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Abstract

In a case study we investigate whether off the shelf highéerotheorem provers and model
generators can be employed to automate reasoning in antigantified multimodal logics.
In our experiments we exploit the new TPTP infrastructurecfassical higher-order logic.



1 Introduction

This paper presents a case study in quantified multimodatdogAn interesting aspect of this
case study is that off the shelf theorem provers and modargeoars for simple type theory, that
is, classical higher-order logic, are employed to autorpedblems in quantified multimodal log-
ics, that is, non-classical logics. This is enabled by ouem¢ embedding of normal quantified
multimodal logics in simple type theory [8, 10], which is souand complete [10]. Interestingly,
not only reasoningvithin various non-classical logics can be automated this way lsotraa-
soningaboutthem. For example, the equivalence between different ptiegeof accessibility
relations and their associated multimodal axioms can beggrautomatically.

Generally, it seems that proof assistants and automatsdmiggy systems for classical higher-
order logics can serve — ideally in combination — as a frhib@asis for the exploration and the
modeling of normal multimodal logics, for the investigatiof their meta-properties, and proba-
bly even for the application of these logics to real worldgemns. In fact, normal multimodal log-
ics are simply fragments of classical higher-order logith wspecific computational properties.
Detecting and characterizing these fragments, in padiciécidable ones, can be very beneficial
for the higher-order reasoners themselves, since this traylate significant improvements of
the reasoning procedures used within these reasoners.

The modeling of a specific propositional or quantified muttdal logic of interest in our
framework is straightforward and not very time consumingpisTis in contrast with the usual
situation in the area of quantified and propositional musigial logics, where a vast amount of
specific calculi have been developed and published, whitg fesv of them have actually been
implemented and applied. The main reason is that the aféeictiplementation of these calculi is
usually non-trivial.

The paper is structured as follows: In Section 2 we presemegareliminaries and our em-
bedding of quantified multimodal logic into simple type theol'he new content, our small but
interesting case study, is presented in Section 3 and amoiif presented in Section'4.

Lnitially our plan was to extend the case presented heregpgsitional and quantified temporal logics. A study
in (quantified) temporal logics will thus remain future wgrk



2 OML asafragment ofSTT

ST 7T [15] is based on the simply typedcalculus. The sef of simple types is usually freely
generated from a set of basic typgs .} (whereo is the type of Booleans andis the type of
individuals) using the function type constructer Instead of{o,:} we here consider a set of
base typego, ¢, 1}, providing an additional base type(the type of possible worlds).

The simple type theory languad& 7 is defined by &, 5 € 7):

$;t = pa | Xa|(AXa5p)ass | (Sampta)s | (Tomo So)o |
(50 Voso—o to)o ‘ (Sa —a—a—o ta)o | (H(a—m)—m Sa—m)o

p. denotes typed constants aid, typed variables (distinct from,,). Complex typed terms
are constructed via abstraction and application. Our &gionnectives of choice are,_,,
Voosor amsa—o aNd I, (for each typen).? From these connectives, other logical con-
nectives can be defined in the usual way (e\gand = ). We often use binder notationX,.. s

for I (a-0)—0(AXa:50). We assume familiarity witlw-conversion,3- and#-reduction, and the
existence of3- and Sn-normal forms. Moreover, we obey the usual definitions oé frariable
occurrences and substitutions.

The semantics a$7 7 is well understood and thoroughly documented in the litemf2, 3,
7, 19]. The semantics of choice for our work is Henkin seneanti

OML has been studied by Fitting [16] (further related work isilade by Blackburn and
Marx [13] and Bratner [14]). In contrast to Fitting we arednaot interested only iB5structures
but in the more general case Kffrom which more constrained structures (suclS&scan be
easily obtained. First order quantification can be constantain or varying domain. Below we
only consider the constant domain case: every possiblekad the same domain. Like Fitting,
we keep our definitions simple by not having function or canssymbols. While Fitting [16]
studies quantified monomodal logic, we are interested imtfigd multimodal logic. Hence,
we introduce multipled,. operators for symbols from an index setS. The grammar for our
quantified multimodal logi@ M L hence is

s,;t =P | k(X',...,X") | —s|sVt|VX.s|VP.s|0O,s

where P denotes propositional variableX, X* denote first-order (individual) variables, ahd
denotes predicate symbols of any arity. Further connestigaantifiers, and modal operators
can be defined as usual. We also obey the usual definitiongefvitriable occurrences and
substitutions.

Fitting introduces three different notions of Kripke seriemfor QM L: QS5r~, QS5r, and
QS5rt. In our work [10] we study related notio3K 7, QK7, andQK =™ for a modal context
K, and we support multiple modalities.

ST T is an expressive logic and it is thus not surprising @&t £ can be elegantly mod-
eled and even automated as a fragmen$®f7. The idea of the encoding, calle@dM £77,
is simple. Choose type to denote the (non-empty) set of individuals and we reserseca
ond base type: to denote the (non-empty) set of possible worlds. The typlenotes the set

2This choice is not minimal (frore=,, ..., all other logical constants can already be defined [4]). éfwithough
in the context of resolution based theorem proving.



of truth values. Certain formulas of type — o then correspond to multimodal logic expres-
sions. The multimodal connectives, Vv, andO , become\-terms of typegy — o) — (u — o),
(n—0)= (=0 = (p—o)and(p— p—o0) = (u—o0) = (u— o) respectively.
Quantification is handled as 7 7 by modelingvX.p asII(AX..p) for a suitably chosen
connectivell. Here we are interested in defining two particular mddatonnectivesII‘, for
guantification over individual variables, ad#*~°, for quantification over modal propositional
variables that depend on worlds. They become terms of type (» — o)) - (1 — o) and

(g = 0) = (1 —0)) = (1n— o) respectively.
The QM LTT modal operators-, Vv , O, IT, andIT*~° are now simply defined as follows:
) (=0) = ADpor AW (0 W)
V (120) = (p=0)= (1=0) = APpsor Apmsor A\WW,e@ WV b W
O (,H,HO) (u=0)=(u=0) = MRpspson AGposon AW VVu m(RW V)V o V
) ) = A (o) AW VX g X W
= AQ(p-0)=(u=0) AW VP, o PW

(i~ (4=0))= (=0

pi—o
L 0) = (um0)) (o) =

Further operators can be introduced as usual, for example; A\W,.T,L = =T, A =

Ap, 0= (29 V mp), D= Ap, b V b, &= A, h(0 D Y)A (P D ¢), O =
AR, 6.= (OR(=¢)), 2" = M. = II'(AX.m ¢ X), B#7° = Ao~ IT*°(AP. = ¢ P).

For definingd M £°TT-propositions we fix a s&f)VT7T of individual variables of type, a set

PVTT of propositional variabléf type . — o, and a seSY M7 of n-ary (curried) predicate
constants of types— ... — - (1 — o). Moreover, we fix a se§°77 of accessibility relation

n

constants of type: — p — 0. QML -propositions are now defined as the smallest set of
ST T -terms for which the following hold:

o if P e PVTT thenP € QM L5TT

o if X7 eZVSTT (j =1,...,n) andk € SYM*TT then(k X' ... X") € QML5TT
o if ¢, € OMLTT then— ¢ € QML andp v ¢ € QMLTT

o if r € ST andp € QM LT thenOr ¢ € QM LT,

o if X € 7V  andgp € QM LT, thenIT“(\X.¢) € QM LT

o if Pc PVSTT andgp € QMLTT, thenII*°(\P.¢) € QM LT

We write O, ¢ for O 1 ¢, V.X,. ¢ for II'(AX .. ¢), andVP,_... ¢ for IT" " (AP,_ ).

Note that the defining equations for o@M £ modal operators are themselves formulas in
simple type theory. Hence, we can exprés§1 L formulas in a HO-ATP elegantly in the usual
syntax. For example), 3P, . P is aQM LT proposition; it has typg — o.

Validity of QM £5TT propositions is defined in the obvious wayQa\1 L-propositiong,,_.,,
is valid if and only if for all possible worlds),, we havew € ¢,,_,, thatis, if and only if,,., w,
holds. Hence, the notion of validity is modeled via the faliog equation:

mvalid = Ag—o VW0 W

3Note that the denotation of propositional variables depemdworlds.



Now we can formulate proof problems @M £577, e.g., mvalidd, 3P, P. Using rewriting
or definition expanding, we can reduce such proof problentoesponding statements con-
taining only the basic connectives, Vv, =, II*, andII*~° of S77. In contrast to the many
other approaches no external transformation mechanisexqisred. For our example we get
VIV, VY, =(rWY) V (=YX, (X Y)). Itis easy to check that this term is valid in Henkin
semantics: puk = \Y,. T.

We have proved soundness and completeness for this emidddjn
Theorem 2.1 (Soundness) If =77 (valids,,.,) thenE=K" s,
Theorem 2.2 (Completeness) If QK™ sthen=577 (valids,._,).

These results illustrate the natural correspondence eet@d& ™ models and Henkin models.
Moreover, we get the following corollaries.

Corollary 2.3 The reduction of our embedding to propositional quantifiadtimodal logics
(which only allow quantification over propositional varias) is sound and complete.

Corollary 2.4 The reduction of our embedding to first-order multimodaldsgwhich only allow
quantification over individual variables) is sound and cdete.

Corollary 2.5 The reduction of our embedding to propositional multimddgics (no quantifi-
cation) is sound and complete.

In the remainder of the paper we will usually omit type infation. It is sufficient to remember
that states are of type, multimodal propositions of typg — o, and accessibility relations of

types — p = o.



3 A Case Study

In this section we apply off the shelf reasoning systemsifopke type theory to simple problems
in and about quantified multimodal logics. Many of these examples havenbedapted from
Goldblatt’s textbook [18]. Our problems are encoded in tee APTP THF syntax [11] and our
experiments exploit the new higher-order TPTP infrastrte{24]. The reasoning systems we
apply are LEO-II (version 0.99a) [12], TPS (version 3.0) &tld IsabelleP (version 2008) and
IsabelleM (version 2008) of the Isabelle proof assistag}.[2

LEO-II is a resolution based higher-order ATP system. LE@-Implemented in Objective
Caml, and is freely available under a BSD-like license. LE{3-designed to cooperate with spe-
cialist systems for fragments of higher-order logic. Catiye LEO-II is capable of cooperating
with the first-order ATP systems E, SPASS, and Vampire. LE@réctly parses THFO input and
communicates with the cooperating first-order ATP systeimguEPTP standards.

TPS is a higher-order theorem proving system that has besaoged under the supervision
of Peter B. Andrews since the 1980s. Theorems can be protlesr émteractively or automat-
ically. In TPS there are flags that can be set to affect thewiehaf automated search. The
automated TPS used for solving THF problems uses two difteralections of flags, in modes
called MS98-FO-MODE and BASIC-MS04-2-MODE. As the two medeve quite different
capabilities, they are run in competition parallel as a $&myay of obtaining greater coverage.

Isabelle is normally used interactively. A fully automatiersion, called IsabelleP, has been
implemented using strategy scheduling of the nine autantettics simp, blast, auto, metis, fast,
fastsimp, best, force, and meson. While it was probably mevended to use Isabelle as a fully
automatic system, this simple automation provides usefpébility. The ability of Isabelle to
find (counter-) models using the refute tactic has also betgiated into an automatic system,
called IsabelleM.

The first interesting question clearly is whether our emibegl@ M £577 of quantified mul-

timodal logic in simple type theory is consistent. The fil@ittachment A contains the encoding
of our embedding in TPTP THF syntax. The file also containsesturther notions and concepts
as will be introduced later in this paper. When applying thleelel generator IsabelleM to this in-
put file, we receive in 0.7 seconds the answer that this setfofiions and axioms is satisfiable.
Thus, IsabelleM confirms that our theory is consistent.

All experiments were conducted with the SystemOnTPTP fater[23] which provides on-
line access to the theorem provers running locally at coerpdt University of Miami. These
provers were called remotely with a timeout of 200s.



Problem IsabelleP LEO-II TPS IsabelleM
(1) THM(40.0) THM(0.0) THM(0.3) TMO
(2) THM(105.6) | THM(0.0) THM(0.4) TMO
(3) THM(149.6) | THM(0.0) THM(0.2) TMO
4) THM(123.8) | THM(0.0) THM(0.3) TMO
(5) TMO THM(0.1) THM(0.3) TMO
(6) TMO THM(0.1) THM(0.2) TMO
Table 1:

3.1 Reasoning within Multimodal Logics

We study whether some simple textbook examples can be atibathaproved.

Example 3.1 (cf. [18], Exercise 1.4) The following statements are valid (for all accessibility

relationsr).

a,. T

VA B.0O,(A D B)
VA,B. %, (A D B)
VA, B. 0O, (

v (

VA, B. O

A D B)
AN B)
VA,B. ¢, (A V B)

D (
D (
D (
<
< (

0,4 D 0O,B)
0,4 D ¢, B)
O, A D . B)
0,A A O, B)
O, AV <. B)

The THF encoding of Example (3) is given in Appendix B.

The results of our experiment are given in Table 1. The tablaes are to be interpreted as
follows: THM(40.0) says that a problem was classified asgtben’ within 40.0 seconds. TMO
says that the prover was killed due to reaching the 'timelaunit of 200 seconds. UKN specifies
that the prover stopped proof search but without generatimgclassification result. CSA(0.8)
(cf. Table 2) says that a problem was classified as countisfiable in 0.8 seconds.

The next set of examples is more challenging. These examapeabout counter-satisfiable
statements (in basic multimodal logic K). Proving them isitiovial since the synthesis of ap-

propriate accessibility relation® and propositionst, B are required.

1)
(2)
3)
(4)
(5)
(6)

4These examples are actually already belonging to the ndsdestion, since they rather illustrate the poten-
tial of our systems for reasoning about multimodal logicntieasoning within them — the synthesis of concrete
accessibility relations, for instance, is to the best oflmowledge not supported in traditional, direct approaches



Example 3.2 (cf. [18], Exercise 1.5) The following propositions are not valid.

VA.O,AD A (7)
VA.O,A D 0,0 A (8)
VA, B.O,(A D B) D (0,4 D ¢, B) 9)
o, T (10)
VA.C, A D O, A (11)
VA, B.O,(0,A D B)v 0O,.(0,B D A) (12)
VA,B.O0,.(AV B) D (0,AV 0,B) (13)
VA.O, (0,4 D A) DO A (14)

The encoding of these examples is analogous to the encotilihg previous ones. However,
for each problem we also formulate a second question whialsether there is an accessibility
relationr such that the proposition is not valid. For instance, forrggke 8 this second question,
called problem (8a) below, is encoded as follows:

% --- include the definitions for quantified nultinodal |ogic
i nclude(’ QWL. ax’).
% --- conjecture statenment

t hf (conj, conj ecture, (
? [R mu > nu > $0]
~( nvalid
@( mall _prop
@ [A nmu > $0]
( mmpl @( nbox @R @A)
@( nbox @R @( mhox @R @A) ) ) ) ) )).

The results of this experiment are given in Table 2. Note thatprovers generate the ex-
pected results for examples (7),(7a),(9),(9a),(10) X104), and (14a), that is, the model finder
IsabelleM finds a countermodel for Examples (7),(9),(10) é14) and even the provers can
show that there exists countermodels by proving the cooredipg statements (7a),(9a),(10a),
and (14a).

For the remaining problems the task is more challengingghand we will illustrate this
with the help of Example (8), the transitivity axiom. Thisi@x is not valid and correctly none
of the theorem provers signals that a proof can be found. ftinfately, the model generator
IsabelleM does not generate a countermodel either. We thias prove (8a) which states that
there is an accessibility relatidi such that the transitivity axiom is invalidated.

JR.(—valid VA. (Op A D Oz 0Oz A))

We would expect that this statement can be quickly provedwhsgtantiating variablé? with a
non-transitive relation. For good reasons our proverddailo so. In fact, our provers also fail to
prove the related statement

JR. —(transitive R)



Problem IsabelleP LEO-II TPS IsabelleM
(7) TMO UKN TMO CSA(1.6)
(7a) THM(79.6) THM(62.4) THM(0.2) TMO
(8) UKN UKN TMO TMO
(8a) UKN TMO TMO CSA(1.6)
(9) UKN TMO TMO CSA(1.7)
(9a) UKN THM(64.9) THM(0.2) TMO
(20) UKN UKN TMO CSA(1.5)
(10a) THM(78.9) THM(63.4) THM(0.2) TMO
(11) UKN UKN TMO TMO
(11a) TMO TMO UKN CSA(1.6)
(12) TMO UKN TMO TMO
(12a) UKN TMO TMO CSA(1.8)
(13) UKN UKN TMO TMO
(13a) UKN TMO TMO CSA(1.7)
(14) UKN TMO TMO CSA(1.6)
(14a) UKN THM(72.5) THM(8.6) TMO
Table 2:

The reason is that without further assumptions this statéimsenot a theorem. We have neither
assumed the axiom of infinity nor that there exist at leastdifferent possible worlds. Hence,
our domain of possible worlds may well just consist of a sengbrld w in which case a non-
transitive accessibility relation cannot be provideds ithus not surprising that IsabelleM finds a
countermodel to statement (8a). Unfortunately, it doesnoteed though to find a countermodel
to the original problem.
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3.2 Reasoning about Multimodal Logics

The literature on modal logics is full of theorems and studercises illustrating the relation-
ships between properties of accessibility relations ameesponding axioms (respectively axiom
schemata). Therefore, the question that interests us sieMhether such meta-theoretic results
can be automatically proved by our higher-order reason&kesagain study the examples given
in Goldblatt’s textbook [18]. First we encode various actasity relation properties in simple
type theory.

reflexive = ARVS.RSS (15)
symmetric = ARVS,T.(RST)= (RTS) (16)
serial = ARVS.IT.(RST) a7
transitive = ARVS,T.U.(RST)N(RTU))= (RSU) (18)
Euclidean = ARVS,T,U.(RST) A (RSU)) = (RT U) (19)
partially_functional = ARVS,T,U.(RST)N(RSU)) = (T'=0U) (20)
functional = ARVS.IT.(RST)AVYU.(RSU) = (T U) (21)
weakly dense= AR.VS,T.(RST)= 3JU.(RSU)AN(RUT) (22)
weakly_connected= AR.VS, T, U.(RST)AN(RSU)) =
((RTU)V(T =U)V (RUT)) (23)
weakly directed = AR.VS, T,U.(RST)AN(RSU)) =
IV.(RTV)AN(RUV) (24)

The formulation of these accessibility relation properiie THF syntax is straightforward,
for example’

thf (ntransitive, definition,
( nmransitive
=(""[R mu>mu>8%0]: ! [S m,T: nuU mij:

((R@sS @T) &(R@T @U)) == (R@S @V))))).

The corresponding axioms are given next.

VAO, A D A (25)
VAAD OO, A (26)
VA.O,A D O, A (27)
VA.O,A D 0,0 A (28)
VA, A D 0,0, A (29)
VA.C, A D O, A (30)
VAO, A < O, A (31)
VA.O,O0,4 D 0O A (32)
VA,B.O. (AN (O0,AD B))vO.(BA(O.BDA) (33)
VA.©,0,A D 0,0, A (34)

SWe have decided to use a prefix 'm’ for all these example todaetiashes of these definitions with inbuilt
concepts in our reasoners using the same name.



Problem IsabelleP LEO-II TPS IsabelleM
(15)= (25) THM(90.0) THM(0.0) THM(0.3) TMO
(16) = (26) THM(113.7) | THM(0.0) THM(0.2) TMO
A7) = (27) THM(102.1) | THM(0.0) THM(0.3) TMO
(18) = (28) THM(123.2) | THM(0.0) THM(8.1) TMO
(19) = (29) THM(131.7) | THM(0.0) THM(0.6) TMO
(20)= (30) THM(125.8) | THM(0.0) THM(1.1) TMO
(21)= (31) THM(156.3) | THM(0.0) TMO TMO
(22)= (32) THM(105.1) | THM(0.0) THM(1.1) TMO
(23)= (33) THM(42.6) THM(0.0) THM(0.2) TMO
(24)= (34) THM(178.1) | THM(0.0) THM(0.2) TMO
(15) < (25) THM(75.3) THM(0.0) THM(0.2) TMO
(16) < (26) UKN TMO THM(0.5) TMO
A7)« (27) THM(89.6) THM(0.0) THM(0.2) TMO
(18) < (28) TMO TMO TMO TMO
(19) < (29) UKN TMO TMO TMO
(20) <= (30) TMO THM(6.2) THM(47.9) TMO
(21) <= (31) TMO TMO THM(151.3) | TMO
(22) <= (32) TMO TMO TMO TMO
(23) <= (33) UKN TMO TMO TMO
(24) < (34) THM(85.1) THM(0.1) THM(148.5) | TMO
Table 3:

11

Example 3.3 (Correspondence of accessibility relation pgerties and axioms)
Propertyk (k = (15), ..., (24)) holds for accessibility relation if and only if the corresponding
axiom (k+10) is valid.

As an example we present the encoding of problem &&28) in Appendix C. The outcome
of this experiment is summarized in Table 3. Except for 4 duhe 20 problems our provers
collectively are able to come up with the expected results.
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3.3 Epistemic Reasoning

In this section we encode epistemic reasoning problems iirframework. The examples are
taken from Baldoni [5].

Example 3.4 (Epistemic reasoning: The friends puzzle) (i) Peter is a friend of John, so if Pe-
ter knows that John knows something then John knows that laeters the same thing. (ii) Peter
is married, so if Peter’s wife knows something, then Petemisithe same thing. John and Peter
have an appointment, let us consider the following situmti@) Peter knows the time of their
appointment. (b) Peter also knows that John knows the plabeio appointment. Moreover, (c)
Peter’s wife knows that if Peter knows the time of their appmient, then John knows that too
(since John and Peter are friends). Finally, (d) Peter krnibassif John knows the place and the
time of their appointment, then John knows that he has aniaijppent.

From this situation we want to prove (e) that each of the twamfits knows that the other one
knows that he has an appointment.

For the three persons in this puzzle, John, Peter and Pefiéx'swe introduce corresponding
accessibility relationgohn, peter, andwife(peter) For this example it is sufficient to require the
S4 axioms, that is, a knowledge or truth axioms (cf. 25) arsitpe introspection axioms (cf. 28)
for each accessibility relation. Alternatively, we hergquie that the accessibility relatiojehn,
peter, andwife(peter)are reflexive and transitive.

% - - -

t hf (peter,type,( peter: mu > nmu > $0 )).

t hf (j ohn,type, ( john: mu > nmu > $0 )).

thf(wife, type,(wife: ( mu>nm > % ) >nmu >nmu > $0 )).

0% - - -

thf (refl _peter,axiom ( nreflexive @peter )).

thf (refl _john,axiom ( nreflexive @john )).

thf (refl _wfe_peter,axiom( nreflexive @( wife @peter ))).
thf (trans_peter,axiom ( ntransitive @peter )).

thf (trans_john,axiom ( nmransitive @john)).

thf (trans_wife peter,axiom( mransitive @( wife @peter ))).

It is clear that the following S4 axioms are implied by theeaditions on the accessibility rela-
tions ( ranges ovewife(peter) peter, andjohn).

K(i)=VAOADA T@{)=VADADDODOA

We again use our reasoners to verify this. We only check dhifwife(peter)) and T(wife(peter));
the results are given in Table 4.

Next, we encode the facts from the puzzle. For (i) we provigeraistence axiom and for (ii)
an inclusion axiom:

VA. l:lpeterDjohnA 2 Djohn DpeterA (35)
VA. Ijwife(peter)A > IjpeterA (36)
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Problem IsabelleP LEO-II TPS IsabelleM

K(wife(peter)) | THM(89.4) THM(0.0) THM(0.3) TMO

T(wife(peter)) | THM(178.3) | THM(0.0) TMO TMO

Example 3.4 | TMO THM(0.1) TMO TMO

Example 3.5 | UKN THM(0.3) TMO TMO
Table 4:

Finally, the facts (a)-(d) and the conclusion (e) are endaefollows (time, place, and appoint-
ment are propositional constants, that is, constants @fityp o in our framework):

Opetertime (37)
Opeter Jjohn place (38)
|:'Wife(peter)(Dpetertime D Ijjohn time) (39)
OpeterDjonn (Place A time D appointment (40)
Ojohn OpeterappointmentA O peter Ojonn @ppointment (41)

The THF encoding of the entire example is presented in AppeddTable 4 shows the results
of our experiment.

In the modeling of our next example we also follow Baldoni.

Example 3.5 (Wise men puzzle) Once upon a time, a king wanted to find the wisest out of his
three wisest men. He arranged them in a circle and told thetnhila would put a white or a
black spot on their foreheads and that one of the three spmikiwertainly be white. The three
wise men could see and hear each other but, of course, thé&y mousee their faces reflected
anywhere. The king, then, asked to each of them to find outdle of his own spot. After a
while, the wisest correctly answered that his spot was white

The encoding of the example is presented in Appendix E angéh®rmance of our provers
shown in Table 4. For explanations on the modeling of thisrg{a we refer to [5] pp. 55-57.
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4 Qutlook

This work presented in this paper has its roots in the LEOrtijgzt (in 2006/2007 at Cam-
bridge University) in which we first studied and employed phesented embedding of quantified
multimodal logics in simple type theory [8] Subsequently, we have applied the idea also to
propositional intuitionistic logics and to access contaglics [6, 9]. And similar results are
possible for various other non-classical logics that haentdiscussed in the literature.

For example, to model temporal logic in our framework, we rfigayarticular accessibility
relations relationgpastandfuture Moreover, we require that both relations are transitiveé an
mutually inverse. This can be easily done by stating:

(transitive pastA (transitive future (42)
VS, T.(pastS T') < (futureT S) (43)
(44)

We may then introduce further temporal operators, for exangwaysandsometimgboth
in the past, at present, and in the future):

always= AA.OpastA A A A Ogyure A (45)
sometime= AA. OpastA V A V Onre A (46)

The exploration of (quantified) temporal logic is future woFuture work also includes fur-
ther extensions of our embedding to also cover quantifiedithydgics [13, 14] and full higher-
order modal logics [17, 20]. A first suggestion in directiodnhigher-order modal logics has
already been made [8]. This proposal does however not yeesslthtensionality aspects. How-
ever, combining this proposal with non-extensional natioh models for simple type theory
[7, 21] appears a promising direction.

Our overall goal is to show that various interesting norssieal logics can be fruitfully mech-
anized and partly automated in modern proof assistantstixthelp of our embedding. We also
want to motivate the integration of our automatic highetesrreasoners in modern proof assis-
tants as well as the development of further automated r@agdwmols for classical higher-order
logic. It is obvious that the existing reasoners should geiécantly improved for fruitful appli-
cation to challenge problems in practice. This seems naasanable though. Moreover, when
working with our reasoners from within a proof assistanttbiee user may provide interactive
help, for example, by formulating some lemmas or by spltimoof tasks in simpler subtasks.
In this context it seems also useful that our reasoners pgroof objects in a standard proof
representation format, e.g., in the TSTP format, and thedrsstation from this format into the
proof representations used in the proof assistants isgedvi

Finally, it may be possible to formally verify the entire trg of our embedding within a
proof assistant.

5This paper was written in 2007.
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A Modeling quantified multimodal logic in simple type theory

8
% File : QW. ax
% Domai n : Quantified multinodal |ogic
% Pr obl ens :
% Ver si on
% English : Enbedding of quantified nultinmodal logic in
% simpl e type theory
% Ref s
% Sour ce : Formalization in THF by C. Benznuell er
% Nanmes :
% St at us
% Rat i ng
% Synt ax :
% Comments :
S T
% --- declaration of additional base type nu
t hf (mu, type, (
mu: $t Type )).
% --- nmodal operators not, or, box, Pi
t hf (mot, definition,
( mot

= ( A [Phi: mu > $o, W mu]
~ ( Phi @W) ) )).

t hf (nor, definition,
( nor
=( ~[Phi: mu > $o,Psi: nu > $0, W nu]
( ( Phi @W)
| ( Psi @W) ) ) )).

t hf (nmbox, definition,
( nbox
=(*"[R mu>nu > $o,Phi: mu > $o, W mu]
P [V mu] o
(~(R@wW@V)
| ( Phi @V) ) ))).

( mall_
=( A [Phi: $i > nmu > $o, W mu]
PIX $i]
( Phi @X @W) ) )).

thf (mal | _prop, definition,
( mall _prop
= (A [Phi: (mu>$0) >nmu > %o W mij
P [P mu > $0] :
( Phi @P @W) ) )).

% --- further nodal operators
thf (ntrue, definition,
( ntrue

=(™~[W mui : $true ) )).
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thf (ntrue, definition,
( nfal se
= ( mall _prop
@™ [P: mu > $0] :
( Mot @ntrue ) ) )).

t hf (mand, definition,
( mand
=( NMN[Phi: mu > $0,Psi: nu > $0] :

( mot @( nmor @( mmot @Phi ) @( mmot @Psi ) ) ) ) )).

thf (m npl, definition,
( minpl
= ( ~ [Phi: nu > $0,Psi: nu > $0] :

( mor @( Mot @Phi ) @Psi ) ) )).

t hf (mequi v, definition,
( nmequiv
= ( ~ [Phi: nu > $0,Psi: nu > $0] :
( mand @( mnmpl @Phi @Psi )
@( mnpl @Psi @Phi ) ) ) )).

t hf (ndi a, definition,
( mdia
=(~"[R nmu>nu > $0,Phi: mu > $0] :

( Mot @( nbox @R @( mot @Phi ) ) ) ) )).

thf (mexi _ind, definition,
( mexi_ind
=( ~[Phi: $i > nu > $0] :

( mmot
@( mall _ind
@" [ X $i] :

( mot @( Phi @X) ) ) ) ) )).

t hf (mexi _prop, definition,
( nmexi_prop
=( ™~ [Phi: (mu>% ) >nm > $0] :
( Mot
@( mall _prop
@™ [P: mu > $0] :
( mot @( Phi @P) ) ) ) ) )).

% --- tenporal |ogic

t hf (past, type, (
past: mu > mu > $o0 )).

thf (future, type, (
future: mu > nu > $0 )).

t hf (past _transitive, axi om
( ntransitive @past )).



thf (future_ transitive, axi om
( mransitive @future )).

t hf (past _future, axi om (
F'[S: nmu, T: mu]
( ( future @S @T )
<=> ( past @T @S ) ) )).

% --- definition of always
t hf (mal ways, definition,
( mal ways

=("~"[A mu > $0] :
( mnd @( mand @( nbox @past @A) @A)
@( nmbox @future @A) ) ) )).

% --- definition of sonetine
t hf (nmsoneti ne, definition,
( nsonetine
=("~"[A mu > $0] :
( mor @( nor @( nmdia @past @A) @A)
@( mdia @future @A) ) ) )).

S
%--- definition of validity
thf (mvalid, definition,

( nvalid

= ( ~ [Phi: mu > $0]

' [W mu]
( Phi @W) ) )).

% --- definition of satisfiability

thf (nmsati sfi abl e, definition,
( nsatisfiable
=( ~ [Phi: mu > $0]
?2 [W mi] :
( Phi @W) ) )).

%--- definition of countersatisfiability
t hf (ncount ersati sfiabl e, definition,
( ncountersatisfiable
= ( ~ [Phi: mu > $0]
?2 [W mij] :
~ ( Phi @W) ) )).

%--- definition of invalidity
thf (m nvalid, definition,
( mnvalid
= ( ~ [Phi: mu > $0]
' [W mu]
~( Phi @w) ) )).

% --- definition of properties of accessibility relations
thf (nrefl exive, definition,
( nreflexive

19
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=("[R mu>nm > $0] :
' [S: nu]
(R@S @S) ) )).

t hf (msymmretric, definition,
( nmsymmetric
=("[R mu>nm > $0] :
P [S: nu, T: mu]
((R@S @T)
= (R@T @S) ) ) )).

thf (nserial, definition,
( nserial
=("[R mu>n > $0] :
'S nmu]
2 [T mi :

(R@s @T7) ) )).

thf (ntransitive, definition,
( ntransitive

=(~"[R mu>nm > $0] :
P'[S: nmu, T: mu, U nmu] :
((( R@s @T)
&( R@T @U) )
= (R@s@u) ) ) )).

t hf (meucl i dean, defi ni ti on,
( neuclidean
=("[R mu>nm > $0] :
IS mu, T: mu, U mu]

(

=>

)
) ).

/\@/\
@ XX
90

s @t
s @u
@u)

— — —

(
(
R

thf (npartially functional,definition,
( npartially_functional
=(~"[R mu>n > $0] :
P [S: nu, T: mu, U nmu] :

((( R@s @T)
&( R@s @u) )
= (T=U))))).
t hf (nfunctional , definition,
( nfuncti onal
=("[R mu>nm > $0] :
'S nmu]
2 [T miy :
((R@s@T)
&! [U miy] :
((R@s @u)
= (T=U))))))

t hf (mnveakl y_dense, definition,
( mmeakl y_dense
=("[R mu>nm > $0] :
P'[S: nmu, T: mu, U nmu] :



((R@S @T)

= ? [U m] :
((R@s @u)
&(R@QU@T) ) ) ) ).

t hf (mneakl y_connect ed, definition
( rnweakl y_connect ed
=(*"[R mu>m > $0] :

P[S mu, T: mu, U mu] :

t hf (mreakl y_directed, definition
( mmeakly _directed
=("*"[R mu>m > $0] :

P[S mu, T: mu, U mu] :

(((R@S@T)
&( R@s @U) )

= ? [V. m] :
((R@T @V)
&(R@U@V))))))

21
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B A simple problem encoding

% File

% Domai n

% Pr obl ens :
% Ver si on

% Engl i sh

% Refs

% Sour ce . Formalization in THF by C. Benznuell er
% Names

% St at us

% Rat i ng

% Synt ax

% Comrent s

% --- include the definitions for quantified nultinodal |ogic

i nclude(’ QWL. ax’ ).

% --- conjecture statenent
t hf (conj, conj ecture, (
' [R mu > nu > $0]
( nvalid
@( mall _prop
@™ [A mu > $0]
( mall _prop
@™ [B: mu > $0] :
( minmpl @( mia @R @( ninpl @A @B) )
@( mnpl @( mhox @R @A)
@( mia @QR@B) ) ) ) ) ) )).
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C Correspondence between accessibility relation properis and
modal axioms

%File

% Domai n

% Probl ens :
% Ver si on

% Engl i sh

% Ref s

% Sour ce : Formalization in THF by C. Benznuell er
% Nanmes

% St at us

% Rat i ng

% Synt ax

% Comments :

% --- include the definitions for quantified multinodal |ogic
i nclude(’ QWL. ax’).

- conjecture statenent
thf (conj, conj ecture, (
' [ R mu > mu > $0] :
( ( nvalid
@( mall_prop
@™ [A nmu > $0] :
( mnpl @( nbox @R @A)
@( mbox @R @( mbox @R @A) ) ) ) )
=> ( nmransitive @R ) ) )).
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D A simple example in epistemic logic

% File

% Domai n :
% Probl ens :
% Ver si on

% Engl i sh

% Refs :
% Sour ce : Formalization in THF by C. Benznuell er
% Nanmes :
% St at us

% Rat i ng

% Synt ax :
% Comment s :

% --- include the definitions for quantified nultinodal |ogic

i nclude(’ QWL. ax’ ).

% ---
t hf (peter, type, (
peter: nmu > mu > $0 )).

t hf (j ohn, type, (
john: mu > nu > $0 )).

thf (wfe,type, (
wife: (mu>mu >% ) >nmu >nmu > %0 )).

% - - -
thf (refl _peter, axi om
( nreflexive @peter )).

thf (refl _j ohn, axi om
( nreflexive @john )).

thf (refl_wi fe_peter, axi om
( nreflexive @( wife @peter ) )).

thf (trans_peter, axi om
( ntransitive @peter )).

t hf (trans_j ohn, axi om
( ntransitive @john)).

thf (trans_w fe_peter, axi om
( nransitive @( wife @peter ) )).

% - - -
t hf (ax_i, axi om
( nvalid
@( mall_prop

@™ [A nmu > $0] :
( mml @( mbox @peter @( nmbox @john @A) )
@ ( nbox @john @( nbox @peter @A) ) ) ) )).
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thf (ax_ii, axi om
( nvalid
@( mall _prop
@" [A mu > $0] :
( mml @( nmbox @( wife @peter ) @A)
@ ( nbox @peter @A) ) ) )).

thf (tine,type, (
time: mu > $0 )).

t hf (pl ace, type, (
place: mu > $o0 )).

t hf (appoi nt nent , t ype, (
appoi ntnent: nmu > $o0 )).

t hf (ax_a, axi om
( mvalid @( nbox @peter @tine ) )).

t hf (ax_b, axi om
( nmvalid @( nmbox @peter @( nmbox @john @place ) ) )).

t hf (ax_c, axi om
( nvalid @( nmbox @( wife @peter )
@( mMnml @( nbox @peter @tine )
@( mbox @john @tinme ) ) ) )).

t hf (ax_d, axi om
( nvalid @
( nmbox @peter
@ ( nmbox @j ohn
@( mMnmpl @( nmand @pl ace @tine )
@appointnment ) ) ) )).

thf (conj, conj ecture,
( nvalid @
( mand @ ( nbox @ peter
@( nmbox @john @appointnent ) )
@ ( nbox @] ohn
@( nbox @peter @appointnent ) ) ) )).
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E Wise men puzzle

%
%
%

File
Dormai n
Problems : Wse nen puzzle

% Ver si on

%
%
%
%
%
%
%
%
%
%

%

Engl i sh

Ref s : Matteo Bal doni, Norrmal Miltinmodal Logics: Automatic
Deducti on and Logi ¢ Programm ng Extension, Phd thesis,
Uni versita degli studi di Torino, 2003, pp.55-57

Sour ce . Formalization in THF by C. Benznuell er

Nanmes :

St at us

Rat i ng

Synt ax

Comment s :

--- include the definitions for quantified nultinodal |ogic

i nclude(’ QWL. ax’ ).

%

thf (a, type, (

a: mu > mu > %0 )).

t hf (b, type, (

b: mu >nu > $0)).

thf (c, type, (

c: mu>mu > %0 )).

t hf (f ool , type, (

fool: mu > mu > $0)).

thf (ws, type, (

%

ws: ((mu>nmu >% ) >nu > $0 )).

t hf (axi om 1, axi om

(

%

nvalid @( nbox @fool @
(mr @( ws @a) @( nor @( ws @b ) @( ws @c ) ) ) ) )).

thf (axiom 2 _a b, axi om

(

nvalid @( nbox @fool @
( minpl @( Wws @a ) @( nbox @b @( ws @a) ) ) ) )).

t hf (axiom 2_a _c, axi om

(

nmnvalid @( nbox @fool @
( mnpl @( ws @a ) @( nbox @c @( ws @a ) ) ) ) )).

t hf (axiom 2_b_a, axi om

(

nvalid @( nbox @fool @
(mMml @( ws @b ) @( nbox @a @( ws @b ) ) ) ) )).

thf (axiom 2 b c, axi om



( nvalid @( nbox @fool @
( mnpl @( ws @b ) @( nbox @c @( ws @b ) ) ) ) )).

thf (axiom 2_c_a, axi om
( mvalid @( nbox @fool @
( mMnpl @( ws @c ) @( nhox @a @( ws @c ) ) ) ) )).

thf (axiom 2 b_a, axi om
( nvalid @( nbox @fool @
(minpl @( ws @c ) @( mbox @b @( ws @c ) ) ) ) )).

% - - -
thf (axiom 3 _a b, axi om
( nvalid @( nbox @fool @
( mml @( mot @( ws @a ) )
@( mbox @b @( Mot @( ws @a ) ) ) ) ) )).

thf (axiom 3 _a c, axi om
( nvalid @( nbox @fool @
( mml @( mot @( ws @a ) )
@( mbox @c @( Mot @( ws @a ) ) ) ) ) )).

thf (axiom 3 _b_a, axi om
( nvalid @( nbox @fool @
( mml @( mot @( ws @b ) )
@( mbox @a @( Mot @( ws @b ) ) ) ) ) )).

thf (axiom 3 _b_c, axi om
( mnvalid @( nbox @fool @
( mml @( mot @( ws @b ) )
@( nmbox @c @( Mot @( ws @b ) ) ) ) ) )).

thf (axiom 3 _c_a, axi om
( nvalid @( nbox @fool @
( mnpl @( Mot @( ws @c ) )
@( mbox @a @( Mot @( ws @c ) ) ) ) ) )).

thf (axiom 3 _b_a, axi om
( nvalid ( nbox @fool @
( minpl @( Mot @( ws @c ) )
@( nmbox @b @( Mot @( ws @c ) ) ) ) ) )).

% - --
thf (t_axiomfor_fool, axi om

( nvalid

@( mall _prop

@" [A mu > $0] :
( minmpl @( nmbox @fool @A) @A) ) )).

t hf (k_axi om for_fool, axi om
( nvalid
@( mall _prop
@” [A mu > $0] :
( mnpl @( nbox @fool @A)
@( nbox @fool @( mbox @fool @A) ) ) ) )).
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thf (i __axiom for_fool a, axi om
( nvalid
@( mall _prop
@™ [Phi: mu > $0] :

( mnpl @( nbox @fool @Phi )
@( mbox @a @Phi ) ) ) )).

thf (i _axi om for_fool b, axi om
( nvalid
@( mall _prop
@™ [Phi: mu > $0] :

( nminmpl @( mbox @fool @Phi )
@( nmbox @b @Phi ) ) ) )).

thf (i _axi om for_fool c, axi om
( nvalid
@( mall _prop
@” [Phi: mu > $0] :

( nminmpl @( mbox @fool @Phi )
@( nbox @c @Phi ) ) ) )).

% - - -
t hf (a7_axi om for_fool _a_ b, axi om
( nvalid
@( mall _prop
@™ [Phi: mu > $0] :
( mnmpl @( nbox @a @ Phi )
@( nbox @b @ ( nbox

t hf (a7_axi om for_fool _a_c, axi om
( nvalid
@( mall_prop
@” [Phi: mu > $0] :
( mnpl @( nbox @a @ Phi )
@( nmbox @c @( nbox

t hf (a7_axi om for_fool _b_a, axi om
( nvalid
@( mall _prop
@” [Phi: mu > $0] :
( mnmpl @( nbox @b @ Phi )
@( mbox @a @ ( nbox

t hf (a7_axiomfor_fool b _c, axi om
( nvalid
@( mall_prop
@™ [Phi: mu > $0] :
( mnmpl @( nbox @b @ Phi )
@( nmbox @c @( nbox

t hf (a7_axiomfor_fool _c_a, axi om
( nvalid
@( mall _prop
@” [Phi: mu > $0] :
( mnpl @( nbox @c @ Phi )
@( nmbox @a @ ( nbox

@a @ Phi

@a @ Phi

@b @ Phi

@b @ Phi

@c @ Phi

) ) ) ) ).

) ) ) ) ).

) ) ) ) ).

) ) ) ) ).

) ) ) ) ).



thf (a7_axi om for_fool _c_b, axi om
( nvalid
@( mall _prop
@™ [Phi: mu > $0] :
( mnpl @( nbox @c @Phi )

@( mbox @b @( mbox @c @Phi ) ) ) ) )).

% - - -
t hf (a6_axi om for_fool _a_b, axi om
( nvalid
@( mall _prop
@" [Phi: mu > $0] :
( mml @( Mot @( nbox @a @Phi ) )
@( nmbox @b @( mmot @ ( nmbox @a @ Phi )

thf (a6_axi om for_fool _a c, axi om
( nvalid
@( mall _prop
@™ [Phi: mu > $0] :
( mml @( Mot @( nbox @a @Phi ) )
@( nbox @c @( mot @( nbox @a @Phi )

thf (a6_axi om for_fool b _a, axi om
( nvalid
@( mall _prop
@™ [Phi: mu > $0] :
( mmpl @( Mot @( nbox @b @Phi ) )
@( nbox @a @( Mot @( nbox @b @ Phi )

t hf (a6_axi om for_fool _b_c, axi om
( nvalid
@( mall _prop
@" [Phi: mu > $0] :
( mMmmpl @( Mot @( nbox @b @Phi ) )
@( mbox @c @( mmot @ ( nmbox @b @Phi )

thf (a6_axi om for_fool c_a, axi om
( nvalid
@( mall _prop
@™ [Phi: mu > $0] :
( mml @( Mot @( nbox @c @Phi ) )
@( nmbox @a @( mmot @ ( nmbox @c @ Phi )

t hf (a6_axi om for_fool _c_b, axi om
( nvalid
@( mall _prop
@™ [Phi: mu > $0] :
( mmpl @( Mot @( nbox @c @Phi ) )
@( nbox @b @( Mot @ ( nbox @c @ Phi )

% ---
t hf (axi om 4, axi om

( nvalid @( mot @( nbox @a @( ws @a ) ) ) )).

t hf (axi om 5, axi om

)) -

).

).

)) -

)) -

).
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( nvalid @( mot @( mbox @b @( ws @b ) ) ) )).

% - - -
t hf (conj, conj ecture,

( nvalid @( nbox @c @( ws @c ) ) )).



