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Abstract

Paul Bernays and David Hilbert carefully avoided overspation of Hilbert's "-operator
and axiomatized only what was relevant for their proof-tle¢io investigations. Semantically,
this left the"-operator underspeci ed. In the meanwhile, there have lsegaral suggestions
for semantics of thé as a choice operator. After reviewing the literature on sgiosof Hil-
bert's epsilon operator, we propose a new semantics witlall@ving features: We avoid
overspeci cation (such as right-uniqueness), but adndtinite choice, committed choice,
and classical logics. Moreover, our semantics for'ttseipports proof search optimally and
is natural in the sense that it does not only mirror some catesferential interpretation
of inde nite articles in natural language, but may also citnte to philosophy of language.
Finally, we ask the question whether duwithin our free-variable framework can serve as
a paradigm useful in the speci cation and computation of @etics of discourses in natural
language.

Keywords Hilbert's epsilon Operator, Logical Foundations, Thesriof Truth and Valid-
ity, Formalized Mathematics, Human-Oriented InteracfNeeorem Proving, Automated
Theorem Proving, Formal Philosophy of Language, ComptatiLinguistics
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1 Motivation, Requirements Speci cation, and Overview

In [Wirth, 2004 we have analyzed the combination of mathematical indudti¢he liberal style
of Fermat'sdescente in niewith state-of-the-art logical deduction into a formal gystin which

a working mathematician can straightforwardly developgn®ofs supported by powerful auto-
mation. We have found only a single semantical justi catroaeting the requirements resulting
from this analysis. The means for this semantical justi@atinclude a novel semantics for Hil-
bert's"-symbol, namely an inde nite choice mirroring some casesetérential interpretation of
inde nite articles in natural languages.

Hilbert's "-symbol is a binder that forms terms; just like Peaned&y/mbol, which is some-
timeg attributed to Russell and written asr as an inverted Roughly speaking, the terrx: A
formed from a variable and a formulaA denotesnobject that ichosersuch that —if possible—
A (seen as a predicate @ holds for it.

For the usefulness afescriptive termsuch as"x: A and x:A, we consider the require-
ments listed below to be the most important ones. Our newnitde"-operator satis es these
requirements and—as it is de ned by novel semantical teples—may serve as the paradigm
for the design of similar operators satisfying these resngnts. As such descriptive terms are
of universal interest and applicability, we suppose thatrmvel treatment will turn out to be
useful in many additional areas where logic is designed plieg as a tool for description and
reasoning.

Requirement| (Syntax): The syntax must clearly express where exactigoemmitmento a
choice of a special object is required, and where—to therapnt-different objects corre-
sponding with the description may be chosen for differestuo@nces of the same descrip-
tive term.

Requirement Il (Reasoning): In a reductive proof step, it must be possible to replace a de-
scriptive term with a term that corresponds with its desmip The soundness of such a
replacement must be expressible and should be veri abledarotiginal calculus.

Requirement Il (Semantics): The semantics should be simple, straightforward, natfwal,
mal, and model-based. Overspeci cation should be avoigedfally. Furthermore, the
semantics should be modular and abstract in the sense #uaidgtthe operator to a variety
of logics, independently of the details of a concrete logic.

This paper organizes as follows: After a general introaurcto the" in 82 and a review of
the literature on th&'s semantics w.r.t. adequacy and Hilbert's intentions in @8 explain and
formalize our novel approach to this semantics, rstinformally in § 4 and then formally in 8 5.
Finally, in 86, we discuss some possible implications orgsieiphy of language, put ourto
test with a list of linguistic examples, and ask the questwether out' within our free-variable
framework can serve as a paradigm useful in the speci cadimh computation of semantics of
discourses in natural language.



2 General Introduction to Hilbert's "

To make this paper accessible to a broader readershipsig thiwe motivate thé by introduc-
ing rstthe (82.1), then thé itself (8 2.2), its proof-theoretic origin (8 2.3), and owntrasting
semantical objective in this paper (8 2.4) with its emphaside nite choice(§ 2.5) andcommit-
ted choice(§ 2.6). Although the well-informed expert is likely to be ased, he may well skip
this § 2 and continue with § 3.

2.1 Fromthe tothe"
2.1.1 Intuition behind the -Operator

It has turned out not to be completely super uous to remaak kkdo not want to hurt any religious
feelings with the following example. The delicate subjsatihosen for its mnemonic value.

Example 2.1 (-binder) (Buggy")
For an informal introduction to thebinder, consideFatherto be a predicate for which
FatheHeinrich Il Heinrich 1\

holds, i.e. “Heinrich Il is father of Heinrich V",
Now, “thefather of Heinrich IV” can be denoted by: Fathelx; Heinrich 1\f, and because this
is nobody but Heinrich 11l i.e.

Heinrich lll= x: FatheKx; Heinrich I},
we know that
Fathel x: FatheKx; Heinrich I\J; Heinrich I\
Similarly,
Fathe( x: Fathe(x; Adam); Adan), (2.1.1)
and thus9y: Fathe(y; Adanm), but, oops! Adam and Eve do not have any fathers.

If you do not agree, you would probably appreciate the foil@vproblem that occurs when
somebody has God as an additional father.

Fathe(Holy GhostJesuy " FatheJosephJesus. (2.1.2)
Then the Holy Ghost ithefather of Jesus and Josephihefather of Jesus, i.e.
Holy Ghost x: Fathel(x; Jesu$ ~ Joseph= x: Fathel(x; Jesu} (2.1.3)

which implies somethinghe Pope may not accept, namely that
Holy Ghost= Joseph
and he anathematized Heinrich IV in the year 1076:
Anathematize@x: Popéx); Heinrich I\f 1076) (2.1.4)



2.1.2 Semantics of the-Operator

There are basicalfythree ways of giving semantics to théerms:

Russell's -operator: In [Whitehead & Russell, 1910-19}13the -terms do not refer to an
object but make sense only in the context of a sentence. Tdsaweely described already
in [Russell, 1905 without using any symbol for the however; cf. our §6.2.

Hilbert's -operator: To overcome the complex dif culties of that non-referehta nition, in
[Hilbert & Bernays, 1968/70, Vol. |, p. 392}f. a completed proof oB!x: A was required
to preceed any formation of the ternmx: A, which otherwise was not to be considered a
well-formed term at all.

Peano's -operator: Since the in exible treatment of Hilbert'soperator makes thequite im-
practical and the formal syntax of logic undecidable in gahen \Vol. 1l of the same book,
the", however, is already given a more exible treatment. Théhne,simple idea is to
leave the'-terms uninterpreted, as will be described below. In thiggpawe present this
more exible view also for the, just as required by an anonymous referee of a previous
version of this paper. Moreover, this view is already Pesamoiginal one, cf. () of
Note 1.

At least in non-modal classical logics, it is a well justi stindard thaany term denotesMore
precisely—in each model or structugeunder consideration—any occurrence of a proper term
must denote an object in the universeSf (This does not mean that this object has to satisfy
properties of ontological existence or de nednessSin cf. §6.2.4.) Following that standard,
to be able to write down x: A without further consideration, we have to treatt A as an
uninterpreted term about which we only know

Alx:A ) Afx7! x:Ag (o)

or in different notation

(O (A(x)) ) A(x: (A(x))
or in set notation
9Ix: (x2A) ) x (x2A)2A

where, for some new, we can de ne

9Ix:A = O9y:8x: x=y, A

With ( o) as the only axiom for the, the term x: A has to satisf)A (seen as a predicate ai)
only if there exists a unique object such tiaholds for it. Moreover, the problems presented
in Example 2.1 do not appear because (2.1.1) and (2.1.3)oaneahid. Indeed, the description
of (2.1.1) lacks existence and the descriptions of (2.1n8)(@.1.4) lack uniqueness. The price
we have to pay here is that—roughly speaking<-A is of no use unless the unique existence
9Ix: A can be derived.



2.1.3 Why" is more useful than

Compared to the, the" is more useful because—instead qf)}{—it comes with the stronger
axiom

I:A ) Afx7!"x:Ag ("0)

More precisely, as the formul@x: A (which has to be true to guarantee a meaningful interpreta-
tion of the"-term "x: A ) is weaker than the corresponding form@k: A (for the resp.-term),

the area of useful application is wider for thethan for the -operator. Moreover, in case of
9!x: A, the"-operator picks the same element as Hoperator, i.e.

9IX:A ) "X:A = XA
Although the is thus somewhat outdated since the appearance of the @upeii is still alive:
cf. e.g.[Andrews, 2002, [Nipkow &al., 2004. For example, iNipkow &al., 2003, p. 85,

for thede niendum x: A of the -operator (which picks the least natural number satisfging
formula) we nd thede niens

x: A N8y:(Afx7lyg) x vy)
for some new variablg, although the logic of$ABELLE/HOL (as given i Nipkow &al., 2002)
contains ani, and ade niensof

"X: A N8y (Afx7lyg) x vy)
would imply the relevant axiom

XA ) Afx 7! x:A g ™ 8y:(Afx7lyg ) xA y) (o)

for any wellfounded total quasi-ordering, while the deiait via requires antisymmetry in ad-
dition. Moreover, a special additional uniqueness proakguired for each unfolding of the
de nition via , hopefully realized automatically, however, with a clgsetegrated Linear Arith-
metic, cf. e.g[Schmidt-Samoa, 2006 Indeed, the superior de nition viais found in[Nipkow
&al., 2004.

2.2 What is Hilbert's "?

As the basic methodology of David Hilbert's formal prograsrto treat all symbols as meaning-
less, he does not give us any semantics but only the axigm (

Although no meaning is required, it furthers the undersitamd And therefore, ifHilbert &
Bernays, 1968/70 the fundamental work on the contributions of David Hilbamd his group to
the logical foundations of mathematics, Paul Bernays write



"X: A
IIo A
[Hilbert & Bernays, 1968/70, Vol. I, p.12, modernized orgjnaphyl
"X:A ..."is an object of the universe for which—according to tkengnntical trans-
lation of the formula '(j)—the predicateA holds, provided tha®A holds for any
object of the universe at 4ll. (our translation)
Example 2.2 ( instead of , partl) (continuing Example 2.1)

Just as for the, for the" we again have

Heinrich lll= "x: Fathelx; Heinrich I\J
and
Fathel("x: Fathelx; Heinrich I\J; Heinrich I\j.

But, from the contrapositive of §) and

. Fathe("x: Fathe(x; Adam); Adam),
we now can conclude that
:9 y: Fathely; Adam).

2.3 Onthe"'s Proof-Theoretic Origin

David Hilbert did not need any semantics or precise intenftar the "-symbol because it was
introduced merely as a formal syntactical device to fat#itproof-theoretic investigations, moti-
vated by the possibility to get rid of the existential andvwensal quanti ers via

9x:A , Afx7!"x:Ag ("1)
and

8x:A , Afx7!"x::Ag ("2)

Note that"y, "1, and", are no ordinal numbers but simply the original labels friilbert &
Bernays, 1968/70 "5 is from[Hermes, 196 The other labels we use are mostly fréineisen-
ring, 1969, such as (E2) and (Q2). We recommdhdisenring, 196Pas an excellent treatment
of the subject of the rst-ordet-calculus, using a language more modern than the ofidithfert

& Bernays, 1968/7D



When we remove all quanti ers in a derivation of the Hilbsttde predicate calculus @flilbert
& Bernays, 1968/7Palong ('1) and (',), the following transformations occur: Tautologies are
turned into tautologies, the axiom schefhedfx7!tg ) 9 x:A and 8x:A ) Afx7!tg
are turned into

Afx7itg ) Afx7! "x:Ag ("-formula)

and—roughly speaking w.r.t. two-valued logics—its coptrsitive, respectively. The inference
steps are turned into inference stepsodus ponengito modus ponensinstantiation of free
variables as well as quanti er introduction into instatiba including”-terms. Finally, thée'-
formula is taken as a new axiom scheme insteadg)ffecause it has the advantage of being free
of quanti ers.

This argumentation is actually the start of the proof transftion of thelst "-theorem in
which the elimination of thé-formulas did not come easy to Wilhelm Ackermann and David
Hilbert.

Theorem 2.3 (Extd. ®"-Theorem, [Hilbert & Bernays, 1968/70, Vol. Il, p.79f])
If we can derive9x;: :::9x,:A (containing no bound variables besides the ones bound by the

Note thatr; s range over natural numbers includifgand thatA, t;; , andP; are"-free because
otherwise they would have to include (additional) boundalaes.

Moreover, the2w"-Theorenin [Hilbert & Bernays, 1968/70, Vol. ]| states that th(just as the,

cf. [Hilbert & Bernays, 1968/70, Vol]) is a conservative extension of the predicate calculus in
the sense that any formal proof of &firee formula can be transformed into a formal proof that
does not use theat all. Generally, however, it is not a conservative extemso add the' either
with ("), with ("1), or with the"-formula to other rst-order logics—may they be weaker such
as intuitionistic logict or stronger such as set theories with axiom schemes ovéramybierms
including the", cf. 83.1.3. Moreover, even in standard rst-order logier is no translation
from the formulas containing tHeto formulas not containing it.

2.4 Our Objective

While the historical and technical research on ‘thaeorems is still going on and the method
of "-elimination and'-substitution did not die with Hilbert's programme, thisnet our subject
here. We are less interested in Hilbert's programme anddhsistency of mathematics than in
the powerful use of logic in creative processes. And, irstédéhe tedious syntactical proof trans-
formations, which easily lose their usefulness and elegianthin their technical complexity and
which—more importantly—can only refer to an already exigtlogic, we look forsemantical
means for nding new logics and new applications. And thesgioa that still has to be answered
in this eld is: What would be a proper semantics for Hilbert'3



2.5 Inde nite Choice

Just as the-symbol is usually taken to be the referential interpretatf thede nite articles in
natural languages, it is our opinion that theymbol should be that of thade nite determiners
(articles and pronouns) such as “a(n)” or “some”.

Example 2.4 (' instead of , partll) (continuing Example 2.1)
It may well be the case that
Holy Ghost= "x: Fathelx; Jesu} "~ Joseph= "x: Fathelx; Jesu¥

i.e. that “The Holy Ghost isa father of Jesus and Joseph as father of Jesus.” But this does
not bring us into trouble with the Pope because we do not knbetker all fathers of Jesus are
equal. This will become clearer when we reconsider this gtamn Example 4.8.

Philosophy of language will be further discussed in § 6.

2.6 Committed Choice

Closely connected to inde nite choice (also called “indetaism” or “don't care hondetermin-
ism”) is the notion of tommitted choice For example, when we have a new telephone, we
typically don't care which number we get, but once the provider has chosen a nuimbeur
telephone, we want them ttmmmit to this choicd.e. not to change our phone number between
two incoming calls.

Example 2.5 (Committed Choice) (Buggy!)
Suppose we want to prove 9x: (X 6 Xx)

According to (;) from § 2.3 this reduces to "X: (X6 X) 6 "X: (X6 X)

Since there is no solution to6 x we can replace

"X: (x & x) with anything. Thus, the above reduces to 06 "x: (x6x)

and then, by exactly the same argumentation, to 061

which is valid.

Thus we have proved our original formulx: (x 6 x), which, however, happens to be invalid.
What went wrong? Of course, we have to commit to our choicallayccurrences of the-term
introduced when eliminating the existential quanti er:wke choosé on the left-hand side, we
have to commit to the choice 6fon the right-hand side, too.
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3 Semantics for Hilbert's " in the Literature

In this 8 3, we review the literature on this semantics with a an emphasis on practical adequacy
and Hilbert's intentions.

3.1 Right-Unique Semantics

In contrast to the inde niteness we suggested in § 2.5, inliteeature nearly all semantics for
Hilbert's " -operator are functional, i.etifjht-] unique cf. [Leisenring, 196Pand the references
there.

3.1.1 Ackermann's (II,4) = Bourbaki's (S7) = Leisenring's (E2)

In [Ackermann, 193Bunder the label (I1,4), ilBourbaki, 1939ff under the label (S7) (where
a is written for the", which must not be confused with Hilbert'soperator, cf. Note 4), and in
[Leisenring, 196Punder the label (E2), we nd the following axiom scheme:

8x: (Ag, A1) ) "XAp="XA;, (E2)

Contrary to our version (ERin Lemma5.18 of §5.6, in the standard framework the axio&) (E
imposes a right-unique behavior for th@perator, which is based on the extension of the predi-
cate.

Axiom systems including (E2) are callexxtensionabecause—from a semantical point of
view—the value of "x: A in each semantical structuis functionally dependent on the ex-
tension of the formula, i.e. on f o] eval(S]f x7'og)(A) g, where “eval' is the standard
evaluation function that maps a structure (or algebrarpnétation) (including a valuation of the
free variables) to a function mapping terms and formulasatoes.

To get more freedom for the de nition of a semantics of thein [Meyer-Viol, 1995 and
in [Giese & Ahrendt, 1999the value of "x: A may additionally depend on the syntax besides
the semantic8. It is then given as a function depending on a semantical tstrei@nd on the
syntactical details of the terfx: A.  We read:

“This de nition contains no restriction whatsoever on theuation of"-terms.”
[Giese & Ahrendt, 1999, p.177

This is, however, not true because it imposes the restniaifoa right-unique behavior, which
denies the possibility of an inde nite behavior, as we wdksbelow.

Note that (E2) has a disastrous effect in intuitionisticidcog This is already the case for its
proper consequence "X:Ap 6 "X:A;1 ) (BXAg”8x:A;) which—together with'p)
and say 06 1"—turns every classical validity into an intuitionistic e For the strong conse-
guences of thé-formula in intuitionistic logic, cf. our Note 4.
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3.1.2 Roots of the Right-Unigueness Requirement

The omnipresence of the right-uniqueness requirement @ iks historical justi cation in the
fact that if we expand the dots “...” in the quotation preogdExample 2.2 in §2.2, the full
guotation reads:

A

[Hilbert & Bernays, 1968/70, Vol. I, p.12, modernized orgjnaphyl

“Thus, the"-symbol forms a kind of generalization of thesymbol for arbitrary uni-
verses. Syntactically, it provides a function of a varigiedicate, which—besides
the argument to which the variable bound by th&/mbol refers—may contain free
variables as arguments (“parameters”). The value of tmstfan for a given predi-
cateA (for xed values of the parameters) is an object of the ursesior which—
according to the semantical translation of the formUlg—the predicateA holds,
provided thatA holds for any object of the universe at all. (our translation)
(“Syntactically” may be replaced with “Structurally”)

Here the word “function” could be understood in its matheo@tsense to denote a (right-)
unique relation. And, what kind of function could it be butreo@e function, choosing an element
from the set of objects that satisfy? Accordingly, at a different place, we read:

" Aa
"A a Aa
[Hilbert, 1928, p. 68

“Beyond that, thé' has the rble of the choice function, i.e. in the case whare
may hold for several objects,A is an arbitrary oneof the objectsa for which Aa
holds.” (our translation)
(in more modern notation, we would possibly write
“A(a)” for“Aa” and “'x: (A(x))" for “"A")
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3.1.3 Universal and Generalized Choice Functions

Since—in[Hilbert, 1923a, one but last paragrdgkDavid Hilbert himself seems to have con-
fused the consequences of then the Axiom of Choice (cflRubin & Rubin, 1985, [Howard &
Rubin, 1998), we point out: Although thé supplies us with a syntactical means for expressing a
universal choice functigrthe axioms (E2),"0), ("1), and (‘2) do not imply the Axiom of Choice

in set theories, unless the axiom schemes of Replacemeli¢¢tan) and Comprehension (Sep-
aration, Subset) also range over expressions contain@ig tbf. [Leisenring, 1968 § 1V 4.4.

Moreover, to be precise, the notion of a “choice function”sinbe generalized here be-
cause we need ®tal function on the power set of any (non-empty) universe. Tlausalue
must be suppged even at the empty sdt:is de ned to be ageneralized choice functionf
f :dom(f)! (dom(f)) and 8x2dom(f): (x=; _ f(x)2Xx).

3.1.4 Hans Hermes' (5) and David DeVidi's (vext)

In [Hermes, 1965, p.18the" suffers from some overspeci cation in addition to (E2):
"x: false = "x: true ("s)

This sets the value of the generalized choice functiat the empty set to the value bfat the
whole universe. For classical logic, we can combine (E2) @g)dinto the following axiom of
[DeVidi, 1999 for “very exensional” semantics:

. (9y: Aofx7lyg )  Ao) n g .
8x: . (9y:ALfx7lyg ) Ay ) A= XAy
Indeed, (vext) implies (E2) andd). The other direction, however, does not hold for intuiistic
logic, where, roughly speaking, (vext) additionally ingdithat if the same elements make
andA; as true as possible, then theperator picks the same element of this set, even if the
supremagy: Ayf x7!yg and 9y: A;fx7'yg (in the complete Heyting algebra) are not equally
true.

(vext)

3.1.5 Completeness Aspirations of Leisenring and Asser

Different possible choices for the value of the generalideoice functiorf at the empty set are
discussed iiLeisenring, 1968 but as the consequences of any special choice are quitg thee
only solution that is found to be suf ciently adequate ireisenring, 196pis to consider validity
in anymodel given byeachgeneralized choice function on the power set of the univéds#ice,
however, that even in this case, in each single model, theeval "x: A is still functionally
dependent on the extensionAf Roughly speaking, ifiLeisenring, 196Pthe axioms'(;), and
("2) from §2.3 and (E2) from §3.1.1 are shown to be complete.whis semantics of thé in
rst-order logic.

This completeness makes it unlikely that this semanticstgxeatches Hilbert's intentions:
Indeed, if Hilbert's intended semantics for thecould be completely captured by adding the
single and straightforward axiom (E2), this axiom would hate been omitted ifHilbert &
Bernays, 1968/70 It is my opinion that the reason for this omission is thatidit's intentions
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for the" were not right-unique but inde nite: If Hilbert had intendl@ right-unique behavior, it
would not be impossible to derive (E2) from his axiomatiaati

Completeness—detached from practical usefulness, buh#wgeticians' favorite puzzle—
has misled others, too: IfAsser, 1957 the objective is to nd a semantics such that Hilbert's
"-calculus of Hilbert & Bernays, 1968/7[0s sound and¢ompletefor it. This semantics, however,
has to depend on the details of the syntactical form of tterms and, moreover, turns out to be

necessarily so arti cial that ibAsser, 1957the author himself does not recommend it and admits
not to believe that Hilbert could have intended it:

[Asser, 1957, p. 59, modernized orthography

“This notion of a choice function, however,” (i.e. the tyBezhoice function, pro-
viding a semantics for the-operator) “is so intricate that its application in inforima
mathematics is hardly to be recommended.” (our translation
(“informal mathematics” may be replaced with “intuitive thamatics’,
“naive mathematics’; or “mathematics with semantical eatg”)

[Asser, 1957, p. 65, modernized orthography

“The intricacy of the notion of the type-3 choice functiortpup the question whether

the intention in[Hilbert & Bernays, 1968/70(" ... “) really was to describe this
notion axiomatically. | believe | can draw from the presdiotain [Hilbert & Bernays,
1968/7Q that that is not the case,” (our translation)

3.1.6 My Assumption on Hilbert's Intentions

The statements of Bernays and Hilbert in German languagd ©it§ 3.1.2 are ambiguous with
respect to the question of an intended (right-) unique hieha¥the"-operator. Hilbert probably
wanted to have what today we catdmmitted choick but simply used the word “function” for
the following three reasons: Hilbert was not too much irgexé in semantics anyway. The tech-
nical term “committed choice” did not exist at Hilbert's temLast but not least, right-uniqueness

conveniently serves as a global commitment to any choicelaaréby avoids the problem illus-
trated in Example 2.5 of § 2.6.

But the price we would have to pay for such an overspeci cat®high: Right-Uniqueness
restricts operationalization (cf. § 4.6) and applicapiliCf. e.g.[Geurts, 200pand our § 6.5 for
the price of right-uniqueness in capturing the semanticeofences in natural language.

And what we are going to show in this paper is that there is @so@ to pay that price!
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3.2 Inde nite Semantics in the Literature

The only occurrences of an inde nite semantics for Hiltettin the literature seem to H8lass
& Gurevich, 2000 and the references there.

Consider the formula’x: (x=x) = "x: (x=x) from[Blass & Gurevich, 2000or the even
simpler

"X: true = "X: true (REFLEX)

which may be valid or not, depending on the question whetieisame object is taken on both
sides of the equation or not. In natural language this like

“Something is equal to something.”

whose truth is inde nite. If you do not think so, considéx: true 6 "x: true in addition, i.e.
“Something is unequal to something.”, and notice that treegentences seem to be contradictory.

In [Blass & Gurevich, 2000 Kleene's strong three-valued logic is taken as a mathealti
elegant means to solve the problems with inde nitenesspite ®f the theoretical signi cance of
this solution, however, from a practical point of view, Kites strong three-valued logic severely
restricts its applicability. In applications, a logic istram object of investigation but a meta-logical
tool, and logical arguments are never made explicit becthes@resence of logic is either not
realized at all or taken to be trivial, even by academicsgsmthey are formalists), cf. e[@inkal
&al., 2001, p.144, for Wizard of Oz studies with young students. Thus, regaydipplications,
we have to stick to our common meta-logic, which in the westeorld is a subset of (modal)
classical logic. A western court may accept that Lee Harvew&d killed John F. Kennedy as
well as that he did not; but cannot accept a third possib#itertium, as required for Kleene's
strong three-valued logic, and especially not the integien given in[Blass & Gurevich, 2000
that hebothdid and did not kill him, which directly contradicts any cormmsense.
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4 Introduction to Our Novel Inde nite Free-Variable Seman-
tics

4.1 Free -and Free -Variables

Before we can introduce to our treatment of theve have to provide some technical background.
Cf. [Wirth, 2004 for a technically more detailed introduction.

In this 84.1, we will introduce free-, -, and *-variables. Free variables frequently oc-
cur in mathematical practice. Their logical function variecally. It is typically determined
implicitly by the context and the obviously intended senmnt

In this paper, however, we make this function explicit byngsdisjoint sets of variable-
symbols for different functions. The classi cation of adr@ariable is indicated by adjoining
the respective, ,or * to the upper right of the symbol for the variable.

As already noted ifRussell, 1919, p.195in mathematical practice, the free variab#s
andb™ in the (quasi-) formula

(afree + tjree)2 - ( afree)2 + 2 afree Uree + ( tjree)2

obviously have a universal intention and the quasi-fornitgklf is not meant to denote a propo-
sitional function but actually stands for the closed foranul

8a;b: (a+ b? = (a)’+2ab+(b?
In this paper, however, we indicate by
(@ +b)? = (a)’+2a b +(b)?
a proper formula with free -variables, which—independently of its context—is lodjic@qui-
valent to the universally quanti ed formula.

Changing from universal to existential intention, it is smow clear that the linear system

2 3 x™ 11
5 7 yfree - 13

asks us to nd solutions fax™ andy™. We make this intention syntactically explicit by writing
2 3 x _ 11
57 y 13

instead. This formula with free-variables is not only logically equivalent to

9x- V- 2 3 x _ 11
Y- 57 y T 13

but may additionally enable us to retrieve the solutionsdfoandy as the substitutions fot
andy chosen in a formal proof.

Finally, the free * -variables are to represent oliterms in the end. The names , and
* refer to the classi cation of reductive inference rulesint, -, -, and -rules of[Smullyan,
1964, as used in the following § 4.2.
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4.2 -and -Rules

Suppose we want to prove the existential prop&xyA. The -rules of old-fashioned inference
systems (such d&entzen, 193kor [Smullyan, 1968 e.g.) require us to choosexed witness-
ing termt as a substitute for the bound variabtemediatelywhen eliminating the quanti er.

Let A be a formula. We do not permit binding of variables that alyeaccur bound in a term
or formula; that is: 8x: A is only a formula if no binder o already occurs iA. The simple
effect is that our formulas are easier to read and euand -rules can replacall occurrences
of Xx. Moreover, we assume that all binders have minimal scope, 8x;y: A * B reads
(8x: 8y: A)» B. Let and besequentsi.e. disjunctive lists of formulas.

-rules: Lett be any term:
XA 8 XA
Afx7'tg Ix:A Afx7itg 8 A

Note thatA is theconjugateof the formulaA, i.e.B if A is of the form: B, and: A otherwise.
Moreover, in the good old days when trees grew upwards, @GdKBantzen (1909-1945) would
have inverted the inference rules such that passing themie@ns consequence. In our case,
passing the line means reduction, and trees grow downwards.

More modern inference systems, however, (such as the orléstiimg, 1994) enable us
to delay the crucial choice of the tertruntil the state of the proof attempt may provide more
information to make a successful decision. This delay iseaell by introducing a special kind
of variable, called “dummy” inPrawitz, 1960, “free” in [Fitting, 1996 and in Footnote 11
of [Prawitz, 1960, and “meta” in the eld of planning and constraint solving. eWall these
variablesfree -variablesand write them likex . When these additional variables are available,
we can reducedx: A rstto Afx7!x g and then sometime later in the proof we may globally
substitutex with an appropriate term.

The addition of the free-variables changes the notion of a term but not theles, whereas

it becomes visible in the-rules. -rules introduce free-variables. The free-variables are also
called “parameters” or “eigenvariables” and typicallyrstdor arbitrary objects of which nothing
is known. Now the occurrence of such a fregariable must be disallowed in the terms that
may be substituted for those freevariables which have already been in use when an applicatio
of a -rule introduced this free-variable. The reason for this restriction of substitutionfree

-variables is that the dependence or scoping of the quastheust somehow be re ected in a
dependence of the free variables. This dependence is tophered in a binary relation on the
free variables, calledariable-condition

Indeed, it is sometimes unsound to instantiate a fre@ariablex with a term containing a
free -variabley that was introduced later than:
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Example 4.1 The formula Ix: 8y: (x=Y)

Is not generally valid. We can start a proof attempt as fadlow
-step: 8y: (x =vy); 9x: 8y:(x=Yy)
-step: (X =y); 9x: 8y:(x=Yy)

Now, if the free -variablex could be substituted by the freevariabley , we would get the
tautology (y =y ); i.e. we would have proved an invalid formula. To prevent,tthe -step
has to recordx ;y ) in avariable-condition, wher ;y ) means that is somehow “necessarily
older” thany , so that we must not instantiate the freeariablex with a term containing the
free -variabley .

Starting with an empty variable-condition, we extend thealde-condition during a proof by

-steps and by steps that globally instantiateand * -variables. This kind of instantiation of
rigid variables is only sound if the resulting variable-condiitis still acyclic after adding, for
each free variablg™ instantiated with a terrhand for each free variablg® occurring int, the
pair (z™¢; x"™*) to the variable-condition.

To make things more complicated, there are basically twierdifht versions of the-rules: stan-
dard -rules (also simply called “rules”) and * -rules (also calledliberalized -rules”). They
differ in the kind of free -variable they introduce and—crucially—in the way theyaggé the
variable-condition, depicted to the lower right of the bar:

-rules: Letx  be anew free -variable:

8x:A

Afx7'x g V.( 8&A ) fxwg
9 XA

Afx7'x g V. ( 9xA ) f xJg

*-rules: Letx ' be anew free™* -variable:

8x:A f(x"; Afx7!'x"g)g
Afx7!x g Viee (BX:A) f X'g

9 XA f(x";Afx7!x"g)g
AfxX7!x g Viee (9 X:A) f X'g

Notice thatV .( 8x:A ) denotes the set of the freeand * -variables occurring in the whole
upper sequent, whereag.. (8x:A) denotes the set of all free{, -, *-) variables, but only

the ones occurring in therincipal formula 8x:A. The smaller variable-conditions generated by
the *-rules mean more proofs. Indeed, thferules enable additional proofs on the same level
of multiplicity (i.e. the number of repeatedsteps applied to the identical principal formula); cf.
e.g.[Wirth, 2004, Example 2.8, p. 21 For certain classes of theorems, some of these proofs are
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exponentially and even non-elementarily shorter than tiwetest proofs which apply only -

rules; for a survey cflWirth, 2004, §2.1.5 Moreover, the * -rules provide additional proofs

that are not only shorter but also more natural and easiarddoth automatically and for human

beings; cf. the discussion on design goals for inferenceesys in[Wirth, 2004, §1.2.], and

the proof of the limit theorem fo¥ in [Wirth, 2004. All in all, the name “liberalized” for the
* -rules is indeed justi ed: They provide more freedom to thever.’

Moreover, note that the singleton sets indicated to the upgkt of the bar of the above
" -rules are to augment another global binary relation bedide variable-condition, namely a
function called thehoice-condition This will be explained in 8 4.5f.

There is a popular alternative to variable-conditions, elgn$kolemization, where the free
-variables become functions (i.e. their order is increredpaind the - and *-rules give them
the free -variables of V( 8x:A ) and V(8x:A), resp., as initial arguments. Then, the

occur-check of uni cation implements the restrictions arbstitution of free -variables. In
some inference systems, however, Skolemization is unsg@ugdfor higher-order systems such
as the one ifKohlhase, 199Bor the system ifWirth, 2004 for descente in ni¢or inappropriate
(e.g. in the matrix systems @fvallen, 1999). We prefer inference systems with variable-condi-
tions as this is a simpler, more general, and not less efta@proach compared to Skolemizing
inference systems. Notice that variable-conditions doadlot unnecessary complexity: Firstly,
if variable-conditions are super uous we can work with anpgynvariable-condition as if there
would be no variable-condition at all. Secondly, we will deke variable-conditions anyway
for our choice-conditions, which again are needed to fomaabur novel approach to Hilbert's
"-operator.

4.3 Quanti er Elimination and Subordinate "-terms

Before we can introduce to our treatment of theve also have to get more acquainted with'the
in general.

The elimination of8- and 9-quanti ers with the help of'-terms (cf. §2.3) may be more
dif cult than expected when someterms become “subordinate” to others.

De nition 4.2 (Subordinate) An"-term "v:B (or, more generally, a binder antogether with
its scopeB) is superordinatego an (occurrence of ari}term "x: A if

1. "x:A is asubtermoB and

2. an occurrence of the variablan "x: A is free inB
(i.e. the binder o binds an occurrence ofin "x: A ).

An (occurrence of an)-terma is subordinateto an”-term"v: B (or, more generally, a binder
onv together with its scopB) if "v:B is superordinate ta.

In [Hilbert & Bernays, 1968/70, Vol. II, p. 44these subordinateterms, which are responsible
for the dif culty to prove the"-theorems constructively, are called * " " Note
that we do not use a special name feterms with free occurrences of variables—such'as *

Ausdrucke” (“quasl'-terms”) instead of *-Terme” (*'-terms”)—but simply call them"-terms’,
too.
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Example 4.3 (Quanti er Elimination and Subordinate "-Terms)
Consider the formulax: 9y: 8z: P(x;y;z). Letus apply'(;) and (';) from § 2.3 to remove the
three quanti ers completely. We introduce the followingoadviations:

za(x)(y) = "z::P(X;y;2) Xa = "X 1 P(X;Ya(X); Za(X)(Ya(X)))
Xp = "Xt 1 P(X;Ya(X); Za(X)(¥b(X)))
Ya(x) = "yr P(Xy; za(x)(y)) Xe = "Xt 1 P(Xyn(X); Za(X)(Yn(X)))
Yo(X) = "y: 8z:P(x;y;2) Xg = "X 8 z:P(X;yp(X);2)
Xe = "X::9vy:8z:P(x;y;2)

When we eliminate inside—out (i.e. start with the elimioatof 8z:) the transformation is

8x: 9y: P(X;y;za(X)(¥)), 8% P(X;Ya(X); Za(X)(Ya(X))),  P(Xa;Ya(Xa); Za(Xa)(Ya(Xa)))

When we eliminate outside—in (i.e. start with the elimioatof 8x:) the transformation is

9y: 82: P(Xe; Y; 2), 82: P(Xe; Yn(Xe); 2), P(Xe; Yo(Xe); Za(Xe)(Yn(Xe)))
) P(Xa; Ya(Xa); Za(Xa)(Ya(Xa)))

where the dots represent the rewrltlngsx@foverxd, X¢, Xp 10 X5 (four times) and ofy, to y,

(twice in addition).

Note that the resulting formula is the same in both casesdddit does not depend on the
order in which we eliminate the quanti ers. Moreover, netithat this formula is quite deep.
Indeed, in generah nested quanti ers result in ah-nesting depth o2" 1 and huge'-terms
(such as<,) occur up ton times with commitment to their choice. Let us have a closek ltm
see this. If we write the resulting formula as

P(Xa; Ye; Za) (4.3.1)
by settingy. = Ya(Xa), and zg = z5(Xa)(Ya(Xa)), then we have

Zg = "z::P(Xa;Ye; 2) (4.3.2)

Ye = "Y:P(Xary;ze(y)) (4.3.3)

with z.(y) = "z::P(XaV;2) (4.3.4)

Xa = "Xi 1 P(X;Ya(X); zp(X)) (4.3.5)

with zo(X) = "z::P(X;ya(x);2) (4.3.6)

and  ya(x) = "y: P(Xy;za(X)(y)) (4.3.7)

with za(X)(y) = "z::P(x;y;z) (4.3.8)

Firstly, note that the free variabl@sandy in the"-termsz.(y), zy(X), Ya(X), za(X)(y) are actually
bound by the next to the left, to which the respectiveterms thus become subordinate. For
example, thé'-term z.(y) is subordinate to thé-termy.. Secondly, the tog-binders on the
right-hand sides of the de ning equations are exactly thibhsé¢ require a commitment to their
choice. This means that eachzyf z,, z., zy and each of,, y. may be chosen differently without
affecting soundness of the equivalence transformatiorne Mt the variables are strictly nested
into each other. Thus we must choose in the ordez,p¥,, z,, Xa, Z., Ve, Zg. Moreover, for
Z., Zn, Ya, Za We actually have to choose a function instead of a simpleevdiu Hilbert's view,
however, there are ngither functions nor objects at allpblyt terms, where, reads

X,

e p%) "y Py "z i P(XY ;5 Z)); X

z D Pox Yy PGy "z it PGy sz)s 2z

andy. andz, take several lines more to write them down.
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For 8x: 8y: 8z: P(x;y;z) instead of 8x: 9y: 8z: P(x;y;z), we get the same exponential
growth of nesting depth as in Example 4.3 above, when we cetelgleliminate the quanti ers
using (',). The only difference is that we get additional occurrerafes 'in y,, Yy, andy.. But
when we have quanti ers of the same kind |ik# or "8, we had better choose them in parallel,
e.g., for 8x: 8y: 8z: P(x;y;z) we choosev, := "v: : P(1s(v); 2¢(Vv); 3¢(v)); and then take
P(1s(vy); 2rd(v,); 34(v,)) as result of the elimination.

Roughly speaking, in today's theorem proving, cf. dféjtting, 1994, [Wirth, 2004, the
exponential explosion of term depth of Example 4.3 is avibiblg an outside—in removal of
guanti erswithout removing the quanti ers beloWwbindersand by a replacement ofquanti ed
variables with free -variables. For the case of Example 4.3, this yieR{X¢; Y ; z.) with z, =
"Z: i P(Xe;y ;z) and xe = "x: 19 y: 8z: P(X;y;z): Thus, in general, the nesting of binders for
the complete elimination of a prenex miquanti ers does not become deeper trﬁnﬂ) 2,

Moreover, if we are only interested in reduction and not inieglence transformation of
a formula, we can abstract Skolem terms from th&erms and just reduce to the formula
P(x;y;z(y)). In a non-Skolemizing inference system with a variableditbon we get
P(x ;y ;z) instead, withf(y ;z)g as an extension to the variable-condition. Note that with
Skolemization or variable-conditions we have no growthesting depth at all, and the same will
be the case for our approach"tderms.

4.4 Do not be afraid of Inde niteness!

From the discussion in § 2.5 and § 3, one could get the immnesisat an inde nite logical treat-
ment of the' is not easy to nd. Indeed, on the rst sight, there is the pgeob that some standard
axiom schemes cannot be taken for granted, such as sudisilityt

s=t ) f(s)=f(t)

(note that this is similar to (E2) of § 3.1.1 when we take lagmquivalence as equality!)
and such as re exivity
t=t

(note that (REFLEX) of 8 3.2 is an instance of this!)

This means that it is not de nitely okay to replace a subternth\an equal term and that even
syntactically equal terms may not be de nitely equal.

It may be interesting to see that—in computer programs—wegaite used to committed
choice and to an inde nite behavior of choosing, and thatuiodation of substitutability and
even re exivity is no problem there:

Example 4.4 (Violation of Substitutability and Re exivity in Programs)

In the implementation of the speci cation of the web-basggdrtext system diMattick & Wirth,
1999 we needed a function that chooses an element from a set iraptethas a list. ItsiL code
is

fun choose s = case s of Set (i :: ) => i | _ => raise Empty;

And, of course, it simply returns the rst element of the ligtor another set that is equal—but
where the list may have another order—the result may berdifte Thus, the behavior of the
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functionchoose is inde nite for a given set, but any time it is called for anpfamented set,
it chooses a special element acoimmits to this choiga.e. when called again, it returns the
same value. In this case we hawhoose s = choose s, but s =1t does notimply
choose s = choose t . Inanimplementation where some parallel reordering t¢s isay
take place, everthoose s = choose s may be wrong.

From this example we may learn that the questionatfoose s = choose s may be
inde nite until the choice steps have actually been periedm This is exactly how we will treat
our". The steps that are performed in logic are proof steps.

Thus, on the one hand, when we want to prove
"X: true = "Xt true

we can choose for both occurrences ofx: true, get 0= 0, and the proof is successful. On the
other hand, when we want to prove

"X: true 6 "x: true

we can choosé@ for one occurrence antifor the other, get06 1, and the proof is successful
again. This procedure may seem wondrous again, but is vailasito something quite common
with free -variables, cf. §4.1: On the one hand, when we want to prove

X =y
we can choose to substitute for botlx andy , get 0= 0, and the proof is successful. On the
other hand, when we want to prove

X 6y

we can choos® to substitute forx and 1 to substitute fory , get 06 1, and the proof is
successful again.

4.5 Replacing"-terms with Free *-Variables

There is an important difference between the inequationsrue 6 "x: true andx 6y atthe
end of the previous §4.4: The latter does not violate thexieigy axiom! And we are going
to cure the violation of the former immediately with the helpa special kind of free variables,
namely ourfree *-variables cf. 84.1. Now, instead ofx: true 6 "x: true we write X "6y~
and remember what these free-variables stand for by storing this into a functién called a
choice-condition

C(x") := true

C(y") := true

For a rst step, suppose that olirsterms are not subordinate to any outside binder, cf. De ni-
tion4.2. Then, we can replace asterm "z: A with a new free *-variablez " and extend the
partial functionC by

C(z") = Afz7lz'g:
By this procedure we can eliminate &lterms without loosing any syntactical information.

As a rst consequence of this elimination, the substitutgband re exivity axioms are im-
mediately regained, and the problems discussed in § 4. uksa.
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A second reason for replacing theerms with free * -variables is that the latter can solve
the question whether a committed choice is required: We xprees—on the one hand—a com-
mitted choice by using a single freé-variable and—on the other hand—a choice without com-
mitment by using several variables with the same choicelition.

Indeed, this also solves our problems with committed chofdeéxample 2.5 of §2.6: Now,
again using'(y), 9x:(x 6 x) reducestox " 6 x " with

C(x") = (x"6x")
and the proof attempt immediately fails due to the now regzire exivity axiom.

As the second step, we still have to explain what to do withostibate "-terms.  If the
"-term "z: A contains free occurrences of exactly the distinct vargiae ..., v, 1, then we
have to replace thisterm with the application term*(vo) (v 1) of the same type as(for a
new free " -variablez ") and to extend the choice-conditi@hby

C(z") = wvo iiivy o Afz7'z'(vo) (v 10

Example 4.5 (Higher-Order Choice-Condition) (continuing Example 4.3 of §4.3)
In our framework, the complete elimination 'bterms in (4.3.1) of Example 4.3 results in
P(Xs1Ye 24) (cf. (4.3.1)))

with the following higher-order choice-condition:

C(zy) = :1P(X5:Ye:Zq) (cf. (4.3.2)1)
Clys) = P(XgiYeize(ye)) (cf. (4.3.3))
C(z;) = y: i P(Xg;Y:Z (¥) (cf. (4.3.4)))
C(Xg) = :P(X5:¥Ya(Xa):z,(X1)) (cf. (4.3.5))
C(z,) = x :PXy,(X);z, (X)) (cf. (4.3.6)")
C(ya) = xt P(X; Y, (X);Z5 (X)(Ya (X)) (cf. (4.3.7))
C(z)) = xy: 1 P(Xxy;z, (xX)(Y)) (cf. (4.3.8)))

Notice that this representation of (4.3.1) is smaller arsiezdo understand than all previous ones.
Indeed, by combination of-abstraction and term sharing via free-variables, in our framework
the" becomes practically feasible for the rsttime.
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4.6 Instantiating Free *-Variables (“"-Substitution”)

Having realized Requirement| (Syntax) of 81 in the previ@uk5, in this §4.6 we are now
going to explain how to satisfy Requirement Il (Reasonifi@)this end, we have to explain how
to replace free ™ -variables with terms that satisfy their choice-condision

The rst thing to know about free™ -variables is: Just like the freevariables and contrary
to free -variables, the free™ -variables areigid in the sense that the only way to replace a
free *-variable is to do iglobally, i.e. in all formulas and all choice-conditions in an atomic
transaction.

In reductivetheorem proving such as in sequent, tableau, or matrix tal@iare in the
following situation: While a free -variablex can be replaced with nearly everything, the re-
placement of a free* -variabley " requires some proof work, and a free-variablez ~ cannot
be instantiated at all.

Contrariwise, when formulas are used as tools insteadkd tfge -variables can indeed be
replaced—and this even locally (i.e. non-rigidly). Thighe case not only for purelyenerative
calculi, such as resolution and paramodulation calculitditigert-style calculi such as the pred-
icate calculus ofHilbert & Bernays, 1968/71) but also for the lemma and induction hypothesis
application in the otherwise reductive calculi[b¥irth, 2004, cf. [Wirth, 2004, §2.5.D

More precisely—again consideringductivetheorem proving, where formulas are proof
tasks—a free -variablex may be instantiated with any term (of appropriate type) thags
not violate the current variable-condition, cf. § 5.2 fotalks. The instantiation of a fre€ -vari-
abley " additionally requires some proof work depending on theeantrchoice-conditiorC,
which also puts some requirements on the variable-comdRiand thus is formally called an
R-choice-condition cf. De nition 5.9 for the formal details. In general, if a Isstitution
replaces—possibly among other freevariables and free™ -variables—the free* -variabley *
in the domain of theéRr-choice-conditionC, then—to know that the global instantiation of the
whole proof forest with preserves its soundness—we have to pré@e (y )) , whereQc is
given as follows:

De nition 4.6 (Q¢)
For anR-choice-conditiorC, we letQc be a total function frondom(C) into the set of single-

formula sequents such that for eagh 2 dom(C) with C(y") = v :::v, 1:B fora
formulaB, we have
Qc(y’) = 8vor 11:8vi 11 9y: (Bfy (Vo) (vi)7'yg) ) B

for an arbitrary fresh bound variabye2 V...« N\V(C(y *)).

Note thatQc(y ) is nothing but a formulation of axioni() from § 2.1.3 in our framework, and
Lemma5.19 states its validity.

It is an essentidlproperty of our choice-conditions that all occurrenceg oin B necessarily
are of the formy"(vo) (v 1), cf. Denition5.9(2). Therefore, the formulaQc(y ") is
logically equivalent to the formula

8vo: :::8v; 11 9z:(Bfy'7!'zg) ) B
for a new bound variable of the same type as".
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Example 4.7 (Predecessor Function)
Suppose that our domain is natural numbers andy{lggthas the choice-condition

C(Y(,;l)) = v (v= y(;ol) (V)+1).
Then, before we may instantiayﬁgl) with the symbob for the predecessor function speci ed by
8x: (p(x+1)= Xx), we have to prove(Q(Y ;) fYpyy 7! P9, which reads as

8v: 9y:(v=y+1)) (v=p(v)+1) ,

and is valid in arithmetic.

Example 4.8 (Canossa 1077) (continuing Example 2.4)
The situation of Example 2.4 now reads

Holy Ghost= z;, " Joseph= z; (4.8.1)
with C(z,) = Fathe(z,; Jesu,
and C(z;) = Fathe(z;; Jesu:

This does not bring us into the old trouble with the Pope beeaobody knows whethey, = z;
holds.

On the one hand, knowing (2.1.2) from Example 2.1 of §2.1, ame rove (4.8.1) as follows:
We rst substitutez,” with Holy Ghosbecause, for, := fz, 7! Holy Ghostl, we have(C(z,)) o
and—a fortiori—(Qc(z,)) o, Which reads

9z: Fathe z;Jesuy ) Fathe(Holy GhostJesu$;

and, analogously, substitutg with Joseptbecause, for, := fz;"7! Joseply, we have(C(z;)) 1
and—a fortiori—(Qc (z,")) 1. After these substitutions, (4.8.1) becomes the tautology

Holy Ghost= Holy Ghost ~ Joseph= Joseph

On the other hand, if we want to have trouble, we can applyudbstgution
0= fz, 7! Joseph z, 7! Josepl
to (4.8.1) because ofQc(zy)) °=(Qc(z) 1=(Qc(z)) °

Then our task is to show
Holy Ghost= Joseph ~ Joseph= Joseph

Note that this procedure is stupid already under the aspé¢iceorem proving alone.
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5 Formal Presentation of Our Inde nite Semantics

To satisfy Requirement Il (Semantics) of 8 1, in this 8 5 wegant our novel semantics for the
formally. This is required for precision and consistency. As coaaist of our new semantics
Is not trivial at all, technical rigor cannot be avoided. frg@ 4 the reader should have a good
intuition of our intended representation and semanticdef't free *-variables, and choice-
conditions in our framework. 85 organizes as follows: InZ&nd § 5.4 we formalize variable-
conditions and explain how to deal with freevariables syntactically and semantically. In §5.3
we introduce a preliminary semantics that does not treat frevariables properly, and in §5.6
the proper semantics. Only between these two 88 5.3 and &.6awdiscuss choice-conditions
(85.5). Our interest goes beyond soundness in that we waatérvation of solutioris By
this we mean the following: Altlosing substitutiongor the free -variables and free™ -vari-
ables—i.e. all solutions that transform a proof attemptftach a proposition has been reduced)
into a closed proof—are also solutions of the original psofion. This is similar to a proof
in Prolog, computing answers to a query proposition thataioe free -variables. Therefore,
in 85.7 we discuss this solution-preserving notiorreduction especially under the aspect of
global instantiation of free* -variables. Finally, in 85.8 we give some hints on the desifyn
operators similar to odr. Allin all, in this 8 5, we extend and simplify the presentatiof [Wirth,
2004, which, however, additionally contains comparative déstons, compatible extensions for
descente in nieand those proofs that are omitted here.

5.1 Basic Notions and Notation

"N' denotes the set of natural numbers andthe orderingorN. Let N, :=f n2N j 06 ng.
We use ] ' for the union of disjoint classes and "id' for the identityrfction. For classeR, A,
andB we de ne:

dom(R) := faj 9b:(a;bh 2 Rg domain

A R =f(a;bh2Rja2Ag restriction toA

PAIR :=fbj9a2A: (a;p2Rg imageofA, i.e. PAIR =ran(a R)
And the dual ones:

ran(R) := fbj 9a: (a;b 2 Rg range
R g =f(@abh2Rjb2Bg range-restriction taB
RMBi :=faj9b2B: (a;h2Rg reverse-image dB, i.e. RBi =dom(R )

Furthermore, we use "to denote the empty set as well as the empty function. Fanstare
(right-) unique relations and the meaning bf §' is extensionally given by(f g)(x) = g(f (x)).
The class of total functions from to B is denoted a#&\ ! B. Theclass of (possibly) partial
functions fromA to B is denoted a#&\ ; B. Both ! and ; associate to the right, i.e.
A; B! CreadsA; (B! Q).

Let R be a binary relation.R is said to be a relatioon A if dom(R) [ ran(R) A:
Risirre exive if id\ R=;: ItisA-reexive if 5 id R: Speaking of ae exive relation we
refer to the largesA that is appropriate in the local context, and referring te hwe write R° to
ambiguously denotg id. With R! := R, andR"*! := R! Rforn2 N,, R™ denotes then-
step relation foR. Thetransitive closureof Ris R™ := ,, R". There exive & transitive
closureof Ris R = _, R": ArelationR (onA) is wellfoundedif any non-empty clasB
( A) has arR-minimal element, i.e9a2 B: :9 a’2 B: aR a.
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5.2 Variables andR-Substitutions

We assume the following four sets of symbols to be disjoint:

\% free -variables i.e. the free variables ¢fFitting, 1994
Vv free -variables i.e. nullary parameters, instead of Skolem functions
V.era  bOUNd variablesi.e. variables to be bound, cf. below

constantsi.e. the function and predicate symbols from the signature

As explained in §4.1, we partition the freevariables intofree  -variablesandfree *-vari-
ables V =V _] V.. We de ne thefree variablesby V... :=V ] V and thevariablesby
V=V | Viee. Finally, therigid variables byV . :=V ] V.. We useV( )'to denote
the set of variables frord, occurring in

Let be a substitution. is asubstitution onX if dom( ) X. We denote with ~ '
the result of replacing each occurrence of a variab2 dom( ) in  with (x). (Actually,
we may have to rename some of the bound variablegx) when we exclude the binding of a
variable within the scope of a bound variable of the same nanunless otherwise stated, we
tacitly assume that all occurrences of variables f\),, in a term or formula or in the range
of a substitution aré@ound occurrencef.e. that a variable 2 V,,.. occurs only in the scope
of a binder orx) and that each substitutionsatis es dom( ) Vi, S0 that no bound occur-
rences of variables can be replaced and no additional Var@dzurrences can become bound
(i.e. captured) when applying

Several binary relations on free variables will be introglin this and the following 88. The
overall idea is that whe(x;y) occurs in such a relation this means something likeis“neces-
sarily older thary” or “the value ofy depends ox or is described in terms of:.

De nition 5.1 (Variable-Condition) A variable-conditions a subset oiV;..  Vice:

De nition 5.2 ( -Update) LetR be a variable-condition andbe a substitution.
The -update ofR is R [ f (Z';x™)j x"™ 2dom( )" z"™° 2Vi..( (X™)) .

De nition 5.3 (R-Substitution) LetR be a variable-condition.
is anR-substitutionif  is a substitution and the-update oR is wellfounded.

Syntactically, (x™;y™) 2 R is to express that aR-substitution must not replaca&™ with a
term in whichy™e could ever occur. This is guaranteed when thepdatesR®of R are always
required to be wellfounded. Faf® 2 V,..( (x™)), we getz™ R%x™ ROy"e blockingz"e
against terms containing®. Note that in practice a-update ofR can always be chosen to be
nite. In this case, it is wellfounded iff it is acyclic.

5.3 R-Validity

Instead of de ning validity from scratch, we require somestalct properties typically holding
in two-valued semantics. Validity is given relative to somstructureS, assigning a non-empty
universe (or “carrier”) to each type. Fo¢¥ V we denote the set of tot&-valuations ofX
(i.e. functions mapping variables to objects of the unigerkS (respecting types)) with

XS
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and the set of (possibly) parti&valuations ofX with

X; S
For :X!S we denote withS] 'the extension ofS to the variables oK. More precisely,
we assume some evaluation function “eval' such évat(S] ) maps any term whose constants
and freely occurring variables are fronj X into the universe of (respecting types) such that
forall x 2 X: eval(S] )(x) = (xX). Moreover,eval(S] ) maps any formuld whose
constants and freely occurring variables are fromX to TRUE or FALSE such thatB is valid
inS] iff eval(S] )(B)= TRUE

Notice that we leave open what our formulas and what owstructures exactly are. The
latter can range from a rst-order-structure to a higher-order modalmodel, provided that
the following two standard textbook lemmas hold for a ternicomulaB (possibly with some
unboundoccurrences of variables frow,... ) and a -structureS with valuation :V; S.

EXPLICITNESSLEMMA

The value of the evaluation function & depends only on the valuation of those variables that
actually occur freely irB; formally: ForX being the set of variables that occur freelyBn if

X dom(): eval(S] )(B) = eval(S ] x )(B).

SUBSTITUTION [VALUE] L EMMA
Let be a substitution. If the variables that occur freelyin belong todom( ), then:

evalS] )(B ) = eval S ] (] vndom()id) evalS] ) B

We are now going to de ne a new notion of validity of sets of geqts, i.e. sets of lists of
formulas. As this new kind of validity depends on a variabbsdition R, it is called ‘R-
validity”. It provides the free -variables with an existential semantics given by theiua#ibn
(e)( ):V 'S , andthe free -variables with a universal semanticsby. V !' S . The de -
nition is top-down and the function(having nothing to do with Hilbert's) and the notion of
an (S; R)-valuation are to be explained in 85.4, which also contaiegles illustratingR-
Validity.

De nition 5.4 (R-Validity, K)  Let R be a variable-condition. Le$ be a -structure with

valuation :V ; S. LetG be a set of sequents.

GisR-validinS if there is an(S; R)-valuation e such thaG is (e;S)-valid.

Gis(e;S)-valid if Gis( %e;S)-validforall °:V !S

Gis(;e;S)-valid if GisvalidinS] (e)( )] .

GisvalidinS] if isvalidinS] forall 2 G.

A sequent isvalidinS] if there is some formula listed in that is valid inS]

Validity in a class of -structures is understood as validity in each of thstructures of that

class. If we omit the reference to a speciastructure we mean validity in some xed class K of
-structures, such as the class of alstructures or the class of Herbranestructures.
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5.4 (S;R)-Valuations

Let S be some -structure. We now de ne semantical counterparts ofRtsubstitutions orv ,
which we will call “(S; R)-valuations”. As ar{S; R)-valuation plays the réle ofiaising function
(adual of a Skolem function as de ned]itiller, 1992)), it does not simply map each freevari-
able directly to an object d& (of the same type), but may additionally read the values ofeso
free -variables under aB-valuation :V I'S . More precisely, aiS; R)-valuation e takes
some restriction of as a second argument, s&yV ; S with © . In short:
e:V! (Vv; S); S.

Moreover, for each free-variablex , we require that the setom( 9 of free -variables read
by e(x ) is identical for all . This identical set will be denoted withhfx g below. Technically,
we require that there is some “semantical relati8p” V V suchthatforalk 2 V:

ex) : (Sehixg!S )IS
This means thag(x ) can read the value of if and only if (y;x )2 Se. Note that, for each
e:V! (V; S); S; atmostonesemantical relation exists, namely

Se = f(yix)jx 2V Ay 2dom(> (dom(e(x )))) g

In some of the following de nitions we are slightly more geakbecause we want to apply the
terminology not only to free -variables but also to free" -variables.

De nition 5.5 (Semantical Relation (S;)) Thesemantical relation foe is

Se = f(y;x)) x2dom(e) " y2 dom(S (dom(e(x)))) g.

e issemanticalif e is a partial function orv such that for alk 2 dom(e):
e(x): (Sehfixg!S )!'S .

De nition 5.6 ((S; R)-Valuation)
Let R be a variable-condition and 1€ be a -structure. e is an(S;R)-valuation if
e:V! (V; S); S, eissemantical, anR[ S, is wellfounded.

Finally, we need the technical means to turn(&nR)-valuation e together with a valuation of
the free -variables into a valuation(e)( ) of the free -variables:

De nition 5.7 ()
We de ne the function : (V; (V; S); S) ! (v; S ! VvV ; S

for e:V;, (V; S); S; 'V, S; x2V
by (&) )(x) = e(X)(setixg )-
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Example 5.8 R-Validity) Forx 2 V;y 2 V; thesequenk =y is;-valid in anyS because
we can choos&, .=V V ande(x )( ) := (y)for VIS |resultingin (e )(x) =
X )setix g )= €X)(v )= (y).Thismeansthat-validity ofx =y is the same as validity
of 8y: 9x: x=y. Moreover, note that(e)( ) has access to thevalue ofy just as a raising
functionf for x in the raised (i.e. dually Skolemized) versibfy )=y of 8y: 9x: x=y:

Contrary to this, foR :=V V, the same formula =y is notR-valid in general because
then the required wellfoundednessR{ Se (cf. De nition 5.6) implies Sc=;; and the value
of x cannot depend on(y ) anymore, due toe(X )(s.ix ¢ ) = &X)(;: )= eXx)(;). This
means thafV V)-validity of x =y is the same as validity oBx: 8y: x=y: Moreover, note
that (e)( ) has no access to thevalue ofy just as a raising functioafor x in the raised version
c=y of 9x: 8y:x=y:

For a more general example Bt= f Aio:::Ain, 1] 121 g, where fori 2 |1 andj n;
the A;; are formulas with free -variables frome and free -variables fromu. Then(V V)-
validity of G means 9e:8u:8i21: 9 ni:Aj
whereas -validity of G means  8u:9e: 8i21: 9] n;: Aj;

Also any other sequence of universal and existential qeasttan be represented by a vari-
able-conditiorR, starting from the empty set and applying theules from §4.2. A translation
of a variable-conditiorR into a sequence of quanti ers may, however, require a strergng
of dependences, in the sense that a backwards translatigd vesult in a variable-conditioR°
with R ( R% This means that our framework can express logical dep@esenore ne-grained
than standard quanti ers.

5.5 Choice-Conditions

De nition 5.9 (Choice-Condition)
C is anR-choice-conditionif R is a wellfounded variable-condition ai@lis a partial function
from V. into the set of formula-valued-terms, such that for a§ * 2 dom(C):

1. z= R y~ forallz"™ 2 V,.(C(y ")), and

2. C(y’) isoftheform vo: ::: v, 1: B, where

B is a formula whose freely occurring variables fréfy,.q
are amongfvo;::: ;i 19 Viouna

and where, forvg: o, ..., Vi 1. | 1, we have
y' i ol ! 1 1! | forsome type |,
and any occurrence ¢f  in B is of the formy "(vo) (v 1).
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Example 5.10 (Choice-Condition) (continuing Example 4.5)

(a) If R is a wellfounded variable-condition that satis es
z, Ry, Rz, Rx, Rz, Ry, Rz,
then theC of Example 4.5 is aiR-choice-condition, indeed.

(b) If some clever person would like to do the complete quanglimination of Example 4.5
by

CYzy) = :P(X3:¥e:24)
Co(yci) = P(Xai; yci; Zdi)
Co(xa) = : P(Xa ; yc ; Zd )

then he would—among other things—negdR* y. R* z;, by De nition 5.9(1) due to
the values ofc®aty,” andz, . This render®R non-wellfounded. Thus, thi§°cannot be an
R-choice-condition for anjR. Note that the choices required B for y,” andz, are in

an unsolvable con ict, indeed.

(c) For a more elementary example, take
CRx") = (x'=y) CRy’) = (x'86y")
Thenx " andy * form a vicious circle of con icting choices for which no vadtion can be
found that is compatible witic® cf. De nition5.11, Lemma5.12. Bu€%is no choice-

condition at all because there is no wellfounded variabledition R that could turn it into
anR-choice-condition.

We now split our valuation : V !'S ; while :V_!S valuates the free -variables, val-
uates the remaining free -variables. As the choices of may depend on, the technical
realization is similar to that of the dependence of t8eR)-valuations on the free-variables, as
described in §5.4.

De nition 5.11 (Compatibility)
Let C be anR-choice-condition,S a -structure, ance an (S; R)-valuation. is (e;S)-
compatible with C; R) if

1. :V.! (V-; S); Sissemantical (cf. De nition5.5) and
R[ Se[ S iswellfounded.

2. Forally ™ 2 dom(C) with C(y')= v ::: v, 1: B foraformulaB,
forall :Vv_-!S | forall :fy'g!S , andforall :fvg;:::;vi 19!S ,
setting := () )] 1 and %= ] 4,4 (.e Cisthe -variantof ):

If B is( %e;S)-valid, thenB is also( ; e; S)-valid.

Roughly speaking, Item 1 of this de nition requires—for gian reasons as before—that the ow
of information between variables expresse®ire, and is acyclic.
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To understand Item 2, consider &tchoice-conditionC = f(y"; vo: ::: v, 1: B)g,
which restricts the value of * with the formula-valued -term vgq: ::: v, 1: B. ThenC
simply requires that a different choice for the )( )-value ofy * cannot give rise to the validity
of the formulaB in S] (e)( )] . Or—in other words—that( )( )(y ") is chosen such
thatB becomes valid, whenever such a choice is possible. Thioselyl related to Hilbert's
"-operator in the sense that is given the value of

Vo tiivy oty (Bfy '(vo) (v 1) 7! y0)
for a fresh bound variablg.

As the choice foly * depends on the other free variableswf: ::: v, 1:B (i.e. the free
variablesof vo: ::: vy 1:"y: (Bfy (Vo) (v 1) 7! yg) ), we included this dependence into
the transitive closure of the variable-conditiBnin De nition 5.9(1). Therefore, the wellfound-
edness oR avoids the con ict of Example 5.10(c).

Note that the empty functionis anR-choice-condition for any wellfounded variable-condi-
tion R. Furthermore, any with :V.!f,g!S is (e;S)-compatible with(; ; R) due to
S =;. Indeed, as stated in the following lemma, a compatibways exists. This is due to
De nition 5.9(1) and the wellfoundedness d® [ S (according to De nition5.6) and due to
the restriction on the occurrenceyf in B in De nition 5.9(2).

Lemma5.12 If CisanR-choice-condition,S a -structure, ande an(S;R)-valuation, then
there is some that is(e;S)-compatible withC; R).

Just like the variable-conditioR, the R-choice-conditiorC may grow during proofs. This kind
of extension together with a simple soundness conditioysga important rble in inference:

De nition 5.13 (Extension) (C%R9Y is anextension of(C;R) if C is anR-choice-condition,
CPis anR%choice-condition,C C% and R R®

Lemma 5.14 (Extension) Let(C%R9 be an extension ¢fC; R).
If eisan(S;R9Y-valuation and is (e;S)-compatible withC% R9),
theneis also an(S; R)-valuation and is also(e;S)-compatible withC; R).

After global application of aiR-substitution we now have to update botandC:

De nition 5.15 (Extended -Update) LetC be anR-choice-condition and let be a substitu-
tion. Theextended -update (C%R9 of (C;R) is given by:

Cl:= f(x;B )j(x;B)2C~ x6200m( ) g;

RO is the -update ofR, cf. De nition5.2.

Lemma 5.16 (Extended -Update) If C is anR-choice-condition, an R-substitution, and
if (C%RY is the extended-update ofC; R), thenCPis anR%choice-condition.
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5.6 (C;R)-Validity

While the notion ofR-validity (cf. De nition 5.4) already provides the free-variables with an
existential semantics, it fails to give the fregé-variables the proper semantics according to an
R-choice-conditiorC. This de ciency is overcome in the following notion ofC; R)-validity’,
which—roughly speaking—requires the following: For aréiy values of the free -variables,
we must be able to choose values for the fréevariables satisfyingC, and then we must be
able to choose values for the freevariables, such that the sequents become valid. Notehbat t
dependences of these choices are restrictde. g a formal top down representation, this reads:

De nition 5.17 ((C; R)-Validity) Let C be anR-choice-condition, leS be a -structure, and

let G be a set of sequentsG is (C;R)-valid in S if G is (;e; S)-valid for some(S; R)-

valuation e and some that is(e;S)-compatible with(C;R). Gis( ;e; S)-vald if Gis
() )] ; e S -validforeach :V_!S .

Notice that the notion of ; e; S)-validity with  :V.! (V_; S); S differsfrom(;e;S)-
validity with  :V ; S as given in De nition5.4. Notice thatC; R)-validity treats the free
* -variables properly, whered&s-validity of De nition 5.4 does not.

In our framework the formula (E2) of § 3.1.1 looks like @ the following lemma.

Lemma 5.18 (C; R)-Validity of (E29) LetC be anR-choice-condition.
Fori 2 f 0;1g, letA; be aformulaand;” 2 V. with C(x;,") = Aifx7!x;"g,
X;" 62 YAp; A1), X 62om(R); x;" 62 Yhnfx;"giC). The formula

8x: (Ao, A1) ) Xg =X (ED)
is (C; R)-valid.

Note that the conditions of Lemma 5.18 may simply be achidyekingfreshfree * -variables
Xy andx,; and adding(V... (Aifx7!x;"g)nfx;"g) f x;"g to the current variable-condition. Very
roughly speaking, Lemma 5.18 holds because after choosiatye forx, we can take the same
value forx,’, simply because;, is new and can read all free -variables, and especially those
thatx, reads. We will actually do two proofs of Lemma5.18. Firstaasexercise for the reader,
a semantical one right now, which is complicated and uglyd Aren in Example 5.23 a formal,
nice, and short one in our calculus.

Proof of Lemma5.18 Formally, in this proof we would have to apply the Explicisseand the
Substitution [Value] Lemma from 8 5.3 several times, but u& prgue informally in a straight-
forward and intuitively clear manner. Otherwise the prooiNd be even longer and more ugly.
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Let B = (8x: (Ap, A1) ) Xy =X;). LetS be an arbitrary -structure. As universes
are non-empty, there is sor(®; R)-valuation e with S, = ;.
By Lemma5.12 there is somethat is(e;S)-compatible with(C; R). De ne °by
oy = O)O)Xg) if 8x: (Ao, Ar)is( () )] ;e S)-valid. :

) ) = ( ) )(x;) otherwise for :V_1S |,
and qy"):= (y’) forally 2 V.nfx;g. By X, 62 \(Ag; A1), we have ( 9( )(Xy) =

( 9 )x;) forall :V_!S forwhich 8x: (Ag, A1) is( ( 9( )] ;e;S)-valid. ThusB
is(( 9 )] ;e;S)-valid. It remains to show that®is (e;S)-compatible with(C; R), too. As
9is obviously semantical, for Item 1 of De nition5.11 it sufes to show thaR [ Sc[ S o
is wellfounded. By x; 627om(R), due to S = ; and dom(S o) V_, we have
X; 62lom(R [ Se[ S o). Therefore, it suf ces to showth&®[ Se[ S o Vnix,'g is wellfounded.
But this is wellfounded as a subrelation Bf[ Sc [ S, which is wellfounded because is
(e;S)-compatible with(C;R). It remains to show that Item 2 of De nition5.11 holds. By
X, 62 Yhvnfx, giC), as is(e;S)-compatible with(C; R), it suf ces to show Item 2 only for
X,. Let :V_!S and :fx,;g!S bearbitrary. Seto:= () )] , 1= (9)] ,
0= ] vnix;'g i» and 0= X 7 (X{)d] vnix, g 0- Supposethak,fx7!x; gis( % e;9)-
valid. We have to show the claim thatf x7!x, gis ( 1;€;S)-valid. As = 9, A;fx7!x,g
is( 3;e;S)-valid. As is (e;S)-compatible with(C; R), we have thaffx7!x, gis ( o;€;S)-
valid. If 8x: (Ag, A1) isnot( o;e;S)-valid, then o= ;, and the claim holds. Otherwise,
as X; 62 (Ao;A1) and ypre g 2 = vnixg 0 = vnixig 1 We know thatAof x7!x g is
( %;e;S)-valid and it suf ces to show thabof x7!x; gis ( 1;€;S)-valid. By x;" 62 \{(Ag; A1),
Aofx7!x,gis( %e;S)-valid and it suf ces to show (note that 9( )(x;) = ( )( )(X,)) that
AofX7!x,gis ( o;€;S)-valid, but this is the case indeed, becausis (e;S)-compatible with
(C;R). Q.e.d. (Lemma5.18)

As already noted in 84.6, the single-formula sequ@ga(y ') of De nition 4.6 is a formulation
of axiom (o) of 8 2.1.3 in our framework.

Lemma 5.19 (C; R)-Validity of Qc(y ")) LetC be anR-choice-condition.

Lety " 2 dom(C). The formulaQc(y ) is (C; R)-valid.

Moreover,Qc(y ) is ( ;e; S)-valid for any -structureS, any(S; R)-valuation e, and any
that is(e;S)-compatible with(C; R).

Proof of Lemmab5.19 Let C(y’) = vyg: ::: v, 1: B for aformulaB. Then we have
Qc(y”) = 8vp: :::8vi 11 9y:(Bfy'(vo) (v 1)7'yg) ) B for an arbitraryy 2
Vions NV(C(Y 7). For  being(e;S)-compatible with(C; R), the ( ;e; S)-validity follows
now directly from Item 2 of De nition 5.11, according to théat discussion following De ni-
tion4.6. The restis trivial. Q.e.d. (Lemma5.19)
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5.7 Reduction

Reduction is the reverse of consequence. It is the backbblogioal reasoning, especially of
abduction and goal-directed deduction. Our version of cédn does not only reduce a set of
problems to another set of problems but also guaranteeth#hablutions of the latter also solve
the former; where “solutions” means the valuations for tg&variables, i.e. for the free-vari-
ables and the free" -variables.

De nition 5.20 (Reduction)

Let C be anR-choice-condition.

LetS be a -structure, and leGg andG; be sets of sequents.

Go (C;R)-reduces tds; in S if

for any(S; R)-valuatione and any that is(e;S)-compatible with(C; R):
if Gyis(;e; S)-valid, thenGq is ( ;e; S)-valid.

Theorem 5.21 (Reduction)
LetC be anR-choice-condition;S a -structure; Gy, G1, G,, andG3 sets of sequents.
1. (Validity) If Go (C;R)-reduces tds; in S andG; is (C; R)-valid in S,
thenGy is (C; R)-valid in S, too.
2. (Re exivity) Incase of Gy G;: G (C; R)-reduces tds; in S.
3. (Transitivity) If Go (C; R)-reduces tds; in S and G; (C; R)-reduces tds; in S,
thenGyq (C; R)-reduces tds; in S.

4. (Additivity) If Go (C; R)-reduces tdG, in S and G; (C; R)-reduces td53 in S,
thenGy[ G; (C; R)-reduces td5,[ Gz in S.

5. (Monotonicity) For (C%R9 being an extension ofC; R):
(@) If Go is (C% R9Y-valid in S, thenG, is (C; R)-valid in S.
(b) If Gg (C; R)-reduces td3; in S, thenGg (C% RY-reduces td3; in S.

6. (Instantiation) For anR-substitution onV ., the extended-update(C%R9
of (C;R), andfor O :=dom(C)\ dom( )\ R hV.(Gg; G,)i:

(@ IfGy [ (OiQc) is(C%RY-validinS, thenGy is (C;R)-valid in S.
(b) If Gg (C; R)-reduces ta3; in S, thenG, (C%R9Y-reducestdG; [ (hOiQc) inS.

Proof of Theorem5.21

Items 1 to 5 are the Items 1 to 5 of Lemma 2.31\Wirth, 2004.

Item 6 follows from Lemma B.6 dfwirth, 2004 when we set the meta variableof Lemma B.6
to dom(C)\h (dom(C)\ dom( )) nOiR . Q.e.d. (Theorem 5.21)

Items 1 to 5 of Theorem 5.21 are straightforward. ltem 6 iy texthnically complicated. Roughly
speaking, the idea behind Item 6 is that reduction staysiaviaunder global application of the
substitution on rigid variables, provided that we change fr¢@1 R) to its extended -update
(C%R9 and that, in case that replaces some free -variabley * constrained by the choice-
conditionC, we can establish that this is a proper choice by shoW@g(y ')) , cf. De ni-
tion4.6. The rest of this 85.7 will give further explanation the application of Theorem5.21
and especially of Iltem 6.



35

Example 5.22 (Instantiation with dom(C)\ dom( )= ;)
For a simple application of Theorem 5.21(6b), where no freeariables occur and only a free
-variable is instantiated, let us have a glimpse at the el@prpof of[Wirth, 2004, §3.3. Let
Gy be the proposition we want to prove, namélyz,(x,)(Yo) ackXy;Yy) 9, which says that
Ackermann's function has a lower bound that is to be deteechifuring the proof. Moreover, let
G, —together with variable-conditioR and R-choice-condition —represent the current state
of the proof. TherGq (;; R)-reduces td5;. Moreover, in the exampl&;; reduces to a known
lemma when we apply the substitution := fz, 7! x: y:y g. Now, Theorem5.21(6b) says
that the instantiated (and -reduced) theoremf y,  ackXq;Y,) 9 (;;R)-reduces to the
instantiated proof stat&; and thus ig; ; R)-valid by Theorem 5.21(3,1). Note that in this case
the extended -update of/; ; R) is (; ; R) itself, and we haveD = ; due to dom(C)\ dom( ) =
; . Moreover, by Theorem 5.21(6a), also the origifia,(x,)(Y,) ackXy;Yy) 9 is known to
be(;; R)-valid, but who would be interested in this weaker result Aow

Example 5.23 (C; R)-Validity of (E29) (continuing Lemma 5.18)
Instead of the ugly semantical proof of @Eaf Lemma5.18 in § 5.6, let us give a formal proof of
(E2) in our framework on a very abstract level by applying Theofe21. We will reduce the set
containing the single-formula sequent of the formula%E2a valid set. This will complete our
proof by Item 1 of Theorem5.21. In the following, be awarelw# tequirements on occurrence
of the variables as described in Lemma5.18. We ext€hdR) with a fresh variabley * with
Cy") = ESE;(X(A(\ZOAXS )yA:f))((O;! v'g Of course, to satisfy De nition 5.9(1),
the current variable-conditioR must be extended tR® ;= R[ (Ve (Ao; A1) [f X,0) f V0.
Note that, if we had done this extension during the proof, veelldl have needed Item5b to
keep reduction invariant, but as there is no reduction sezpigiven yet, it sufces to use
Item 5a instead. Similarly, instead of Item 6b, we apply I&an with = fx; 7' y'g
Then we have O dom(C) \ dom( ) = fx;g. For(C%R% being the extended-
update of(C% RY, Item 6a says that it suf ces to shof€ ° R%-validity of the set with the two
single-formula sequent8x: (Ao, A1)) X, =Yy  and (Qco(X;)) . The latter sequent reads
(9x: ALfx 71 xgfxy 71 xg) Alfx 7! x;9) , i.e. 9xt Ay) A;fx7!'y’g. Buta simple
gase analysis oBx: (Ao, A1) ghows that the whole s¢€° R%)-reduces to 19
2 WA ESE;(ZX(A(\Z: A,lA) ; )y;);ci()ﬂ ya) :

. I v o ‘0 Xi (Ap, A1 1 : §
3 Ix: Ao ) AofXx 7! x,0; %) 8% (Ao, A1)) Y =Xg) S
' N (8 x: (Ag, A)) Aifx7lyg) ’
i.e. to fQcofXy); Qcody )g, which is(C%R%-valid by Lemmab5.19. (Note that by Item 4
of Theorem 5.21 it would have been suf cient to show that eatthe the formulas of the set
(CR%-reduces to somgC%R%-valid set.) Thus, (E2 is (C®R%-valid. By Item 6a this
means that (ERis (C% RY-valid, and by Item 5a this means that fE2 (C; R)-valid, as was to
be shown. Note that we have®:= RO[f (y ";x;)g, sothat is anR%substitution. Indeed, the
graph ofR%is acyclic:

X0 RO y R00 Xl
RO
R RO R

\/free (AO) \/free (Al)
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(continuing Example 4.7)
Example 5.24 (Instantiation with Higher-Order Choice-Condition)
Suppose that

(p1) 8v: 9y:(v=y+1)) (v=p((v)+1)

is one of our lemmas for the predecessor funcfpan the arithmetic of natural numbers, and
that we want to use this lemma as justi cation for replac'mgl) under R-choice-condition
C(y(l*ol)) = v (v= y(l*ol)(v)+ 1) globally with p. Note that this was required in Example 4.7.
By Theorem 5.21(6), for := fy,, 7! pg, we have to show(Qc(y,;y)) , which does not seem
to be any problem becaud&)c (y(l*ol))) is just the above lemmi@l).

5.8 On the Design of Similar Operators

In 8 1 we already mentioned that the semantic free-variablaéwork for out' may serve as the
paradigm for the design of other operators similar to ousieer of the". In this §5.8, we give
some general hints on the two screws which may be turned ie\acthe intended properties of
such new operators.

The one screw to turn is the de nition §€; R)-validity. For instance, the “som€’ in De -
nition 5.17 is something we can play around with. IndeedWrth, 1998, De nition 5.7 (De -
nition 4.4 in short version) we can read “any” instead, which is just the opposite extreme; for
which (E2) of Lemma5.18 is valid iff 9Ix: Ay _ 9x:8y:(x=y). In between of both extremes,
we could design operators tailored for generalized quarsi (e.g. with cardinality speci ca-
tions) or for the special needs of speci cation and compatabf semantics of discourses in
natural language. Note that the changes of our general Warkeor these operators would be
guite moderate: In any case, it is “any what we read in the important Lemma5.19 and the
crucial De nition5.20. Roughly speaking, only Theorem$@a) for the case ofO6 ; as
well as Theorem 5.21(5a) would become false for a differéiae on the quanti cation of
in De nition5.17. The reason why we prefer “somé to “any " here and in[Wirth, 2004
is that “some ” results in more valid formulas (e.g. (82 and makes theorem proving easier.
Contrary to “any " and to all semantics in the literature, “soméfrees us from considering all
possible choices: We just have to pick a single arbitrarya x it in a proof step. Moreover,
“some " is very close to Hilbert's intentions oh-substitution as described best[idilbert &
Bernays, 1968/70, Vol. II, § 2]4

The other screw to turn is the de nition of compatibility. Hastance, by modifying Iltem 2 of
De nition 5.11 we can strengthen the notion of compatililit such a way that(y ) has to pick
the smallestvalue such thaB becomegq ;e; S)-valid. With that modi cation of compatibility
it would be interesting to model the failed trials of Hilbsrgroup to show termination of-
substitution in arithmetic befoléckermann, 194PDas described ifHilbert & Bernays, 1968/70,
Vol. I, §2.4].

All'in all, in our conceptually disentangled framework ftvet’, there are at least these two
well-de ned and conceptually simple screws to turn for av@rient adjustment to achieve simi-
lar operators for different purposes.
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6 Examples and Discussion on Philosophy of Language

6.1 Motivation and Overview

In this § 6, we exemplify our version of Hilbert'swith several linguistic standard examples. The
reason for choosing philosophy of language and the sensamitisentences in natural language
as the eld for our examples is threefold:

(@ These examples are simple and easily comprehensible,vatteout linguistic expertise.
Moreover, they provide interesting and relevant test césedescriptive terms and their
logical frameworks.

(i ) The choice of our examples is natural due to the close oglaif our" to semantics for
inde nite (and de nite) articles and anaphoric pronounsome natural languages.

(We ignore, however, the generic, qualitative, metaphad pragmatic effects of these
inde nite determiners; cf. 86.2.3.)

(k) We hope that linguists nd our solutions to these standaahgples interesting enough to
evaluate our semantics on its usefulness for developirlg that may help to represent and
compute the semantics of sentences and discourses inifahgaage.

(Although the careful reader will nd some method in our mefnce for certain represen-
tations, it would go far beyond the scope of this paper togaresoncrete procedures for
generating different representational variants and taddean which of them to prefer.)

We will proceed as follows: In 8 6.2 we introduce to the dgstein of the semantics of determin-
ers in natural languages, and show that'the useful for it. In §6.3 we have a brief look at the
linguistic literature on Hilbert's'. In 8§ 6.4 we discuss cases that are dif cult to model with ‘Gur
such as Henkin quanti ers and cyclic choice in Bach—Petentences. We look at problems with
right-unique” in § 6.5, at donkey sentences in 8 6.6, and at the dif culty aftaring semantics
of natural language with quanti ersin §6.7.

To speed our hope expressedhr) Gbove, we try to make this 8 6 accessible without reading
the formally involved previous 8 5. Accordingly, we remindmform the reader of the following:
We apply Smullyan's classi cation (cfSmullyan, 1969 of problem-reduction rules into,

, and , and call the quanti ers eliminated and the variables idtrced by - and -steps, -
and -quanti ersandfree - andfree -variables respectively. Free-variables (writterx ) are
implicitly existentially quanti ed. Free -variablesx ) are implicitly universally quanti ed.
The structure of the quanti cation is represented in a \@eacondition. Avariable-condi-
tion is a directed acyclic graph on free variables. The value oéa ¥ariable may transitively
depend on the predecessors in the variable-condition,thatlexception of the free -variables
that may always take arbitrary values. Moreover, a freezariable such ag * is existentially
guanti ed but must take a value that makes its choice-camdi€(x ') true—if such a choice is
possible. In problem reduction, free-variables behave as constant parameters, fresriables
may be globally instantiated with any term that does notatekthe current variable-condition,
and the instantiation of free" -variables must additionally satisfy the current choioedition.
Furthermore, a sequent is a list of formulas which denoteslfjunction of these formulas.
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6.2 Introduction: Pro and Contra Reference

In this 8 6.2, we introduce to the description of the semardfaeterminers in natural languages,
and show that thé is useful for it. We take the historical path by shedding sdigiet on the
following two seminal philosophic papers, which capturestapposite views pro and contra
reference in natural languages:

Pro: [Meinong, 1904k * " by Alexius Meinong (1853-1920)
Contra: [Russell, 1905k “On Denoting” by Bertrand Russell (1872-1970)

As our" does not surrender to the present king of France, it could Reissell to return to
his original appreciation of Meinong's ideas and positiaich he still expressed ifRussell,
19054.

6.2.1 | metaman. (R1)

In [Russell, 1905k the af rmation (R1) is taken to be
‘I metx andx is human' is not always false. (R2)

(Russell's identi cation of being a man and being human isnetevant to us here.) FrofiRus-
sell, 1919, Chapter X}/ it becomes clear that (R2) means what today would be stated a

Ix:  Met(l;x) » Humar(x) (W1)

In our free-variable framework, we can omit thequanti er of (W1) and replace its bound
-variablex either with a free -variablex, or with a free *-variablex, constrained with a
tautological choice-condition. This results in one of tbgitally equivalent forms of either

Met(l; x,) » Humar(x,) (W2)
or
Met(l;xy) ™ Humar(x,) (W3)
with choice-condition
C(Xq) = true (W4)

Note that (W3)+(W4) is logically equivalent to each of (WhdaW2) because we have chosen
an implicit existential quanti cation for our free" -variables. This could be changed to universal
or generalized quanti cation for the design of operatorsdescriptive terms similar to our novel
"-operator. Our preferred reading of (R1), however, is thieong:

Met(l; Xg) (W5)
with choice-condition
C(Xqy) = Met(l;x5) ~ Humar(x,) (W6)

Only if there is an emphasis on the conviction that it was admwimdeed whom | met, i.e. that
the choice-condition (W6) denotes, we would model (R1) a8)MAV6).

The logical equivalence of (W3)+(W6) with (W1) is nothingtlawersion of Hilbert's original
axiom (";) for elimination the existential quanti er in our free-vahle framework, where,
replaces thé-term "x:  Met(l; x) » Humar(x)
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(W5)+(W6), however, is a proper logical consequence of (Weneral: If (W1) is false,
(W5)+(W6) still would be true if | were Redcap and met the waidguised as a human. A
listener knowing for certain that there are no men in thedbneay make sense out of what Red-
cap tells him by assuming that the man she met denotes a spdgject, and then nd out that
it must be the wolf. Then (W5)+(W6) is true; to wit, pick the livior x,. This is so because
we may choose any object if the choice-condition does nobideme. if it is unsatis able in the
context under consideration.

6.2.2 Scottis the author of Waverley. (SW1)

(SW1) is another famous example frgRussell, 1919, Chapter X{/I We model it as

Scott=z" (SW2)
with choice-condition
C(z") := “z"is author of Waverley” (SW3)

For the choice-conditio€ of (SW3), our versiorQc¢(z *) of Hilbert's original axiom(",) reads
9z: “z is author of Waverley”) “z " is author of Waverley”

For global application of the substitution:= fz " 7! Scotty; we have to showQc(z ")) : This

Is valid, provided that Scots author of Waverley. Thus, by Theorem 5.21(6a), we can irfer t
validity of (SW2)+(SW3) from the validity of the -instance of (SW2), which is the tautology
“Scott = Scott” This is in blank opposition to the followirsgatement[Russell, 19058:

“The proposition “Scott was the author of Waverley'” ... ‘&onot contain any con-

stituent "the author of Waverley' for which we could suhstt "Scott'.

One could try to defend Russell's statement by arguing teanhy only have seen his reduced
syntactical form

9z: 8y: (y=2z), “yisthe author of Waverley” » Scott= z (SW4)

but—after a deeper contemplation on (SW4) and the concegfefence in general, and after
a closer look afRussell, 1905hand[Russell, 191B—Russell's statement seems to be just an
outcome of Russell's strange philosophy of sometimes iggdfant’s distinction ora posteriori
anda priori, Frege's notion okenseand, in general, thiinctions of syntax and logical calculi,
mixing them up with semanticsThat Russell did so becomes more obvious from the following
simpler statemerfRussell, 1919, p.115

““Scott is Sir Walter' is the same trivial proposition as o8ds Scott'.”

Beyond that[Russell, 1905karguescontrareference in general, but in favor of encoding refer-
ence into mere predicate logic as in (SW4). Advantages ofAB{$W3) over (SW4), however,
are its elegance and simplicity as well as the introductidh@formal reference objeet’, which

is non-trivially constrained by (SW3) and may be reused tiothfer reference.
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6.2.3 Ignoring the De nite, Generic, Qualitative, Salient Speci ¢, &c.

As a most interesting standard example we will consideh&bund quadrangle is quadrangular”
in 86.2.4. We do not want to emphasizéé round quadrangle” as we want to circumvent the
extra complication introduced by the de nite syntacticatrh, which may or may not indicate
properties such as uniqueness, speci ty, or salience. ¥edd not want to emphasiza found
guadrangle is quadrangular” as we are not interested ingherg reading

8x: Roundx) * Quadrangulaix) ) Quadranguldix)

To be precise, we have to specify that we are interestagference(i.e. not in predication
and that the usage of inde nite determiners (articles ar@hpuns) we intend to mirror with
the " here isparticular (i.e. notgenerig and referential (i.e. not qualitative. Generic and
gualitative usage of inde nite articles mmerely quanti cationaland refers to a property (pred-
ication) and not to an object having it (reference). For eglamin the sentence “An ele-
phant is a huge animal.” the "An” is generic and the “a” is duadive. It simply says 8x:

Elephan(x) ) Hugdx) ™ Animalx) . Moreover, our modeling with thé does not pre-
suppose that the descriptioesignate®r that it issalientor speci c. Note that the distinctions
on salience and speci ty depend on a discourse and the ref@rstatus for the speaker, resp.,
which we do not take into account here.

6.2.4 The round quadrangle is quadrangular.

With the provisoof § 6.2.3, we now model “a/the round quadrangle is quadrangas

Quadranguldty;’) (S)
with choice-condition

C(y;) = Roundy;)” Quadranguldy,’) (C1)
The choice-conditioi©(y,’) of (C1) is equivalent tdalseif we have the sequent
: Roundu "); : Quadranguldu ) (A)

available as a lemma. Then, we may choose any objegt follf we chose a quadrangular one,
(S) becomes true. Thus, the statement (S)+(C1) is validiaaer choice of an implicit existen-
tial quanti cation for the free * -variables. We cannot follow the critique BRussell, 1905a
againsfMeinong, 1904hhere, namely thag * would be “apt to infringe the Law of Contradic-
tion” Firstly,y " is well-speci ed by (C1) and denoting a well-de ned objecgecondly, we do
not even follow[Russell, 1905kinsofar as unde ned objects in a domain would be in con ict
with the Law of Contradiction. Indeed, for very good praaticeasons, we nd

(H) linguistically motivated models with arbitramot really existing objects [Hobbs, 1996
and[Hobbs, 2003ff., § 2P (as part of th@ntological promiscuitguggested for thiegical
notation cf. [Hobbs, 2003ff., § 1, Note 1 and

(W) logically motivated models with arbitrarynde ned objectsn [Kihler & Wirth, 1994, and
[Wirth, 2009.

The “really existing” or “de ned” objects are simply thoserfwhich a predicate Rexists or
“Def” holds. This treatment obeys both the Law of Contradictand the Law of the Excluded
Middle. While in the approach of (H) we have to replace (A)hwit
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: Roundu ); : Quadranguldiu ); : Rexistgu )

there is an additional possibility in the approach of (W) vehtine standard variables range over
de ned objects only: When the variabyg in (C1) is ageneralvariable, ranging over the de ned
as well as the unde ned objects, and the varialblein (A) is a standard variable, ranging over
the de ned objects only, then there are models of (A) withenéd objects that are both round
and quadrangular. Note that this syntactical trick of (Whas just syntactical sugar improving
the readability of formulas critically, but also cuts dovagical inference by restricting notions
such as matching, uni cation, and rewriting.

6.2.5 The round quadrangle is just as certainly round as it isjuadrangular.

Russell's critique or{Meinong, 1904his justi ed, however, insofar as a single statement of
[Meinong, 1904hseems to be in con ict with the Law of Contradiction, indeédssuming (A)
from above, there seems to be no way to model thériz of the following sentence as true in
two-valued logic§Meinong, 1904a, p. 8, modernized orthography

V)
“Not only the notorious golden mountain is of gold, but also

the round quadrangle is just as certainly round as it is quagirar.”
(our translation)

Of course, one could consider a trivial generic reading:
8x: Roundx)  Quadrangulaix) )  Roundx) ”* Quadrangulgix)

But this is most unlikely to be intended due to the de nitenfirof the articles, especially due to
the one in theslline of (V). Our preferred reading of the<2ine of (V) is

Roundy;’) * Quadranguldly;’), P)

referring to the choice-condition of (C1) above. Now (P)glines to falseunder the assumption
of (A), unless either

we restrictu ~ in (A) to the de ned, as sketched in §6.2.4 (for which theradsindication
in [Meinong, 1904k however), or else

we choose some para-consistent logics, where a cont@digties not imply triviality, cf.

[Priest & Tanaka, 2049 (for which, however, there is no indication [Meinong, 1904k

either). Contrary to its promising title “Meinong's Theoof Objects and Hilbert's'-

symbol; [Costa &al., 199].does not contain relevant information (neither on Meineng'
nor on Hilbert's") besides sketching a para-consistent logic.

Alternatively,[Meinong, 1904hmay be consistently understood as follows:

Note that Meinong's “ " is best translated as “object” and his “ " as
“Theory of Objects” Possible other translations would Bebject; “concept reference’; or
“referent with choice-condition’; but neither “thing” ndobjective” According to[Meinong,
1904a, p. 40t, is the most general aprioristic science, whereas metaghigsihe
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most general aposterioristic science. Thus, is not less general than metaphysics,
and we should carefully exclude from Meinong's notion of a any connotation of being
physical or realizable. There is no explicit de nition of in [Meinong, 1904h but only a

parenthetical indication:

[Meinong, 1904a, p.]2

... "the reference, indeed the explicit pointing to thaimsthing, or—as one would
very informally say—to a T (our translation)
(“pointing to” may be replaced with “aiming at”)

Having clari ed the notion of a little, let us come back to thedine of (V). On
the one hand, as stated already above, our preferred reéid)ngontradicts the above se-
quent (A). On the other hand, the readingRoundy,), Quadranguldly,)” implies

“: Roundy,’) ~: Quadranguldly,’)” by (A). This reading, however, is very unlikely to be
intended by somebody whose German is as excellent as Mésnorigassume that Meinong
wanted to say that a speci cation for reference—suclCég,’) in (C1) above—is meaningful
and should denote, no matter whether there is an objectdliates it. Indeed, we read:

[Meinong, 1904a, p.13

. “what is not contingent to a but establishes its proper character consti-
tutes its suchness, which sticks to the , may it be or not be.”
(our translation)

In this light, might the & line of (V) even be boldly read as tivalid statement
Roundy,) * Quadranguldly,), (Ga/]

C(y,) = Roundy,)” Quadranguldy,) (C2)

with (C1) and

6.2.6 Conclusion

All in all, we may conclude that the—and especially our novel treatment of it—is useful for de-
scribing the semantics of determiners in natural languadyescan formalize some of Meinong's
ideas on philosophy of language and contribute to the defehkis points of view against Rus-
sell's critique, even on empty descriptions.
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6.3 A brief look at the Linguistic Literature on the "

In this §6.3, we have a brief look at the linguistically matied literature on Hilbert’s, which
goes beyond our discussion in 88 2 and 3. The usefulnessluéitid” for the description of the
semantics of natural language is simultaneously thredteyneght-uniquenesanduncommitted
choice which seem to be opposite threats like Scylla and Charybdisl to pass by in between
even for brave Ulysses.

Right-Uniqueness: A right-unique behavior of thé is a problem in natural language. For ex-
ample, the same phrase modeled as-tarm does not necessarily denote the same object.
Indeed, it may necessarily denote two different ones ad ia bishopmeetsa bishop ..."

Based on Natural Deduction (¢Gentzen, 1935 [Prawitz, 196}), Meyer-Viol [199] presents
most interesting results on then intuitionistic logic and a lot of fascinating ideas on htmwse

it for computing the semantics of sentences in natural laggu The latter ideas, however, suffer
from a right-unique behavior of tHe We will discuss more problems with the right-uniqueness
requirement in § 6.5 alonlgeurts, 200D

Uncommitted Choice: A major advantage of reference in natural language is thsilpitity
to refer to an object a second time. Thus, thean hardly be of any use in semantics of
natural language without the possibility to express congdithoice, cf. §2.6. Unless
we introduce free -variables for"-terms, however, we need right-uniqueness to express
committed choice, cf. 8§ 2.6 and 3.1.6.

Therefore, in[Heusinger, 1997 the right-uniqueness of theis kept, but the usefulness for
describing the semantics of natural language is improvedduing a situational index to the
"-symbol that makes it possible to denote different choicetions explicitly, cf. (199 in our
§6.6 for an example. We will refer to this index&das “Heusinger's indexed-operator. It
already occurs in the English draft pageteusinger, 1996 [Heusinger, 1997 however, is a
German monograph on applying Hilbert's epsilon to the sdiosof noun phrases and pronouns
in natural language, with a focus on salience. Heusingedsxed'-operator is used to describe
the de nite as well as the inde nite article in speci ¢ as wels non-speci c contexts, resulting
in four different representatioris. Cf. [Heusinger, 1997for further reference on th&in the
semantics of natural language.

The possible advantage of our semantics for'ttethat it is not right-unique but admits commit-
ment to choices. Thus, it may help brave Ulysses to avoid thodats.
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6.4 Problematic Aspects of Our"

In this 8 6.4, we discuss some aspects whose modeling in @aivariable framework with our
may fail when we take the straightforward way. The reasothigrpartial failure is that the posed
representational demands are in con ict with our requiretmad wellfoundedness or acyclicity
on the variable-conditiolR of our R-choice-conditions, cf. 88 4.2 and 5.2, De nition 5.9, and
Example5.10. These representational demands#largin quanti cation(86.4.1) andcyclic
choicein Bach—Peters sentences (8 6.4.2). We also show how tomwerthese two weaknesses
in our framework by simple deviations, namely taysing and byparallel choice

6.4.1 Henkin Quanti cation

In [Hintikka, 1974, quanti ers in rst-order logic were found insuf cient to ige the precise
semantics of some English sentences[Hmtikka, 1994, IF logic, i.e. Independencerfendly
logic—a rst-order logic with more exible quanti ers—is pesented to overcome this weakness.
In [Hintikka, 1974, we nd the following sentence:

Some relative of each villager and some relative of each sovam
hate each other. (HO)

Let us rst change to a lovelier subject:

Some loved one of each woman and some loved one of each man
love each other. (H1)

For our purposes here, we consider (H1) to be equivalentetéaffowing sentence, which may
be easier to understand and more meaningful:

Every woman would love someone and every man would love snajeo
such that these loved ones would love each other.

(H1) can beorepresented by the following Henkin-quanti édagic formula:

Femg|éxo) 1
Lovegxo; 1)

1
. Malg(yo)
8Xo: 0 1 H2
X By 9 yl:E@A 8o Lovesgyo; X1) §§ (H2)
@) 9 x;=x: @~ Lovegyi;x;) A

AN Love$xi;yi)

Let us refer to the standard game-theoretic semantics famtgers (cf. e.g.[Hintikka, 1994),
which is de ned as follows: Witnesses have to be picked ferghanti ed variables outside—in.
We have to pick the witnesses for thequanti ers (i.e. in (H2) for the existential quanti ersand
our opponent picks the witnesses for thguanti ers (i.e. for the universal quanti ers in (H2)).
We win iff the resulting quanti er-free formula evaluates true. A formula is valid iff we
have a winning strategy.

Then the Henkin quanti er9x;=Xo.” in (H2) is a special quanti er which is a little different
from “9x,.”. Game-theoretically, the Henkin quanti e®X;=x,.” has the following semantics: It
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asks us to pick the loved omxe independently from the choice of the woma(by our opponent
in the game), although the Henkin quanti er occurs in thepgcof the quanti er ‘8x:”.

An alternative way to de ne the semantics of Henkin quants és by describing their effect
on the logically equivalentaisedforms of the formulas in which they occuiRaisingis a dual
of Skolemization, cf[Miller, 1992]. The raised version is de ned as usual, besides that
guanti ers say 9x,” followed by a slash as in 9x;=x,.” are raised withouky appearing as an
argument to the raising function fay.

According to this, (H2) is logically equivalent to its folang raised form (H3), whergg
does not occur as an argument to the raising functigrwhich would be the case if we had a
usual -quanti er “9x;:” instead of ‘Ox;=X,.” in (H2).

BemaléXO) 1 !
Hove£Xo; y1(Xo)) 1
X1 Y1: BXoi Yo ) %A Male(yﬁ)()vtaié)/o;Xl()/o)) 1 E (H3)
) @7 Lovegyi(xo); xa(Yo)) A

" Lovegxi(Yo); Yi(Xo))
Besides moving—out the-quanti ers from (H2) to (H3), we can also move—out the rangsric-
tion Malg(y) of yo, yielding the following, again logically equivalent forri4), which nicely
re ects the symmetry gf (H1): 0
Love$Xo; Y1(Xo))

e Q- Femaléxo) % N Lovesyo; X1(Yo))

i 0 ) B Lovegrer i) (H4)
N Love$xi(Yo); Yi(Xo))

Now, (H4) looks already very much like the following tentatirepresentation of (H1) in our

framework of free variables: Lovesxg:yy)

0
Femaléx, N Lovesy,; X
R é_ 0) ) % A $y0+. 1+) (Hl(a
Male(y, ) Lovesy, ; X;)
" Lovegxy;yr)
with choice-conditiorC given by C(y;) Femaléx,)) Love$x,;y;)
C(x1) Male(y,) ) Lovegy,;xy)
which requires the variable-condition to contaiRc := f(Xq;Yy);(Yo:X,)9 by De ni-
tion5.9(1). Note that we can addy, ;y,) to our variable-conditiorR here to express that

y, must not read, , which results in a logical equivalence to the original faten(H2) but with
a standard -quanti cation “9x,:” instead of the Henkin quanti cation9x,=x,:".

If we tried to model the Henkin quanti er by addingx,’; X,) to R in addition, our choice-
conditionC would not be arR-choice-condition anymore by De nition 5.9 due to the folimg
cycle:

Y1

+

Xy

As shown in Example 2.9 diwirth, 2004, the *-rules from §4.2 become unsound when we
admit such cycles. Without the -rules we could argue th&c means something like “is read
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by” and thatR means something like “must not read’; so that it would be sieht to require only
the given irre exivity of Rc R; instead of the irre exivity of the transitive closure &¢[ R;
which is nothing but the acyclicity d®¢[ R: Such “weak forms” are indeed sound for-rules
(cf. [Wirth, 2004, Note §), but the price of abandoning thé -rules (esp. in a framework for
Hilbert's ") is ridiculously high in comparison to an increased ordesahe variables, such as
of x; andy; in (H4).

Let us compare the failure of our approach to represent hegkanti ers without raising on
the one hand, with the situation [Reusinger, 1996, p. $%where (HO) has the label (25)) on
the other hand. It may be interesting to see that it is welkjds to model Henkin quanti ers
with a right-unique version of Hilbert’s, cf. [Heusinger, 1996 p. 85, (25c). After replacing
both “hating” and “being a relative” with “loving’; addindhé fact that the loved ones are not
chosen from empty sets of candidates (i.e. the presuppositat they exist), using free -vari-
ables for the outermost universal bound variables, camge aw'° and enhancing readability
by introducin%two more free -variablesx; alndyl‘o (25¢) of[Heusingelr, 1996reads:

Femaléx,) Love$Xo;Y;)

% A Male(yo) § % Lovesy,; X;) (H5)
A 1:Lovesy,; X1) Lovesy; ;X;)
A y‘_ yl Love$X,; Y1) N Love$x;;yq)

To model the Henkin quanti er correctly, dnterm such as "k ;: Lovegy,; X1)” in (H5) must

not depend ox,. This is contrary toc, in (H19, whose value may well depend on thatxgf,
unless (X;;Xy) is included inR*. To achieve this independence, it is not necessary that the
" gets an extensional semantics. It suf ces that the senmpofithe"-term does not depend
on anything not named in its formula, namely.dvegy,;x1)” in our case. On the one hand,
any of the semantics of § 3.1 satis es this independence;-duk to its right-uniqueness—is not
suitable for describing the semantics of determiners inmahtanguages, cf. §6.3, ltem “Right-
Uniqueness”. On the other hand, Heusinger's indekegerator, however, does not necessar-
ily satisfy this independence, because it may get inforomatinx, out of its situational index,

cf. §6.3, below Item “Uncommitted Choice”, and §6.5.

Thus, the inability of our framework to capture Henkin quan$ without raising is also im-
plicitly present in all other known approaches suitabled®scribing the semantics of determiners
in natural languages.

Moreover, raising cannot be avoided in the presence of @kplterms because these terms
are an equivalent to raising already.

Furthermore, in natural language, Henkin quanti cationtypically ambiguous and the
Henkin-quanti ed versions are always logically strongean the ones with usualquanti ers
instead. Thus, it appears to be advantageous to have mat®ligxn computing the semantics
of sentences in natural language by starting with possilegker formulations such as (Bl
While we cannot represent the Henkin quanti cation in oanfiework without raising, we could
start with the following raised version of iﬂl

Femaléx,) Love$xy;Vyq)
A Maleyy) Lovesy,;X;)
%A Xl = X3 (X0)(Yo) § % Lovesy; ; Xy) § (H2)

A =Y, (Xo) Lovegx,;y;)
with R-choice-conditlorC given by
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C(y,) = x: (Femal¢x) ) Loves$x;y, (x)))
C(x;) = y: (Malely) ) Lovegy;x;(y)))
C(xz) = xiy: (Femalgx)” Malgly) ) Lovegy;Xs(x)(Y)))

which requires no extension of the variable-condiftanWhen we then nd out that the sentence
is actually meant to be Henkin quanti ed, we can apply thessitition = fxg 7! u:x ,0.
This turns (HY) into a form equivalent to (H4), re ecting the intended senties of (H1). Note
that the conditio(Qc(X5)) (cf. De nition 4.6), which is required for invariance of radtion

under instantiation in Theorem5.21(6), is
8x: 8y: 9z: (Femaléx) » Malgly) ) Lovesy;z))
-7 ) (Femaléx) ® Malely) ) Lovegy;(u:x ;)(x)(¥))

and simpli es to
gv- 9z: (Malely) ) Lovegy;2))
Y- ) (Maldy) ) Lovesy:x, (y)

which is justQc(x, ), which is valid according to Lemma5.19.

6.4.2 Cyclic Choices and Bach—Peters Sentences

As an example where references of an anaphor and a catapler(ce. a so-called “Bach—Peters
sentence” after Emmon Bach and Stanley Peters), consider

A man who loves her marries a woman who, however, does notlione (BO)

If we start with
Marriegy, ; Xg) (B1)

with R-choice-condition C(Yo) Malg(y, ) N Lovesy,;f.(Yo)) ~ Femaléf,(y,));

C(Xqg) := Femaléx,) ": Love$xy;f,(xq)) N Malgf,(Xq));
thenR* has to containf (f;;vy,); (f,;Xy)g according to De nition 5.9(1). This says that the
substitution := ff, 7! z:x; f, 7! z:y,g, which binds the pronouns “herf {(y,)) and
“him” (f,(x,)) to their intended referents, andy,, resp., is not afR-substitution, however.
This is due to the following cycle; cf. De nition 5.3:

Yo R fq
e
XO+ R f 5

Indeed, the (extended)}updated (and -reduced) choice-conditiofC% R9 of (C; R) (cf. De -

nition 5.15), namely Cqy,) Malgy,) * Lovesgy,; X,) ~ Femaléx,);
CY%,) Femaléx,) ~: Love$xy;yy) ™ Malgxg);

cannot be aiR%choice-condition for any (acyclic) variable-conditi®?, cf. De nition 5.9.

As we cannot choosg, beforex, norx, beforey,, we have to choose them in parallel. Thus,
the only way to overcome this failure within our frameworles®s to be to start with

Marrieg1s(z ); 24z *)) (B2)
with choice-condition
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Male(15(z )) ~ Love§ls(z );f,(z ")) » Femaléf ,(z "))
A Femal@2(z ")) ~: Loveg2n(z'): f,(z")) » Malgf ,(z "))

wherez " has the type of a pair anti and 2 are its projections to thetlnd 2« component,
respectively. This requires the variable-condit®ro contain f (f;;z"); (f,;z ")g, which ad-
mits the substitution © ;= ff,712w f,711sg to be anR-substitution. Now, (B2) together
with the (extended) “update ofC; (cf. De nition 5.15) captures the intended semantics ofBO
correctly.

Ciu(z") =

Finally, note that a choice-condition of

Malg1s(z ")) ~ Love$ls(z ');f,(1(z ")) » Femalé¢f ,(1s(z )))
N Femalé2rd(z ') ~: Loveg2rd(z ");f,(2(z ")) » Malgf,(2(z "))
requires the substitutionff, 7! u: (2z7)); f, 7! u: (2%(z"))g, which is still no
R-substitution because of the cycles betweenandf;.  This means that—within cyclic
choices—we should not restrict or project before all amibigsihave been resolved.

Cy(z7) =

6.4.3 Conclusion

We have managed to overcome the two weaknesses of our frakexbibited in 88 6.4.1
and 6.4.2 by simple deviations. For the Henkin quanti ershvag to increase the order of vari-
ables byraising. For the Bach—Peters sentences we had to replace a cycleioéshvith a single
parallel choice As these problems are somehow unavoidable without paygiggdrices, this ap-
pears to be acceptable, especially because the partidibyes quanti cation required for natural
languages iHintikka, 1974 is available for free in our framework of free variables of £8
and 5.2.

Indeed, these inelegant aspects of our framework shoul@adtus to the conclusion to open
Pandora's box by admitting cyclic choices. This would letstnof the famous antinomies break
into our system. If we admitted cyclic choices, we could n&resay anymore whether a choice-
condition can be satis ed for a certain freé-variable or not. Example 5.10 in §5.5 makes the
essential problem obvious.
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6.5 More Problems with a Right-Unique”

In [Geurts, 2000) the use of Hilbert's in form of choice functions for the semantics of inde nites
is attacked in several ways; and it is proposed that there wgay to interpret inde nitesn situ,
but that some form of “movement” is necessary, which, rougigleaking, may be interpreted
as changing scopes of quanti ers. Although the examplesrgiu[Geurts, 200Dare perfectly
convincing in the given setting, we would like to point ouattall the presented problems with
the " disappear when one uses a non-right-unique version suchiras @he following three
example sentences and their labels are the ong&afrts, 200D

6.5.1 All bicycles were stolen by a German. (1a)

We model this as
Bicycldx ") ) StolenByx ;y ")
with choice-condition
C(y") = Germalffy")

If—in a rst step—we nd a model for this sentence with an empariable-condition, then—in
a second step—we can check whether it also satis es a var@bidition that containg/ *; x )

in addition. A success of the rst step provides us with a midoethe weaker reading; a success
of the second step with one for the stronger reading, too; tha all bicycles were stolen by
the same German. And this without “moving” any quanti erstioe like; which is, however,
required when changing from

8x: Bicycldx) ) 9 y: (Germaiy) N StolenByx;y)) (1a-weak)
to
9y: Germaify) * 8x: (Bicycldx) ) StolenByx;y)) (1a-strong)

For a more interesting problem with right-uniqtidet us consider the following example.

6.5.2 Every girl gave a ower to a boy she fancied. (5)

Ignoring past tense, we model this as
Girl(x) ) Givdx;z%y")

C(y")

C(z")
As a choice function must pick the identical element fromd@mtical extension, ilGeurts, 200D
there is a problem with two girls who love all boys, but giveithowers to two different ones.
This problem does not appear in our modeling because oumgalaelation (cf. De nition 5.5)
does not depend on the common extension of their love, bytrad to contairfx ;y *), which
is in accordance with our variable-condition, which alse ttacontainx ~;y *) due to our above
choice-condition fowy *, cf. De nition 5.9.

with choice-condition
Girl(lx ) ) Boy(y’)”" Lovegx ;y")
Flowe(z ")

The same problem of a common extension but a different clabgesct—but now in all possible
worlds and intensions—of the following example is again rabgem for us.
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6.5.3 Every odd number is followed by an even number
that is not equal to it. (7)

We model this as

Oddx") ) x+1=y°
with choice-condition

Cly) = 0ddx") ) Everty')"y'6x"

Allin all, there was no real reason to “move” quanti ers oetlike and the arguments pBeurts,
2004 are not justi ed in the absence of a right-unique behavicihef'. Moreover, the moving
of the quanti ers as from (1a-weak) to (1a-strong) above @ecomplex and less intuitive than
adding(y "; x 7) to the current variable-condition.
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6.6 Donkey Sentences and Heusinger's IndexédOperator
6.6.1 If aman has a donkey, he beats it. (D)

The word “syntax” in the modern sense seems to have its rsugence in the voluminous
writings of Chrysippus of Soloi (Asia Minor) (&enturys.c.), not the son of Pelops in the Oedi-
pus mythos, but, of course, after Zeno of Citium and CleantifiéAssos, the third leader of the
Stoic school. So-calle@hrysippus sentencesxddonkey sentencekemonstrate the dif culties
of interaction of inde nite noun phrases in a conditionah (han’; “a donkey”) and anaphoric
pronouns referring to them in the conclusion (“he’, “it"). f.@.g.[Heusinger, 1997, §7or
references on donkey and Chrysippus sentences. If semastiepresented with the help of
guanti cation, donkey sentences reveal dif culties rasyd from quanti ers and their scopes.
Let us have a closer look at two examples.

6.6.2 If aman loves a woman, she loves him. (LO)

If we start by modeling this tentatively as

9yo: Male(yp) " 9X%o: Femaléxg) * Lovesyo; Xo)
) Femaléx;) * Love$x,;y;) * Malgly,)

we have no chance to resolve the reference of the pronours &sid “him” (x, andy,) before
we get rid of the quanti ers. If we apply -rules (cf. §4.2) (besides- and -rules) we end up
with the three sequents

: Malg(y,); : Femaléx,); : Lovesy,; X,); Femaléx,)

: Maldlyy); : Femal€x,y); : Lovesgy,; Xy); Loves$x,;y;) (L2)

: Male(y, ); : Femal€x,); : Lovesyq;Xo); Malegly,)
and a variable-conditioR including fx;;y,9 f XY, 0, Which says that the substitution

= X 71%05 Y1 7'Y0 9

which turns the rst and last sequents into tautologies d&edniddle one (L2) into the intended
reading of (LO), is not aR-substitution and must not be applied, cf. De nition 5.3.
Using *-rules instead of the -rules we get

: Maldlyy); : Femaléx,); : Lovesy,; X, ); Femaléx,)

: Maldlyy); : Femalé€x,); : Lovesy,; X, ); Love$x,;y,)

: Male(yy); : Femaléx,); : Lovesy,;X,); Male(y,)
and a variable-conditioR includingf (y, ; X, )g instead. After application of the

+

R-substitution = x.7!%q; Y17y, 9, theinstance of (L1) reduces to

(L1)

: Malglyy); : Femaléx,); : Lovesy,;X,); Love$x,;Yy) (L3)

which is valid in a utopia where love is symmetric. A closevkaeveals that our " -updated
variable-conditiorR now looks like X; Xo Yo Y, , while our ( " -updated)R-
choice-conditiorC is

C(yy) Malgly,) ~ 9xo: Femaléxy) ~ Lovesgy, ; Xo)

C(xq) Femaléx,) ~ Lovesgy,; Xq)
But even if (L3) may be valid, this is not what we wanted to sayliO), where “she” and “he”
are obviously meant to be universal (strong).
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Thus, we had better stastithout quanti ers from the very beginningamely directly with
Malgly,) * Lovesy,;Xxy) * Femaléx,)
) Femaléx;) * Love$x,;y;) * Malgly;)

and empty variable-conditioR® and then apply thR%substitution  from above to reduce its
instance to

(L4)

: Maldlyy); : Lovesy,;X,); : Femalé€x,); Loves$x,;Yo) (L5)
which captures the universal meaning of (LO) properly.

Instead of a donkey sentence such as (LO) that prefers argayuiniversal reading as in (L5),
the following donkey sentence prefers a partial switch texstential reading:

6.6.3 If a bachelor loves a woman, he marries her. (MO0)

If I love three utopian women, | am loved by all of them, but nmagrry at most one. Thus
Male(y,) » Lovesy,;X,) * Femaléx,)

) Malely,) » Marriegy,: x,) » Femaléx,) (M1)
should be re ned by application ofx; 7! x;’; y; 7! y,9 and simpli cation to
: Maldly,); : Lovesy,;X,); : Femaléx,); Femaléx,) (M2a)
: Maldly,); : Lovesy,; Xy); : Femaléx,); Marriegy,;X;) (M2Db)
with choice-condition
C(xy) = Malgy,) ) Lovegy,;x;)”" Femaléx,) (C2)

On the one hand, if there is no women loved by the bachglpboth (M2a) and (M2b) are valid.
On the other hand, if there is at least one woman he loves, \M2ayain valid (due to (C2)) and
(M2b) expresses the intended reading of (MO).

Notice that we indeed have the possibility to let “woman” Inévarsal (strong, ) and “her”
existential (weak, ™), picking one of the women loved by the bachelor—if thereamg. Our
elegant treatment is more exible than a similar one of (D)@ supposition theory ifPar-
sons, 1994 Moreover, both these treatments are more lucid than tlénent of a sentence in
[Heusinger, 1997 which is analogous to (M0O): As (12) on p.183[éfeusinger, 1997we nd
the example

“If a man has a dime, he puts it into the meter.” (our transtgti

Mutandis mutatisind the readability improved, the modeling of (M0O) accogdim(19a) on p.185
of [Heusinger, 199Avould be

Loves "jy:Malg(y); "¢ )x: Femaléx) (198)
)  Marries ", y:Malgqly); "a x: Femaléx)

where the index of Heusinger's indexetl-operator (cf. § 6.3) seems to denote a choice function
that chooses men agloes and women d9i) does. Howa is to be formalized stays unclear
in [Heusinger, 19917 The real problem, however, is that (Pedoes not represent the intended
meaning of (M0): To wit, take ah such thaff (i) always chooses a woman not loved by the
man chosen by, then gx falso quodlibgtall our bachelors may stay unmarried, contradicting
(M0). 1!

of: 8i:
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6.7 Quanti ers for Computing Semantics of Natural Language?

Representation of semantics of sentences and discoursedural language with the help of
guanti ers is of surprising dif culty. The examples in theqvious 88 6.5 and 6.6 indicate that
guanti ed logic is problematic as a data structure for cotimuthe semantics of sentences and
discourses in natural language. Moreover, as already sho@6.4.1, for some sentences a pre-
cise representation with the quanti ers of rst-order logloes not exist at all. Furthermore, the
combinations of different scopes of quanti ers give risatoombinatorial explosion of different
readings: According tfKoller, 2004, p. 3, the following sentence, which is easy to understand

for human beings, has “64764 different semantic reading®lp due to scope ambiguity’; “even
if one speci ed syntactic analysis” “is xed”

But that would give us all day Tuesday to be there.
| agree with[Hobbs, 1996in that humans “do not compute the 120 possible readings” of

In most democratic countries most politicians can fool nudshe people on almost
every issue most of the time.

Even if we can sometimes restrict the number of possibleisgsfbelown! for n quanti ers,
e.g. by the algorithm ofHobbs & Schieber, 1987the number of possible readings is still too
high for computers and human beings. Therefore, the relatfoquanti ers to the semantics
of natural language must be questioned. Notice that there@ruanti ers in natural language,
and we can avoid them in the computation of their semantitis the help of the free-variable
semantics introduced in this paper. Besides our most rugahsolution, we nd the three fol-
lowing approaches to overcome quanti ers and scopes intéraiure:

1. [Koller, 2004 uses standard quanti ed logic (plus bound variables oatsfk lexical
scopes of their quanti ers) as basic language but leave$otimeulas syntactically under-
speci ed. A drawback seems to be that the actual formulasaide accessed.

2. [Hobbs, 1996 provides directly accessible formulas, namely some axistiéy quanti ed
conjunctions. These formulas, however, are not likely tolbse to the semantics of natural
language as they are quite unreadable (to me at least). Armatleling of the “typical
elements” of Hobbs, 1996should be a new form of freevariables obtained by changing
“some ”in De nition5.17 into “each ” as in[Wirth, 1998, De nition 5.7 (De nition 4.4
in short version), cf. our §5.8. Two different “typical elements” of the sanet &cf.
[Hobbs, 1996, p. 6 of WWW versidncan then be modeled as two variables with the same
choice-condition. Moreover, note that our use of reductod instantiation in 88 6.6.2
and 6.6.3 can be easily extended to a framewoskaif hted abductioas found ifHobbs,
2003ff., ChapterB

3. Discourse Representation TheorDRT, cf. e.g.[Kamp & Reyle, 1998 [Kamp &al.,
2009) shares witfHobbs, 1996the preference for existentially quanti ed conjunctions,
but is not restricted to them. Nevertheless, the handlinguaiti ers and scopes (or their
substitutes) is quite impractical in DRT—even with the esiens for generalized quanti-
ers of [Kamp &al., 200%. For example, DRT provides only one kind of free variables an
no “typical elements’, and universal quanti cation comegyowith implications. There-
fore, we expect an integration of our explicit charactditra of free variables and our
general way to introduce new tailored kinds of free variabfgo DRT to be bene cial.
Note that also the accessibility restrictions of DRT can &gtaered by our variable-condi-
tions, admitting more exibility.
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Gottlob Frege (1848-1925) invented rst-order logic (imding some second-order extension)
in 1878 (so did Charles S. Peirce independently[Ré&irce, 1885 and second-order logic in-
cluding -abstraction and aoperator in 1893, both under the name * ™ cf. [Frege,
1879; 1893/190Band our Note 2, respectively. Frege designed his not for the task of
computing the semantics of sentences in natural languagechially—just as Guiseppe Peano
(1858-1932) his ideography, ¢Peano, 1896F—to overcome the imprecision and ambiguity of
natural language He cannot be blamed for the trouble quanti ers raise in @spntation and
computation of the semantics of natural languageFrege, 1878 he is well aware of the dif-
ference of the semantics of natural language and his and compares it to that of the
naked eye and the microscope. Indeed, Frege saw the as fundamentally different from
natural language and as a substitute for it:

[Frege, 1879, p.VIf., modernized orthography

“If it is a task of philosophy to break the dominance of naklaaguage over the human mind

by discovering the deceptions on the relations of notiossltieig from the use of language
often almost inevitably,

by liberating the idea of what spoils it just by the linguistheans of expression,

then my —once further improved for these aims—will become a usedol for
the philosophers. Of course—as it seems to be unavoidablerfp external means of
representation—also the is not able to represent the idea undistortedly; but, on the
one hand,
it is possible to limit these distortions to the unavoidadtel harmless, and, on the other
hand
a protection against a one-sided in uence of one of thesenme#é expression is given
already because those of the are completely different from those characteristic
of language.” (our translation)

6.8 Conclusion

In this 8 6, we have demonstrated our new inde nite semaificdilbert's " and our free-variable
framework in a series of interesting applications providgdtandard examples from linguistics.
Can this serve as a paradigm useful in the speci cation anchjgotation of semantics of dis-
courses in natural language®n investigation of this question requires a close collation of
experts from both linguistics and logics. Be the answer i® qluestion as it may, the eld has
provided us with an excellent test bed for descriptive teamd their logical frameworks.
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7 Conclusion

Our novel inde nite semantics for Hilbert’s presented in this paper was developed to solve the
dif cult soundness problems arising during the combinatmf mathematical induction in the
liberal style of Fermat'slescente in niewith state-of-the-art deductio. Thereby, it had passed
an evaluation of its usefulness even before it was recodrage candidate for the semantics that
David Hilbert probably had in mind for his. While the speculation on this question will go
on, the semantical framework for Hilbert'sproposed in this paper de nitely has the following
advantages:

Syntax: The requirement of a commitment to a choice is expressedstycally and most
clearly by the sharing of a fre€ -variable, cf. §4.5.

Semantics: The semantics of theis simple and straightforward in the sense that'toperator
becomes similar to the referential use of the inde nitecetin some natural languages.
As we have seen in 86, it is indeed so natural that it provideseshelp in understanding
ideas on philosophy of language which were not easily addedsefore. Our semantics for
the" is based on an abstract formal approach that extends a sesnantclosed formulas
(satisfying only very weak requirements, cf. 8 5.3) to a satica with several kinds of free
variables: existential (), universal ( ), and"-constrained (*).

Reasoning: In a reductive proof step, our representation of'aerm "x: A can be replaced
with anytermt that satis es the formule®x: A ) Afx7!tg, cf. 84.6. Thus, the sound-
ness of such a replacement is likely to be expressible an@bkrin the original calculus.
Our free-variable framework for tHeis especially convenient for developing proofs in the
style of a working mathematician, diwirth, 2004; 200§. Indeed, our approach makes
proof work most simple because we do not have to considerafigr choices for x (as
in all other semantical approaches) but only a single ayitone, which is xed in a proof
step, just as choices are settled in program steps, cf. §4.4.

Finally, we hope that new semantical framework will helpdtvs further practical and theoretical
problems with the' and improve the applicability of the as a logical tool for description and
reasoning. Although we have only touched the surface of tigest in 85.8, a tailoring of
operators similar to ourto meet the special demands of speci cation and computatigarious
areas (such as semantics of discourses in natural langseg®p to be especially promising.
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Notes

Note 1 (History of the Symbols used to denote theBinder)

It may be necessary to say something on the symbols usedefolinttthe 19 and 2@ century.
In [Peano, 1896f, Guiseppe Peano (1858-1932) wrotimstead of the of Example 2.1, and
f xj Ag instead of x:A. (Note that we have changed the class notation to moderdastn
here. We will do so in the following without mentioning it. &w® actually wrot&Z A instead of
f xj A gin[Peano, 1896f.)

More than in Frege's logic calculus, Peano was interestelddgic as a written language
(ideography) with a clear description of its semantics itura language. He also created an
arti cal substitute for natural languagé&dtino sine exione cf. e.g.[Kennedy, 200D. There-
fore, it does not come as a surprise that it was Peano whoteddime -binder. Cf., however,
Note 2 on Frege's-operator of 1893. IiPeano, 1899hwe nd an alternative notation besides

, hamely a-symbol upside-down, i.e. inverted, i.e. rotated bground its center. | do not know
whether this is the rst occurrence of the invertedymbol. It was later used also [Whitehead
& Russell, 1910-191]3 the infamousPrincipia Mathematicarst published in 1910ff.. Thus,
we should speak d?eano's -symboland not ofRussell's -symbol

We call the famou®rincipia Mathematicanfamous, because it is still rare and unaffordable,
and—as standard notions and notation have changed quitenathe meanwhile—has become
also quite incomprehensible for the occasional reader. s & shame that there is no public
interactive WWW version of th@rincipia, which facilitates look-up by translation into modern
notation and online help with obsolete names.

Let us come back to Peano's The bar above as well as the inversion of tiaere to indicated
that was implicitly de ned as the inverse operator of the operatte ned by y := fyg, which
occurred already ifPeano, 1890and still in[Quine, 1981
The de nition of reads literallyfPeano, 1896f., De nition 2R

aZzK:9a:x;y2a: yy:X=y: X=a:=:a= X
This straightforwardly translates into more modern notaas follows:
Foranyclasga: a6 ;78 x;y:(x;y2a ) x=y) ) 8 xx(x=a , a= X)

Giving up the avor of an explicit de nition of “x = a’; this can be simpli ed to the following
logically equivalent form:

Foranyclass&: 9x:x2a ) a2a (o)
Besides notational difference, this ig)(of our §2.1.2.

It has become standard to write a simple non-inverfed the upside-downbecause Peano's
original notation “y” has long ago been replaced withf yg” and because the upside-down
is not easily available in today's typesetting. For insgrtbere does not seem to existgXT
macro for it and—to enable font-independent archiving aqlblishing—some publishers do

not permit the usage of nonstandard symbols.
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Note 2 (Other -Operators Besides those of Russell, Hilbert, and Peano)

In [Frege, 1893/1903, Vol. 1, § 11we nd another -operator. As this Vol.| was published by
Gottlob Frege (1848-1925) in 1893, this seems to be the ecsuoence of a-operator in the
literature. The symbol he uses for thés a boldface backslash. Askmldfaceversion of the
backslash does not seem to be available in standatdwe use a simple backslash)(here.
Frege de nes\ := x if thereis some& such that8y: ( (y) = (x=y)). Writing the binder as

a modern instead of Frege'spiritus lenis Frege actually requires extensional equality ehd

y: (x=1y). Now this would be basically Peano'soperator (cf. our §2.1.2 and Note 1) unless
Frege overspeci ed it by de ning\  :=  for all other cases.

Similarly, in set theories without urelements, theperator is often de ned by something like
y:A=fzjox (z2x"8y: (A, (x=1Yy)) g fornewx andz, cf. e.g.[Quine, 1981 This
iS again an overspeci cation resulting iy: A = ; in case of:9 ly: A.

Note 3 To be precise, in the standard predicate calculUsidbert & Bernays, 1968/7l0there
are no axiom schemes but only axioms with predicate vaisablEhe axiom schemes we use here
simplify the presentation and refer to theodi ed form of the predicate calculusf [Hilbert &
Bernays, 1968/70, Vol. II, p. 493 which is closer to today's standard syntax of rst-ordegito

Note 4 (Consequences of th&Formula in Intuitionistic Logic)

Adding the" either with (o), with (";), or with the"-formula (cf. 8§ 2.1.3 and 2.3) to in-
tuitionistic rst-order logic is equivalent on thé-free theory to addindPlato's Principle i.e.
ox: (9y:A) Afy7!xg) with x not occurring inA, cf. [Meyer-Viol, 1995, § 3.8

Moreover, the non-trivial direction of §) is 8x:A ( Afx7!"x:: Ag:
Even intuitionistically, this entails its contrapositive B8 XA ) o Afx7! " : Ag
and then, e.g. by the trivial direction df,{ (whenA is replaced with A)

B8XxXA ) 9 x:A (Q2)

which is not valid in intuitionistic logic in general. Thuthe universal quanti er in Hilbert's
intended object logic—if it includes'{) or anything similar for the universal quanti er (such as
Hilbert's -operator, cf[Hilbert, 19233%)—is strictly weaker than in intuitionistic logic. More
precisely, adding

8x:A ( Afx7! x:Ag (o)

is equivalent on the-free theory to adding®x: (8y: A ( Afy7!xg) with X not occurring inA,
which again implies (Q2), cfMeyer-Viol, 1995, §3.4.p

From a semantical view, cfGabbay, 198l the intuitionistic8 may be eliminated, however,
by rst applying the Godel translation into the modal logié ®ith classicaB and: , cf. e.g.[Fit-
ting, 1999, and then adding thieconservatively, e.g. by avoiding substitutions viabstraction
as in[Fitting, 1973.
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Note 5 Besides the already mentioned extensional treatmentinf Giese & Ahrendt, 19909we
also nd anintentionaltreatment (which, roughly speaking, results from reqgitime axiom (;))
and asubstitutivareatment where also the validity of the Substitution [\é@luemma for’-terms
is required:

eval S ("x A)fy™7ltg =eval S]f y™ 7! eval(S)(t)g "X A
Herex is a bound ang™ is a free variable. Since logics where the Substitution Lanfion
"-free formulas does not hold are not considered (such asriterder modal logic ofFitting,

1999), in [Giese & Ahrendt, 1990we nd a theorem basically saying that every extensional
structure is substitutive.

Note 6
(061; "x:Ap6 "XXA1): (BXxAp”"8x:A;) ~ B _: B inintuitionistic logic)

For the proof of the weake06 1; (E2) = B _: B for any formulaB, cf. already[Bell &al.,
2001, Proof of Theorem 6]4 which already occurs in more detail [Bell, 1993a, 8§38 and is
sketched irBell, 1993b, 8§ T.

Let B be an arbitrary formula. We are going to show thatB _ : B holds in intuition-
istic logic under the assumptions of re exivity, symmetayd transitivity of =", the "-formula
(or ("o)), and of the formulaf061 and "x:Ag6 "X:A;1 ) : (8X:Ag”8X: A,).

Letx be a variable not occurring . SetA; :=(B _ x=1).

Now what we have to show is a trivial consequence of the fallgnClaims 1 and 2,
T":A08 XA ) i (BX:Ag”8x:Aj), and Claim 3.

Claim1: 0=0; 1=1; ("-formuldfA7!Aq;t7!'0g; ("-formuldf A7!A4;1t7!1g
B_("Ap=0""x:A1=1).

Clam2: "x:Ap=0""x:A1=1; 061; 8x;y;z: (y=x"y=2z) X=2)
"X:Ag6 "X A
Claim3: : (8x:Ap”"8x:A;) = : B.
Proof of Claim 1: From the"-formula and re exivity of =", we get = A;fx7!"x:Ajg. Thus,

T A XTI A g M ALfXT7!"X: A 1g. From this, Claim 1 follows by distributivity.
Q.e.d. (Claim1)

Proof of Claim 2: Trivial. Q.e.d. (Claim 2)

Proof of Claim 3: As x does not occur i, we getB "~ 8 x: A;. The rest is trivial.
Q.e.d. (Claim 3)
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Note 7 One could object thatV,..(A) does not have to be a subset ™ .( 8x:A ) in
general.

But the additional free -variables blocked by the" -rules (as compared to the -rules) do
not block proofs in practice. This has following reason: Métreasonably minimal variable-
conditionR, the only additional cycles that could occur are of the foym Rz " Rx " R*y °
with y 5z~ 2 V( 8x:A ); unless we substitute something fof. And in this case the
corresponding -rule would resultinthecyclyy " Rx "R*y * anyway.

Moreover, -rules and free -variables do not occur in inference systems withrules
before[Wirth, 2004, so that in the earlier systen,. (A) isindeed asubsetdf .( 8x:A ).

Note 8 If the occurrences of * in C(y ") could differ in their arguments, there could be irre-
solvable con icts on special arguments. And, in these cots; the choice of #unction as a
wholewould essentially violate Hilbert's axiomatizations: Aslp terms and no functions are
considered inHilbert & Bernays, 1968/7) the axiom scheme$() and (' -formula) (cf. 8§ 2.1.3
and 2.3) seem to require us to choose the values of this @muotdividually. For example, in
case of

C(y’) = by (B~n: (y'(true) "y (falsg)
for choosingy *, we are in con ict betweenb © (I’= falsg (i.e. b%: P, for C(y ")(false to be
true) and b % (= true) (i.e. b% P for C(y ")(true) to betrue).
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Note 9 (Do Salience, Specity, and Uniqueness Determine Deiteness?)

Salienceis the property of being known and prominent in discour&pecity is a property
concerning the referential status for a speaker, exprgsbat he has a speci ¢ object in mind.
Salience, specity, and uniqueness are important aspettsgnent in the distinction of de nite
and inde nite forms. In[Heusinger, 1997, p]llwe nd the thesis that de niteness of articles
expresses salience. This thesis is opposed to others exipgdbhe aspects ainiquenesgas in
the tradition of{Russell, 19058 or speci ty instead of salience. The thesis is supportedhay
following two examples:

(de nite, salient, speci ¢, but not unique)
“The doggot in a ght with another dog.” [Heusinger, 1997, p. 20; our underlining

(inde nite, not salient, but speci c)

[Heusinger, 1997, p.16

“I am looking for a bookwhich I got yesterdayit is a beautiful one.”
(our translation, our underlining)

Nevertheless, inde niteness is typically unspeci c:

(inde nite, not salient, unspeci c)
[Heusinger, 1997, p.16

“I am looking fora(n arbitrary)book it is to be a beautiful one.”
(our translation, our underlining)

Heusinger's thesis is not consistent, however, with thiefahg example: Thomas Mann (1875—

1955) starts his narration “ " as follows:
(de nite, speci c, but not salient)
[Mann, 1898
“The nursebore the blame. —” (our translation, our underlining)

Obviously, none of uniqueness, salience, or specity aldatermines de niteness of articles:
For uniqueness this becomes obvious from the rst exampkadly. For salience and specity
the following table may be helpful:

| SALIENT | NOT SALIENT

SPECIFIC fThedog...g | fabook...g ] f The nurse...g

UNSPECIFIC|| ; fa(n arbitrary)book ...g

If—as | conjecture—examples for “inde nite, but salientd ahot exist, salience indeed requires
de nite forms; but not vice versa. In the technical treatingfrsalience with Heusinger's indexed
"-operator ifHeusinger, 1997 however, salience and de nite forms indeed require eabhbrot

Note 10 Note that our modeling of (H1) as (H4) of §6.4.1 is correctevdas the modeling of
(HO) as (25c) of[Heusinger, 1996is awed: Mutatis mutandisboth “hating” and “being a
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relative” replaced with “loving’, already the less complg@&b) of [Heusinger, 1996has this

aw and reads: 00 i o) 1 1
emal@Xqg
o @y v A Male(yo) Lovegyi(Xo); X1(Yo))
ooy By B B Lovesio; ya(x0) I Lovesa(yo): ya(xo)) R s

Lovesyo; X1(Yo))
Indeed, it is easy to see from (H2) that the polarity of the tvgo (negative) occurrences of the
Lovespredicate in (259 must actually be positive.

Note1l (Technical Disadvantages of Heusinger's Indexeédoperator)

When trying to understand the semantics of sentences imahdémguage, it might be the case
that a representation of the inde nite article with (a vatiaf) our new inde nite semantics for
the" offers the following advantages comparedkteusinger, 1997

1. We do not have to disambiguate a speci ¢ from a hon-spacsage in advance, contrary to
[Heusinger, 1997where we have to choose betwe&{",x: F (x)) and 9i:G(";x: F (x))
eagerly. Besides this, the design decision to pack thernmdton on speci city into the
"-term may be questioned.

2. For a computer implementation, thandi in these formulas have to be implemented as
something isomorphic to free -variables (or free -variables) anyway, so that our repre-
sentation (i.e.G(x ") with choice-conditionC(x ") := F(x ")) saves one level of indi-
rection.

3. Our possibility of a formally veri ed instantiation of ée *-variables (cf. §4.6 and
Theorem 5.21(6)) could provide a formal means in the stepwrecess of approaching
the intended semantics of sentences in natural language.

Note 12 The wellfoundedness required for the soundnestestente in niggave rise to a notion
of reduction which preserves solutions, cf. De nition 5.20 he liberalized -rules as found in
[Fitting, 1994 do not satisfy this notion. The addition of our choice-coiodis nally turned
out to be the only way to repair this defect of the liberalizediles. Cf.[Wirth, 2004 for more
details.
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