET typically
stops early and presents the state of the proof attempt imamoriented form, whereas
everything is lost (and only some of the developers may kndwatwo do) when explicit
induction generates a useless induction axiom (cf. Prokletin §11.2).

11.6 Conclusion

Those researchers of the explicit induction community wéedized what a strong restriction it
is to fix the induction axiom before the actual induction geostarts — the most important be-
ing [81, 82], [45], and [25] — always suffered from the wishdynthesize induction axioms.
The same holds for the synthesis of simple recursive progfaom their inductive soundness
proofs [51, 58] and the more general task of instantiatinggavariables of the input theorem,
where they also make sense as placeholders for concretald@mul side conditions of the
theorem that only a proof can tell. Indeed, the force to canima fixed induction axiom ea-
gerly is only acceptable for simple proofs or simple the@evithout meta-variables.

All'in all, we have listed powerful arguments in 88 9 and 10 aslutted perceivable counter-
arguments in this § 11.
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12 Conclusion

12.1 Human-Orientedness

As explained in 8 3.2, completely automated black-box teeoproving is approaching its con-
ceptual limits. Significant future progress will require aadigm different from the artificial-

intelligence exploration of the huge search spaces of maehiiented misanthropic calculi.
Human-oriented theorem proving and human-oriented dgbecal/ide the only known alterna-

tive and have been gaining more and more acceptance withilagih dozen years. The major
tasks in the intended advanced form of human—computemictien are

¢ the further development of interface notions followinglbbidden human cognitive con-
cepts and the needs for powerful automation support, and

¢ the further improvement of the exploitation of the semaatiiicformation for the syntactical
search processes.

The basic paradigm of interaction should be an anytime begargcess that knows about the
humans’ semantical strength and asks the human users fmeadvtheir area of competence
before getting lost in complexity. With a human-orientedmrstream integration following this
paradigm, we can make man and machine a winning team.

12.2 Descente Infinie

Induction axioms were never necessary for the working nma#ttieians and are not anymore
necessary in formalized mathematics or automated theorewng due to [113]. It now suffices
to solve the two hard tasks mentioned in §6 (namely the Hygseth Task and the Induction-
Ordering Task) in mathematics as well as in automated thepreving.

There is no need to make the generation of induction axionre fiexible, because we are in
the lucky situation that we can have the cakl eat it: Indeed, we can remove the restrictions
induction axioms put on us and improve the usefulness of éhistic knowledge developed
within the paradigm of explicit induction at the same time.

When recursion analysis or eager induction-hypothesesrggon show us the right way,
we can take it. When they do not, we do not have to care for thgendo not have to find a way
to walk out of the maze of explicit induction. We can fly over it

After a proof has been completed, we can read out of it whahthection axioms would have
been.

As we do not need any induction axioms, however, we do not teagare at all whether our
induction axioms should béestructor styleor constructor styleor whatever mixed styles one
could imagine.

Moreover, note that — as discussed in Example 11.2 of § 11.Be-edse analysis suggested
by recursion analysis is critical for the failure of expliciduction, but it serves only as a heuristic
hint on how to start proof search descente infinie
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Beside the recursion analysis telling us how to start off laeside the termination check of
the induction ordering typically at the end, we do not neegspecial procedures for induction.
An induction-hypothesis application is just a lemma aggil@n generating an additional ordering
subgoal.

Descente infini@nd explicit induction do not differ in the task (establighiinductive va-
lidity [120]) but in the way the proof search is organized.r Bonple proofs there is always a
straightforward translation between the two. The diffeeebhecomes obvious only for proofs of
difficult theorems.

The results of [113] on how to combine state-of-the-art déda with descente infiniglo-
bally without induction axioms were not available when éxplinduction started in the early
1970s. But now that we know how to do it, sticking to expliciluction as a must is scientifi-
cally backward Descente infinianyway admits a simulation of explicit induction that caofgr
from all the heuristics gathered in this field with the aduial advantages

e that — contrary to explicit induction [15, 103, 104] — confiig induction axioms do
not have to be combined completely (because the major hiewachievement of recursion
analysis is to tell which variables to start induction with,Example 11.2 of §11.3), and

¢ that the induction ordering may stay open until the very ehdmall cases of the proof are
known (because an earlier fixing of the induction orderinggisdly of any heuristic benefit
ever).

Both items are of great practical effect [88, 91].

12.3 Summary

While the heuristics developed within the paradigm of explduction remain the
method of choice for routine tasks, explicit induction isastacle to progress in
program synthesis and in the automation of difficult proofisere the proper induc-
tion axioms cannot be completely guessed in advance. rghitiithe paradigm of
descente infinie overcomes this obstacle without sacwfisievious achievements.
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Notes

Note 1 For instance, the basic paradigm of the human-orientedhaattx inductive theorem
prover QIODLIBET [10] is the following: The working mathematician can fee@ ttmachine
with his semantical knowledge of the domain by stating lemnaad the machine can use these
lemmas for sparse but deep proof search [88, 89, 90, 91]. Winesearch fails, the graphical user
interface presents a not too deep state of the proof whegegs® stopped to the mathematician in
a carefully designed human-oriented calculus [10, 61, @ may provide help with additional
lemmas and other hints. It should be remarked, howeverttieairactical implementation of this
paradigm is still more a task than an achievement. Cf. § 1énfane on this.

Note 2

e The OrsTER-CIAM systen{18, 22] has to solve the very hard task of constructing @oof
in the intuitionistic MARTIN-LOF type theory of QSTER, whereas the vast majority of
mathematicians and ATP engineers would use transfornssiach as the one to the modal
logic S4 [44, 34, 101] to prove intuitionistic theorems.

e Proof planning in theld QMEGA systen]93] severely suffers from its commonplace natu-
ral deduction calculus, because it exports low-level taskisigher levels of abstraction;
these low-level tasks have turned out to be most problenmapcactice because they can
neither be ignored nor properly treated on the higher levels

e The A\CIAM systenj20] does not have any fixed logic level at all.

Note 3 (Teaching Proof Search Procedures in Mathematics Léares)

In the best lecture course | ever attended, every lecturenanitels professor came into the lecture
hall and asked what he is expected to teach here. “Analysi®ld you know the theorem of so-
and-so?” “What is that?” “...” “No, we do not know that!” Théime emeritus gave a precise (but
often incomplete) statement of the theorem, discussedadt(after the students had a clear idea
on the meaning of the theorem!) started pre@érch In the lecture | learned most, he presented a
proof that failed three times and was finally finished sudc#lgovertime, not before patching the
theorem. But this seems to be the best universities can githeetr mathematics students today.
(The missing systematics they had better learn from texth9oAn apprentice is explained the
easy procedures and shown the hard ones. Then, as we do faahgxpof search to our students,
it is probably one of the hard ones. Nevertheless, | do hopeilbe able to do this some time.
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Note 4 (Proof-Theoretical Peculiarities of Mathematical hduction)

The following often mentioned (cf. e.g. [20, §5]) proof-tinetical peculiarities of mathema-
tical induction do not really have a special practical dff@cinductive theorem proving, simply
because efficiency problems cause the same effects alreadlyef case of deductive theorem
proving:

¢ As the theory of arithmetic is not enumerable ([43, 44]), pteteness of a calculus w.r.t.
the standard notion of validity cannot be achieved.

In practice, however, it does not matter whether our praehapt fails because our theorem
will not be enumerated ever or will not be enumerated befoatsday.

e By GENTZEN'S Hauptsatz on Cut elimination [40] there is no need to itvesw formulas
in a proof of a deductive theorem. Indeed, such a proof caedtected to “sub”-formulas
of the theorem under consideration. In contrast to lemmadicgtion (i.e. Cut) in a de-
ductive proof tree, the application of induction hypotteard lemmas inside an inductive
reasoning cycle cannot generally be eliminated in the stvaehe sub-formula property
could be obtained, cf. [59]. Thus, for inductive theoremvang, “creativity” cannot be
restricted to finding just the proper instances, but mayiredhe invention of new lemmas
and notions.

Again, in practice, however, it does not matter whether westa extend our proof search
to additional lemmas and notions for principled reason®otractability [11].

Note 5 (Implicit and Inductionless Induction)

Alternative approaches to automation of mathematicalgtido evolved from th&nuth—Bendix
Completion Procedurand were summarized in tiszhool of Implicit Inductiorwhich comprises
Proof by Consistency (Inductionless Inductiot@scente infiniand implicit induction orderings
(term orderings). Furthermore, there is pioneering workhencombination of induction and co-
induction; cf. e.g. [73]. While Proof by Consistency and lmipinduction orderings seem to be
of merely theoretical interest today [114], we should aaligfdistinguishdescente infiniédrom
the mainstream work on explicit induction.

Note 6 (The Idea of Rippling)

Roughly speaking, the success in provsimpletheorems by induction automatically, can be
explained as follows: If we look upon the task of proving a gientheorem as reducing it to a
tautology, then we have more heuristic guidance when we khatwve probably have to do it

by mathematical induction: Tautologies are to be foundywvkere, but the induction hypothesis
we are going to apply can restrict the search space tremstydou

In a famous cartoon of BAN BUNDY's, the original theorem is symbolized as a zigzagged
mountainscape and the reduced theorem after the unfoldliregorsive operators as a lake with
ripples. Instead of searching for an arbitrary tautologg,kmow that we have tget rid of the
ripplesto be able to apply an instance of the theorem as inductionthggis, as mirrored by the
calm surface of the lake.
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Note 7 (The Sociological Aspect of Explicit Induction as Namal Science)

Another way in that explicit induction blocks scientific gress is a sociological one. The heuris-
tics to generate induction axioms in explicit induction @dardly changed since the end of the
1970s. Some minor conceptual improvements (such as [1@3, €@.) have turned out to be

contra-productive in the practical context of a highly aptied “waterfall’;, because later phases
were already optimized to patch the weaknesses of the prewines. With all the men-power

that went into explicit induction systems such &agA [7] or AcL2 [56], these systems have be-
come so well-tuned to all simple standard problems thatharslly possible to demonstrate their
shortcomings to referees within the time they are willingpend on the subject.

Beside that, to become competitive witlt®2 requires a common effort and years of work
with little chance for economic support or academic fungagproval, or rewards. In spite of this,
mainly due to the idealism of LRICH KUHLER and TOBIAS SCHMIDT-SAMOA and a bunch of
their studentsjescente infinien QUODLIBET [10] — as explained in 88 9 and 11 — has already
by now been able to outperform the formerly well-fundesrmal-sciencg63, 117] School of
Explicit Induction.

Note 8 (On the Likeliness of Alternative Integrations of Descente Infinieinto State-of-the-
Art Deductive Calculi)

| consider the integration afescente infinigto state-of-the-art free-variable sequent and tableau
calculi to be the my most important scientific contributio&ince | actually have searched the
whole conceivable space of possible combinations far béyamat is documented in [113], |
am pretty sure that my paper [113] presents not only an etegahboth human- and machine-
oriented combination adescente infiniand state-of-the-art deduction (including liberalized ve
sions 1) of the d-rules), but also the only possible one (up to isomorphisthlz@side some
possible variations (cf. [111]) and simplifications in falzing variable-conditions) that actually
modelsthe mathematical process of proof searchdegcente infinie itselinddirectly supports

it with the data structures required for a formal treatmemnt does noencodesome form of in-
duction. (Such an encoding can be found, e.g., in the indactile of [41], or by application of
the second-order Theorem o THERan Induction(N) (cf. 8 6), or the second-order Axiom of
Structural Inductior{S) (cf. § 6), or by generation of first-order induction axioms.)

Note 9 (Semantical Requirements of [113])

As described in [113, §2.1.4] all we need for the soundnessipintegration oflescente infinie
into two-valued logics are the validity of

e the well-known Substitution[Valud Lemma (as, e.g., shown for different logics in
[3, Lemma3], [4, Lemma5401(a)], [31, p.127], [35, p.120)dd36, Proposition 2.31])
and

e the trivial Explicitness Lemmeé.e. the values of variables not explicitly freely occagiin
a term or formula have no effect on the value of the term or tdapresp.) (as, e.g., shown
for different logics in [3, Lemma 2], [4, Proposition 540@hd [36, Proposition 2.30]).
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Note 10 (Lemma Application)

Lemma applicationvorks as follows. Suppose that our proof goals consisegluentsvhich are
just disjunctive lists of formulas. (This is the simplestrfoof a sequent that will do for two-
valued logics.) When a lemma,, ..., A,, is a subsequent of a sequédnto be proved (i.e.
if, forall : € {1,...,m}, the formula4; is listed inI"), its application closes the branch of this
sequentgubsumption Otherwise, the conjugates of the missing formulasare added to the
child sequents (premises), one child per missing formutés dan be seen as Cuts@pplus sub-
sumption. More precisely — modulo associativity, commutt and idempotency — a sequent
Ay, ..., Ay, B, ..., B, canbe reduced by application of the lemma, ..., A,,,C,...,C, to
the sequents

?lvAlv"'vAmvBlv"'an 71071417"'7147717317"'7371'

In addition, roughly speaking, any time we apply a lemma, @ instantiate its free variables
locally and arbitrarily. Cf. [113, 115] for more on this.

Note 11 (Integration of Descente Infinieinto Logical Frameworks)

Item 4 of the enumeration in § 9 is typically no problem beeauns can get along with semantical
orderings [110, Definition 13.7]. Indeed, we do not need terderings [97] anymore, contrary
to what was the case withU®DLIBET’s predecessor NiCOM [46].

Items 1, 2, and 3, however, do not seem to be easily achiewatbliésABELLE/HOL [70, 71],
for instance. A logical framework (such asABELLE [74, 75, 76]) can hardly mirror general
mathematical activity, but only the logic calculi known léttime of its development. This makes
progress toward human-oriented automatable calculi vigfigudt. As a convenient realization
of descente infinieloes not seem to be so easily possibleSAHELLE-based systems, a lot of
additional lemmas (or else ingenious recursive specifioqtnay be necessary as described in
81 (or else the solution) of [L00]. Moreover, for the ideatpsort program synthesis vies-
cente infinieon the lower level of inductive theorem proving for softwaegification (cf. our 8 8
and [25]), the recursion facilities oBRBELLE/HOL seem to be insufficient: ®NRAD SLIND’S
recursion theorems [94] require termination proofs at agtaxty stage of development [119].

Note 12 (Productive Use of Failure and Patching Faulty Conjetures)

Although, a failure of a proof is a complete one in case of angrimduction axiom in explicit
induction, from such a failure, we might gain some insightloa proof [55] or on the conjec-
ture [82, 83]. And then we may start a more promising proamatit with different settings.
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