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Abstract

This documenteportson theresearctprogresanadein all work taskof the CALcULEMUS IHP Training
Network HPRN-CF2000-00102fterthefirst half of the 48 monthsfundingperiod.

Theobjectivesof the CALCULEMUS Network are:

1. outlinethe designof a new generatiorof mathematicasoftwaresystemsaandcomputeraidedverifi-
cationtools;

2. thetrainingof youngresearcheri the broadfield of mechanicateasoningandformal methods;
3. thedisseminatiorof theresultsbothin industryandin academiaand

4. the cross-fertilisatiorandamalgamatiorf the automatedheoremproving (ATP/DS),computeral-
gebra(CAS), termrewriting systemgTRS) interactive proof developmentsystemg1TP) and soft-
wareengineering SE) researcltommunities.

Thework tasksof the Network are:

Task1.1: MathematicaFrameavorks

Task1.2: Definition of MathematicaService

Task2.1: Integrationof CASsandDSsvia Protocols

Task2.2: Enhancinghe Reasonindg®ower of ComputerAlgebraSystems
Task2.3: Enhancinghe ComputatiorPawer of DeductionsSystems
Task3.1: AutomatedSupportto Writing MathematicaPublications

Task3.2: Supportto the Developmentof an Industrial-StrengthApplication of Formal Methodsto Pro-
gramVerification

Task3.3: Supportto the Solutionof UndeigraduatéExamin CalculusandEconomics
Task3.4: Modelling of Existing SystemsasMathematicalServices

Task3.5: ChallengeMathematicaProblems
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Intr oduction

Themainresearclobjective of the CaALcuLEMUS Network is to fostertheintegrationof deductiorsystems
(DS)andcomputeralgebrasystemgCAS) bothat a conceptuaandata practicallevel. Thepoint of origin
for this kind of researchis a landscapef heterogeneouapproachesnd systemson both sidesof the
spectrumwherethe diversityonthe DSssideis probablygreaterthanon the sideof CASs.

Sinceits startin SeptembeR000the CaLcuLEMUS Network hascontributedto the corvergenceof DSs
and CASs throughits researchon unifying frameworks for encodingand combining computationand
deduction the identificationof the architecturakequirementgor a new generatiorof reasoningsystems
with combinedreasoningand computationapower, andthe prototypicalimplementatiorandapplication
of theimproved systems.However, a single predominantheoreticalframenork is currentlynot possible.
Suchanapproachwould particularlyinvolve predominansolutionsto thestill ratherdiverging systemsat
both sidesof the spectrumbetweenDSsand CASs! Thereforea strongline of researctin the Network
focusesonthemodellingandintegrationof CASsandDSsat the systemdayer. In thisresearctdirection,
significantprogresshasbeenmadeand several systemsof projectpartnersand other researchnstitutes
have beenconnectedn orderto form networks of cooperatingnathematicatervicesystemsThebenefits
andimpactsof suchintegrationshave beeninvestigatedn prototypicalcasestudies.

Theresearchersf the CALCULEMUS Network alsofosteredthe MathematicaKnowledgeManagement
(MKM, EU MKMNET IST-2001-37057Yyesearclhinitiative; see[73, 19]. This relatively youngline of
researctadoptsa broadermerspecitie on the future of mathematicgresearclandpublicationpractice ed-
ucation,andknowledgemaintenancein the21stcentury A significantamountof CALCULEMUS research
is MKM relevantandis currentlybeingtakenup in this communityin orderto adoptandintegrateit into
thebroadetM KM perspectie.

The extensie researclactiities of the CALcuLEMUS Network arefurthermoreshavn inter alia by three
specialissueof the Journalof SymbolicComputatior{226, 9, 176 andthefollowing internationakvents:
CALCULEMUS Symposiunm2000in St. Andrews, Scotland 150, 226, CALCULEMUS Symposiun001in
Sienajtaly [176], CALCULEMUS Symposiun?002in Marseilles Francg87, 99], CALCULEMUS Autumn
School2002in Pisa,ltaly [38, 39, 40, 277

In thefollowing paragraphsve sketchthe highlightsof our researchin the differentwork tasks;for more
detailedreportsto all taskswe referto [37].

Task 1.1: Mathematical Frameworks TUE andNijmegenUniversity investigatedype theoryfor the
purposeof formalisingmathematicsBarendrgt andGeu\ers[34] give anoverview of typetheory how it
is usedto representogic andmathematiceandwhatissuesandchoicescomeup. Typetheory(encodedn
OPENMATH) asaway for communicatingnathematicss proposedn [33] andin [96] it is shovn how a
proof presentatioranbe generatedrom aformalisedproofin typetheory This paperarguesthat‘formal
contexts’ in Cogcanbeusedasa basisfor interactive mathematicatlocumentsThistopicis alsotreatedn
[214]. An in-depthdiscussiorof thevariouswaysto treatcomputationsn theoremproversis givenin [32]
andfurtherrelatedwork is presentedn [54].

The Network hasalsostudiedotherapproacheso theoremproving andtheir capacitiego integratecom-
putationgseealso[265]). Thisincludesproof planning,asdevelopedandemployedby thenodesUSAAR

andUED. In the QMEGA system[238], at USAAR, symbolic calculationscan be integratedinto proof
planningin two ways: (i) to guidethe proof plannerandto prunethe searcrspaceby computinghintswith

controlrulesand(ii) to shorterandsimplify theproofsby callinga CAS within theapplicationof amethod
to solve equations As a side-efectboth casesanrestrictpossibleinstantiationf meta-\ariables.These
approachearediscussedh [105, 243 194, 239.

An investigatiorinto theuseof deductionfor theimplementatiorof correctcomputationsvithin computer

1The Network is thereforealsostriving towardsthe definition of a uniform theoreticaframeawork for DSs;see for instance[24]
for somepreliminarywork.
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algebrasystemwasconsideredit UGE andis presentedn [3].

The THEOREMA systemdevelopedat RISC,aimsatprovidingonemathematicalrameavork encompassing
all aspect®f algorithmicmathematicspotablytheaspect®f proving, computingandsolving se€[72, 67,

68].

In [153, 154 it is critically arguedby UBIR thataspectof mathematicatonceptsjncluding procedural
knowledge, are hard to reconstructfrom the formalisationin deductionsystems. This work points to
limitations of theflexibility of mathematicatepresentationahich applyto all our currentapproaches.

Task 1.2: Definition of Mathematical Service The primarygoalof this Taskis theenhancemerdf ex-
isting computerlgebrasystemsanddeductve systemsy turningtheminto opensystemsapableof using
and/orproviding mathematicaservices.After a preliminary analysisof the state-of-the-arbf reasoning
systemsit wasdecidedo tacklethe problem,in parallel,by atop-davn anda bottom-upapproach.

In thetop-dowvn approachnew infrastructuregbothattheconceptualspecificationandarchitecturalevel)
for the seamlesintegrationof mathematicaserviceshave beeninvestigated.This wasintendednot only
for currentsystemsbut alsoandin particularfor futureimplementationsTo this extentparticularemphasis
wason thedefinitionof frameworks (languagesprotocols,semanticspecificationsarchitecturaschemata)
suitablefor makingmathematicaservicesaccessiblevertheweh Therelevanttop-dovn approacheare:
OMRS(OpenMechanisedReasoningystemsylevelopedoy UGE andITC-IRST [5], LBA (Logic Broker
Architecture)developedby UGE [17, 18], MathWeb-SB(MathWeb SoftwareBus) developedby USAAR
[278], MathBroker developedby RISC [186]. Thesenetworks canthemselesbe coupledagainas, for
instanceexemplarilyinvestigatedn [276).

In the bottom-upapproachwe have investigatechow complex mathematicakervicescan be built out
of simplerones. A particularemphasisasbeendevotedto decisionproceduresandin particularto the
integrationof procedurespecificfor solvingmathematicaproblemswith deductve proceduresExamples
for bottom up approachesre CCR (ConstraintContectual Rewriting) developedby UGE and MathSat
[129, 22, 21, 20, 23], developedby ITC-IRST.

In Task 1.2 the CALCULEMUS network also closely cooperatesvith the EU project MONET (project
numberlST-2001-34145Rnda joint workshog hasbeenorganisedoy O. Caprottiin November2002at
RISC.In MONET specialontologiescomprisingmathematicaproblems queriesandserviceshave been
definedandinvestigated.

Task 2.1: Integration of CASsand DSsvia Protocols Cooperatioramongseveral software systems
canbe achievedwith indirect, unidirectionalandbidirectionalcommunication.The goal of this taskis to
investigatehow protocolscanbe definedto provide a semanticaswell assoundnessesultsfor systems
exchangingmathematicainformation. This definition hints at several othertasksin the Network dealing
with very similar problems. This is for exampletrue whendefininga context for a computationandis
partly coveredin Task1. Unidirectionaland bidirectionalcommunicationprotocolsare designedvhen
couplingdirectly differentmodules.Althoughthereareno directlinks betweerthe serviceswith indirect
communication,nteractionis possiblewhen systemscan communicatewith a commonuserinterface,
centralunit, mediatoror evaluator This approachwhich is partly basedon a joint work with ITC-IRST
on OMSCS(OpenMechanisedsymbolicComputatiorSystems)hasbeeninvestigatedvithin the KoMET
systemat UKA see[86, 164, 119, 88].

A semanticganbeprovidedby atleastthreeapproacheda) defineamathematicasoftwarebus, (b) define
a context from which a semanticcanbe derived, (c) formulatethe problemasa knowledgerepresentation
paradigm.

Theseapproachearesharedy severalof the partnersindeed they leadto introducemulti-agentsystems,
contets, andontologieso just quotea few featureqseefor instancehe LBA andthe MathWeb-SB).

2Seewww.esblurock.com/~ocaprott/mathbrokerwS.htm I .
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Task 2.2: Enhancingthe ReasoningPower of Computer Algebra Systems Enhancemeraf CASwith
reasoningpower canbe attemptedat differentlevels: (a) enhancememf CAS on the SystemLevel, (b)
enhancemerdf CAS onthe TheoryLevel, and(c) enhancemerdaf CAS onthe UserLevel.

Direction (a) canbe achieved by addingadditionalreasoningcapabilities,i.e., logical inferencesystems,
to algorithmsbuilt into the CAS. The ConstraintContextual Rewriting (CCR) frameavork developedby
UGE canbeusedin orderto integratethe evaluationmechanisnof the CAS MAPLE with anappropriate
decisionprocedurdor checkingside-conditionssee[3] and[14].

Direction (b) canbe achieved by addingprovenknowledgeaboutCAS functionsto the CAS knowledge
base. The HR system,developedat UED, hasbeenusedto conjecturepropertiesof functionsavailable
in the MAPLE algorithmlibrary from empirical patternsdetectedn computationablataproducedby the
CAS|[108.

Direction (c) can be achieved by giving the CAS userthe possibility to prove mathematicaktatements
using proof techniquedrom logic within the CAS in additionto the computingfacilities thateachCAS
offers. In the framework of the CALcuLEMUS Network, thework of RISC representshis aspecbf CAS
enhancementThe THEOREMA system,see[75], is an add-onpackagefor the widespreadand popular
CAS Mathematicavherethe userformulatesmathematicatheoremsandprovesthementirely within the
Mathematiceervironment.

Task 2.3: Enhancing the Computation Power of DeductionsSystems UED investigatedhecombina-
tion of the proof-plannet\Clam [228] with othersystemdor computationallycostlytasks.This includes
(a) animplementatiorof the Gs flexible decisionproceduresystemframework in (Teyjus) LambdaProlog
andwithin the \Clam proof planningsystem[83] and(b) theintegrationof the A\Clam proof-planneinto
the MathWeb-SBsystem[114].

UED alsoinvestigatedhecombinatiorof systemgo discoverattackgo securityprotocolg244, 245. This
work makesuseof computationapower in thatit generates large numberof clausesn its processing.

Furtherrelevant work hasbeendonein the AClam proof-plannerto constructvery large and modular
proof-plansfor complicatedealanalysisheoremg131, 179 18(.

The QMEGA proof plannerat USAAR hasbeencoupledwith differentCASsvia MathWeb-SB,see[243,
194, 239. TheQANTS approacho integrateCASsinto mathematicahssistansystemss sketchedn [44,
43, 49, 50]. Thiswork proposesanagent-basethodellingof inferencerulesandexternalsystemsatavery
basiclevel within theoremprovers.

Finally, work doneat UBIR andUGE which rendertechniquedrom automatedeasoningighly efficient
by usingenhanced¢omputationapower arepresentedn [139, 140, 141] and[20, 23, 6]. Furtherrelevant
work is givenin [225].

Task 3.1: Automated Support to Writing Mathematical Publications Typically, amathematicapub-
lication containsthefollowing ingredients:naturallanguagedext, mathematicaformulae,formal text (i.e.
definitionsandtheorems)proofs,examples(typically with computations)andgraphics(tables,drawings,
sketches.etc.). In the optimal case,a software systemfor supportingmathematicapublicationswould
supportall thesefacetsof mathematicapublications. Several systemsandlanguage$iave beenusedfor
casestudiedn thisarea:

(a) The MIZAR approach(at UWB) is basedon two kinds of software which automatethe processof
writing formal mathematicapapers:(i) softwareusedto prepareanarticleasaformal text whosecorrect-
nessis computerverified and (i) the software for automatic(or semi-automaticjranslationinto natural
language(particularly English); this includesalso the software for translationinto XML-basedformats.
The cooperationwith other CALCULEMUS sitesincludesdevelopmentof the MIZAR MathematicalLi-

brary (MML) and also the abore mentionedtranslationinto XML formats. Relevant publicationsare
[199, 126 29, 30, 31].
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(b) THEOREMA is aprototypicalsoftwaresystemdesignedo give computersupportto the working math-
ematicianduring all phaseof mathematicahctivity. Severalfeaturesqualify THEOREMA asa powerful
systemfor creatingmathematicapublicationsentirely insidethe system.“Classical’ mathematicatlocu-
mentscanbewritten thatareintendedmainly for printout,asfor instancehethesig268] or theconference
paperg266], [267], and[269]. In the casestudies,however, emphasifhasbeenput on usingthe THE-
OREMA systemfor developinginteractize lecturenotesfor university mathematicgourses.Mostly since
the THEOREMA languages very similar to the languageusedin “ordinary mathematics'the systemis
highly suitablefor this approachbothin illustrating computation-basedoursesaswell asin supporting
proof-orientedcourses.

(c) The OMDoc [157] contentmarkupschemewhich hasbeendevelopedat USAAR, supportsauthors
with writing formal mathematicalocumentsncluding articles,textbooks,interactve booksandcourses.
OMDoc allows to capturethe semanticsandstructureof thesedocumentsVarioustools areavailableto
transformOM Doc documentsnto otherformatsfor presentatiopurposegusing,e.g.,MathML) or to
supportinter-systemcommunicatior(e.g.,by transformatiorinto thelogic of atheoremprover).

(d) TUE hasdevelopedthe MATHDOX tool supportinginteractive mathematicalocuments. MATHD OX
is basedon DocBooOK but alsohassimilaritiesto OMDoOcC.

Task 3.2: Support to the Developmentof an Industrial-Str ength Application of Formal Methods to

Program Verification In additionto formal methodswhich is undoubtediythe mostimportantapplica-
tion areafor ourresearchye haveidentifiedtheeducatiorsectorasanotheiinterestingapplicationfor DSs
and CASs. Actually the systemsTHEOREMA (RISC)and ACTIVEMATH [197] (USAAR), which make

useof toolsandapproachesdevelopedin the CALcULEMUS Network, arealreadyemployedin education
practice.Anotherexampleis theM ATHDOXx tool developedat TUE sincethenext versionof theinteractve
textbook Algebra Interactive![104] will appeatin this format.

Formalmethodapplicationscurrentlypursuedn the Network include(a) anapproacho supportthe veri-

ficationof hybrid systemsawith the help of mathematicaservicesn MathWeb-SB[42, 41] — cooperation
of UGE,USAAR, UED, (b) theinvestigationwvhetherspecialisedeasoningoolswithin the MathWeb-SB
canfruitfully supportthe formal verificationof informationflow propertiesanderrordetectionin security
protocols [23] — cooperatiorof UGE, USAAR, UED, ITC-IRST, and(c) the applicationof proof plan-

ning in first-orderlinear temporallogic (FOLTL) to featureinteractionsasthey arisein large telephone
networks [100] — at UED.

Task 3.3: Support to the Solution of Undergraduate Exam in Calculus and Economics In this Task

we focus on simple, mathematiceducationorientedproblemswith a strongemphasion the particular

way the problemsaresolved,how interactionwith the useris supportecandhow the solutionis presented.
We analysewhetherour systemscanbe employedin a userfriendly and adequatevay and whetherthe

interactionandmathspresentatiorcapabilitiesof the systemsareappropriate.

A taskrelevantcasepursuedat NijmegenUniversitycompare$iow the problemof proving theirrationality
of v/2, which involves computationscan be proved in fifteen differenttheoremproving ervironments
(includingsystemf the CALcULEMUS Network) [265, 263 240, 48, 239.

Among the casestudiesthat are currently being startedat USAAR are exercisesfrom the GermanBun-
deswettbererb Mathematikand Calculusexercisesbeingencodedandinvestigatedn the ACTIVEMATH

project. Empirical studiesat USAAR investigateshe phenomenaf naturallanguagedialogwith mathe-
maticalassistansystemsn proof exercisesn naive settheory

Task 3.4: Modelling of Existing Systemsas Mathematical Sewvices Thework in this Tasksofar has
concentratedoth on developingtherequiredinfrastructurglanguagesprotocols semanticspecifications,
architecturaschematafor makingexisting systemsnter-operateandon studyingextensionsandenhance-
mentsof the reasoningcapabilitiesof someexisting tools. The relevant contribtutionsare: (i) MathSat
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frameawork developedat ITC-IRST [22, 21], (ii) the RDL (Rewrite andDecisionprocedure_aboratory),
(iii) theLBA [17, 18, 276 developedby UGE, (iv) themodellingof existing systemsfor instance A\Clam
developedat UED [228], asmathematicaservicesn MathWeb-SBdevelopedat USAAR [114].

Furtherwork at USAAR concentratesnthemediationof mathematicaknowledgebetweerthemathemat-
ical knowledgebaseM BAse, which hasbeenintegratedto the MathWeb-SB,andmathematicahssistant
systemssuchas{)MEGA [122, 48, 47)].

Task 3.5: Challenge Mathematical Problems During the work on the above taskssomechallenging
mathematicaproblemshadto be tackledalready in orderto have non-trivial working examples. Some
of the examplesweredoneeitherby single partnernodesor in collaborationbetweersomeof the nodes.
The examplesinclude: (i) Fundamentalheoremof Algebra[125, 124, (ii) Involutive Bases[89, 85,

(iiiy Explorationin Finite Algebra,(iv) The ResidueClassDomain[192, 195 193 194, (v) Proving with

Invariants[196], (vi) The Jordancurve theoremfor specialpolygons,(vii) Continuoudattices[163], (viii)

Ordersortedalgebraqd257, 253 256, (ix) Proofsin HomologicalAlgebra, (x) Proofsin GraphTheory,
(xi) Explorationin Zariski SpacesFurtherrelatedwork is givenin [45, 46)].

10



Task 1.1: Mathematical Frameworks

TASK LEADER: TUE
SCIENTISTSIN CHARGE: ARJEH COHEN, HENK BARENDREGT, HERMAN GEUVERS, FREEK WIEDEJK
RESEARCH TEAM: USAAR, UKA, RISC, TUE, UBIR

1.1.a Overview

Theoremproversare notably good at reasoningandlessappropriatefor computation. The reasonis that
to presere the soundnessf the logic of the theoremprover, one canonly allow computationghat are
“correct”: simplifying v/2 to z in a real numberexpressionmay speedup computationbut combined
with the reasoningfacilities of a theoremprover, it alsoallows to derive 1 = —1, which is obviously
undesirable.In a computeralgebrasystem,the useris left responsibldfor checkingthe side conditions
underwhichtheoutputis valid, but for atheorenproversystemthisis notgoodenough:thewholepointof

theoremproversis thatthey preventthederiving of invalid statementsSoit seemghat (fast)computation
and (correct)reasoningare antipodesandto a certainextentthatis true: if one holdsno responsibility
for correctnessit will in generalbe easierto write fastalgorithmsthat suffice for mostcases. On the
otherhand,if onedisallons fang/ computationsandrestrictsoneselfto simple (userguided)equational
reasoningijt is easierto presere correctnessBut of coursethereis roomfor improvementon both sides
of this spectrum.Computeralgebrasystemscanbe made“aware” of sideconditionsunderwhich certain
algorithmsarecorrectandtheorenproversmaybeenhancedy (userdefined provencorrect)computation
facilities.

In Section1.1.btype theoryis introducedas a formalismwhich is expressve enoughto include com-
putationsvia inductive datatypesandreflectionwithin the formalismitself. The computationgrovided
by external systemscan be usedto justify proof stepsandfor the introductionof witnesstermsin proof
planning;this is describedn Sectionl.1.c. The useof deductionfor the implementatiorof correctcom-
putationswithin computeralgebrasystemsandthe THEOREMA systemdevelopedat RISC are presented
in Section1.1.d.

In Sectionl.l.eit is amguedthat aspectof mathematicabonceptsjncluding proceduraknowledge,are
hardto reconstructrom the formalizationin deductionsystems.

1.1.b Computation using Type Theory

The Type Theory of Coq

We have madesereralinvestigationsnto theuseof typetheoryasabasisfor formalizingmathematicsThis
work hasbeencarriedout at NijmegenUniversity (NL) which is a sub-siteof EUT. Theseinvestigations
have beenof atheoreticahature but we have alsodonepracticalexperimentdy doinglargeformalizations



Task1.1: MathematicaFramevorks

in the type theoretictheoremprover Coq (this is part of Task 3.5) and by improving the computation
capacitieof typetheoretictheoremproverslike Coq(thisis partof Task2.3). In this Sectionwe focuson
thetheoreticainvestigationsve have madeinto theapplicationof typetheoryfor formalizingmathematics.
An importantfocusis on the way type theorydealswith computationswhich will be discussedn more
detailin the Sectionl.1.b. Here,wefirst explain thebasicrelevantideasof typetheory

In type theoryoneinterpretsformulasandproofsvia the well-known ‘formulas-as-typesand ‘proofs-as-
terms’embeddingpriginally dueto Curry, HowardandDe Bruijn. Underthis interpretationaformulais
viewedasthetype of its proofs.Hence a statemenin typetheoryof theform

M:A
canbereadin thefollowing two ways:

e M isanelemenbfthesetdenotedy A,

e M is aproofof theformuladenotedy A.

In the casethat M denotesa proof, it is actuallya term notationfor a naturaldeductionstyle derivation.
Themainconsequenceas this approachowardstheoremproving arethat

e Proofcheckingis Type checking,

¢ Interactive TheoremProving is theinteractize constructiorof atermof agiventype.

TheProofAssistantCoqgis aninteractive theoremprover basedon typetheory: theimplementedyped-
calculusis the Calculusof InductiveConstructionsCIC: a versionof constructve higherorderlogic with
powerful inductivetypes.ThesystemCoqprovidestheuserwith powerful tacticsto interactively construct
a proof term. In this constructionprocessthe systemguaranteeshe type correctness.An important
distinctionto be made— which is a basicphilosophybehindtype theoreticproverslike Coq- is the one
between

e Checkingan alleged proof: this is easy comparablewvith checkingthe syntacticcorrectnesof a
computermprogram,

e Constructinga proof for a given formula: this is hard (undecidablén general),comparablewith
constructinga programthat satisfiesa givenspecification.

In type theoreticprovers, the first taskis performedby a type chedking algorithm, the secondtask is
performednteractvely with theuser

An importantissuein (automatedjheoremproving in generals the questionof correctnesof theimple-
mentedsystem.Or, phrasedlifferently: how canwe be surethata formulathathasbeenproved (interac-
tively) by the Proof AssistaniPA) is really true?We maysometimesiot be corvincedthatall the powerful
tacticsthata PA providesaresoundandit occasionallyturnsoutthata PA containsabug. In typetheoretic
PAs, thisissueof reliability is solvedto someextent,becauseghe PA alsoprovidesa prooftermthatcanbe
typechededby theuser usinghis own — relatively easyto write — type checkingalgorithm. Thefeatureof
having proof termsthat canbe checledindependentlyy a relatively smallandeasyalgorithm,is known
astheDe Bruijn criterion, namedafterthefoundingfatherof the Automathproject.In this projectthefirst
PAs basedntypetheorywereimplementedin factthey wereproof checlersinsteadof proof assistants).

Anotherimportantfeatureof type theoretictheoremproversis the so-calledPoincaré’s principle, which
statesthat propositionswhich canbe verified by a computationare easy;i.e., no proof is required. This
principleis incorporatedn CIC throughthe so-calledcorversionrule: types(and propositions)that are
computationallyequal(corvertible)arenot distinguished This meanghatif we have analgorithm(inside
typetheory)thatcomputes function,sayplusthatcomputesddition,thenplus(1, 1) = 2 doesnotrequire
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a proof, becausehis is just computationallyequalto 2 = 2, which holdsby reflection. We comebackto
this below.

The actualformalizationof mathematicén typetheoryproceeddy building up a context of results.Such
acontext consistf thefollowing items. (z is avariableanda and A aregenerakxpressions)

e z : A with adatatype A. This denotesadeclaration of thevariablez to beof type A.
e z : A with apropositionatype A. Thisdenoteshe assumptior{'named’x) of A.
e z := a: A with adatatype A. Thisintroducesa definitionof z asa, whereq is of type A.

e z := a: A with apropositionatype A. Thisintroducesareferencénamed’z to thelemmaA. Here
a is aproof of A.

Thefirsttwo arecalledvariabledeclarationaindthesecondwo arecalleddefinitions.Notethatareference
to alemmais madeby introducingan abbreviation (definition) of the proof term. Thesedeclarationsand
definitionscanalsobe made‘locally’ (e.g.,underthe scopeof otherbinders).

In thereportingperiodwe have madeseveralinvestigationsnto typetheoryfor the purposeof formalizing
mathematics.Thesehave beenlaid down in the following publications. [34] givesan overview of type
theory how it is usedto representogic and mathematicsand what issuesand choicescomeup. [33]
proposegype theory (encodedn OPENMATH) asa way for communicatingmathematics.[96] shows
how from a formalizedproofin type theorya proof presentatiortanbe generatedlt arguesthat ‘formal
contets’ in Coqcanbe usedasa basisfor interactive mathematicalocumentsThis topic is alsotreated
in [214].

Apartfrom trying toimprovethetypetheoreticapproachywe have alsostudiedotherapproacheto theorem
proving. This wasdoneby the “Fifteen proversof the world” projectof FreekWiedijk, who compares
fifteentheoremproversby studyinghow they (formalizeand)prove theirrationality of /2. See[265] for
apreliminarycomparisonlt turnsout that“proof style” is animportantdistinguishingfeaturein theorem
provers. A theoremprover like Coqhasa “procedural”proof style: the usertypesin “tactics” thatguide
the proof enginein constructinghe proof. A theoremproverlike MIZAR hasa“declarative” proof style:
the usertypesin thereasoningpretty muchin the style of anordinarymathematicapaperandthe system
givesawarningif it cant fill the gaps. The seconds closerto ordinary mathematics.In [262] the two
declaratve proof stylesof MIZAR andIsararecompared.In [264] it is shavn how a declaratve proof
stylecanbe programmedn top of the proceduraproof style systemHol-light.

Computation in Coq

Typetheorypresents powerful formal systemthatnot only captureghe notion of proof (via the socalled
‘propositions-as-typesmbedding’ wheretypesareviewed aspropositionsandtermsas proofs), but also
the notionof computationvia theinclusionof functionalprogramsaritten in typed A-calculus.Thereare
threenotionsof computation:3-, .- andé-reduction. Thefirst is the well-known §-rule from A-calculus,
(Az : AM)N —p M[N/z]. The-reductioncapturesprimitive andhigherorder primitive recursion,
which arisefrom the inductive typesthat aredefinablein CIC (e.g.,naturalnumbers]ists, treesbut also
much more expressie types). The §-reductiondealswith unfolding of definitions: if  := a : A then
M(CL’) —5 M(a)

We have alreadymentionedwo importantfeaturesof type theory(CIC):

e Thedecidabilityof type checking(D proof checking)

e ThePoincaé principle: computationsio notrequirea proof.

13
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Thesdmply thatnotall computationganbeformalizedin CIC: If f isafunction(algorithm)onthenatural
numbersthen‘reflexivity’ is a proof of f(0) = 0 if andonly if the computationof f on 0 yields0. In
CIC, all computationgerminateandaredeterministic dueto thefactthatfor definingfunctionsthereis a
fixed schemeahat usessyntacticrestrictionsto preventnon-termination.The ‘fix ed schemefor functions
forcesa userto defineall functionsby structuralrecursion,which is often felt asa limitation. Several
proposalhave beenmadeto alleviate therestrictionsposedby the structuralrecursion(without giving up
the decidability of type checking). The ‘Bove-Caprettaapproactof [54], jointly developedin Nijmegen
(CaprettaandGothenlurg (Bove) hasbeenvery successfubsit succeedin taking apartthe definition of
a function, which is donevery muchin a functional programmingstyle, andthe proof that it terminates,
which canbe postponedintil later. It alsoprovidesaway of dealingwith partialfunctions.

In computeralgebrasystemsgcomputations usedto solve problemsnotto write down ‘executableunc-
tions’. In typetheory notablyin CIC, we canalsousethe computingpower of the systemitself to solve
problems.Thisis donemostsuccessfullysingthe socalledreflectionapproach.

Reflectionis the methodof ‘reflecting’ partof the metalanguagen the objectlanguage Thenmetatheo-
retic resultscanbe usedto prove resultsfrom the objectlanguage Reflectionis alsocalledinternalization
or the two level approach: the metalanguage level is internalizedin the objectlanguage.It shouldbe
stressedhatreflectiondoesnot extendthelogic of thetheoremprover, sothereis no possibleconsisteng
problem.It justenhancethereasonindy providing new tactics. The computationshatarecarriedout by
thesetacticsaremainly ‘autarkic’, i.e., they arecarriedwithin the systemitself. [32] containsanin-depth
discussiorof the variouswaysonecantreatcomputationsn theoremprovers.

Thereflectionmethodcanbeappliedquitegenerallyin situationsavhereonehasa specificclassof problems
with a decisionfunction. It is not restrictedto the theoremprover Coq. If the theoremprover allows (A)

userdefined(inductive) datatypes, (B) writing executablefunctionsover thesedatatypesand (C) user
definedtacticsin the metalanguagethenthe reflectionmethodcanbe applied. The classef problems
thatit canbe appliedto arethosewhere (1) thereis a syntacticencodingof the classof problemsasa
datatype, sayvia the type Problem, with (2) a decodingfunction[—] : Problem — Prop (whereProp

is the collectionof propositionsin the languageof our theoremprover), (3) thereis a decisionfunction
Dec : Problem — {0,1} suchthat(4) onecanprove Vp : Problem((Dec(p) = 1) — [p]). Now, if the
goalis to verify whethera problemP from the classof problemsholds,onehasto find ap : Problem such
that[p] = P. ThenDec(p) (togetherwith the proof of (4)) yields eithera proof of P (if Dec(p) = 1)

or it ‘fails’ (if Dec(p) = 0 we obtain no information about P). Note thatif Dec is complete,i.e., if

Vp : Problem((Dec(p) = 1) « [p]), thenDec(p) = 0 yields a proof of =P. The constructionof p

(thesyntacticencoding)from P (theoriginal problem)canbedonein theimplementatiodanguageof the
theoremprover. Thereforeit is convenientthatthe userhasaccesgo this implementatiodanguagethisis
condition(C) above. If theuserhasno accesdo the metalanguagethereflectionmethodstill works, but
theuserhasto constructhe encodingp himself,whichis very cumbersome.

The reflectionmethodturnsout very usefulin practice. We list the usewe have madeof it, alsoin large
formalizations.

¢ In the proof of the Fundamentallheoremof Algebra (FTA), form alizedin Coq, we have imple-
mentedand useda tactic called “Rational”, which solves equationshetweenrational expressions,

like £ x y = 1. To implementit, we have defineda syntactictype of rationalexpressionsandan
Yy

interpretatiorfzunctionto ary field. An extra complicationhereis thattheinterpretatiorfunctionis
partial (the syntacticexpression% doesnothave avalue).

e BasedontheFTA work, Luis Cruz-Filipehasprovedthe Fundamental heorenof CalculusFTC.In
theformalization,a tactic for computingderivativesanda tactic for checkingcontinuity have been
implementedbothusingthereflectionmethod.Seg[111].

e We areworking on a tactic that provesstatementérom primitive recursve arithmeticby replacing
themwith acomputatior(of theassociategrimitiverecursvefunction),usingthereflectionmethod.
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1.1.c Symbolic Computationsin Proof Planning

In the context of this work packageve developeda methodthatenableshe useof symboliccomputations
in deductionmorepreciselyin proofplanning,without sacrificingthecorrectnessf the overall proofsthat
areconstructed The work wascarriedout by researcherat nodesin SaarbiickenandBirminghamusing
the QMEGA system[238, 239.

We will first give a brief introductionto proof planningandits particularitiesin the QMEGA system,and
thenexplainthetwo differentmethodsve have developedto integratecomputeralgebra.

Multi-Strategy Proof Planning

Proofplanning,developedn Edinburghby Alan Bundy[81], considergnathematicalheoremsasplanning
problemswhereaninitial partial planis composeaf theproofassumptionandthetheoremasopengoal.
A proofplanis thenconstructeavith thehelpof abstracplanningstepscalledmethodsthatareessentially
partial specification®f tacticsknown from tacticaltheoremproving. In orderto ensurecorrectnessproof
planshave to be executedo generatea soundcalculuslevel proof.

In the QMEGA system[23§], the traditionalproof planningapproactis enrichedby incorporatingmathe-
maticalknowledgeinto the planningprocesqsee[198] for details). Thatis, methodscanencodegeneral
proving stepsaswell asknowledgeparticularto a mathematicalomain. Moreover, control rules provide
the possibility to introducemathematicaknowledgeon how to proceedn the proof planningprocessy
specifyinghow to traversethe searchspace. Dependingon the mathematicatlomainor proof situation
they caninfluencethe plannersbehaior at choicepoints(e.g.,which goalto tacklenext or which method
to apply next).

Symboliccalculationscanbe integratedinto proof planningin two ways: (1) To guidethe proof planner
andto prunethe searchspacey computinghintswith controlrules. (2) To shorterandsimplify theproofs
by calling a CAS within the applicationof a methodto solve equations. As side-efect both casescan
restrictpossibleinstantiationsof meta-\ariables.

Employing Computer Algebra in Control Rules

Computation®of a CAS canbe employedin controlrulesto influencethe courseof the planningprocess
by preferingapplicablemethodsor to computea propersubstitutiorfor aneededvitnessterm. In thelatter
casea controlrule is triggeredafterthe decompositiorof an existentially quantifiedgoal which resultsin
theintroductionof a meta-\ariableassubstitutefor the actualwitnessterm. After an existentialquantifier
is eliminated the controlrule computes hint with respecto theremaininggoalthatis usedasarestriction
for the introducedmeta-ariable. If hints canbe computedthe meta-\ariablesareinstantiatecbeforethe
proof planningproceedsHowever, the instantiationsuggestedy select-instance aretreatedasa
hint by the proof plannerihatis, they have to beverifiedduringthe subsequentroof planningprocessin
casethe proving attempffails for a particularinstantiationthe proof plannemacktracksandtriesto find an
appropriaténstantiationby crudesearch.

Examplesf its usearegivenin the casestudyfor proof planningin theresidueclassdomain[194], which
is describedn more detail in the reportfor Task 3.5. There,for instance,it is necessaryo showv the
existenceof a unit elemente in a givenalgebraicstructure(S, o). The control rule suppliesa hint asto
whate might be. To obtainsuitablehints, the control rule sendscorrespondingjueriesto the CAS GAP
andMAPLE.

SMeta~ariablesareplace-holdergor termswhoseactualform is computedat a laterstagein the proof search.
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Employing Computer Algebra in Methods

Theway we useCAS computationn methodsis an extensionof previouswork, in particular[152], that
presentgheintegrationof computeralgebrainto proof planning,and[243], thatexemplifieshow the cor-
rectnes®f certainlimited computation®f alarge-scaleCAS canbe guaranteedavithin the proof planning
frameawork. It is basedon the ideato separateomputationand verificationand cantherebyexploit the
factthatmary elaboratesymboliccomputationsretrivially checled. In proof planningthe separatioris
realizedby usinga powerful computeralgebrasystemduring the planningprocesgo do non-trivial sym-
bolic computations Resultsof thesecomputationsarechecled during the refinemenof a proof planto a
calculuslevel proofusinga small,self-tailoredsystenthatgivesusprotocolinformationonits calculation.
This protocolcanbe easilyexpandednto a checkabldow-level calculusproof ensuringthe correctnessf
thecomputation.

An exampleof the useof calculations,s realizedwithin the Solve-Equation methodin theresidue
classcasestudy Its purposeis to justify anequationaljoalusingM APLE and,if necessaryto instantiate
meta-\ariables.In detail, it works asfollows: If anopengoalis anequation,MAPLE’s function solve

is appliedto checkwhetherthe equalityactuallyholds. Any meta-\ariablescontainedn the equationare
consideredasthe variablesthe equationis to be solved for andthey aresuppliedasadditionalarguments
for solve . In casethe equationinvolvesmodulofunctionswith the samefactoron both sides, MAPLE's

functionmsolve is usedinsteadof solve . If MAPLE cansolve the equationthe methodis appliedand
possiblemeta-\ariablesare instantiatedaccordingly The computationis thenconsiderectorrectfor the

restof the proof planningprocess. However, oncethe proof plan is executedM APLE’S computationis

expandednto low level logic derivationsto checkits correctnessThis is donewith the help of a small,

self-tailoredCASthatprovidesdetailedinformationonits computation$n orderto constructheexpansion

[243)].

1.1.d Extending Symbolic Computation with Deduction

Theorema

The THEOREMA system,developedat RISC underthe directionof B. Buchbeger, see[75, 70, 72, 67,
68], aimsat providing onemathematicaframeavork encompassingll aspect®f algorithmicmathematics,
notablythe aspect®of proving, computing andsolving A detaileddescriptionof the THEOREMA system
will begivenin reportfor Task2.2.

The systemarchitecturédbaseon anexisting ComputerAlgebraSystem(CAS), in the concretecaseMath-
ematica see[188], andextendsit with proving facilitiesimplementedn the native programmindanguage
of the CAS.In principle,any CAS offeringprogrammindacilitiescouldbeusedasstartingpoint. Themain
adwantage®f Mathematicdie in theelegantpattern-matchingrientedprogrammingstyleandin the pow-
erful programmableiserfront-end. The Mathematicauserfront-endis—thoughhighly sophisticated—in
its naturecommand-lineoriented,i.e. the userentersa commando the systemandthe systemdisplaysthe
resultof evaluatingthecommand Mathematicacomesasa hugelibrary of algorithmsmainly for computer
algebrarelatedareashasedon exactrepresentationf integers,rationalnumbersandalgebraicnumbers,
andon polynomialandrationalfunctionarithmetic.

The philosophyin Theoemais to provide a uniform mathematicaérvironmentoffering essentiallyjthree
commandseflectingthethreecentralmathematicahctivities:

e Prove for proving formulaew.r.t. to someknowledgebase,
e Compute for computingnormalformsof givenexpressionw.r.t. to someknowledgebase and

e Solve for finding termssatisfyingcertainpropertiesw.r.t. to someknowledgebase.
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For the Prove command,methodsfrom automateddeductionneedto be implementedfrom the scratch.
We mainly emphasize®n automategroving methodghatgeneratgroofsin ahumanreadableand—more
importantly—humarnunderstandablstyle. For a detaileddescriptionof the currentproving capabilitiesof
THEOREMA we referto the reporton Task2.2. The Computecommandmainly baseson the underlying
rewrite engineprovided by the Mathematicasystem. It canalsobe seenasone main interface,through
which the powerful collectionof computationaklgorithmsin the Mathematicakernelcanbe madeavail-
ablein THEOREMA. The Solve commands not yet far investigated Somealgorithmsfor solving special
typesof equationsareavailablein Mathematicabut othermethodsnotablyconstraintsolversfor various
domainsavailableamongthe Calculemushodes shallbeincorporatedat this stage.

Proving, computing,andsolvingwill be organizedn suchaway, thatnot only thesethreecommandsare
availableat thetop-level, but aninteractionbetweerthemcanseamlesslpeintegratedinto the system.It
canbeobsenede.g.in proving, thatanalternatiorof phase®f proving, computingandsolvingis afruitful
stratgyy for automategproof generation.This paradigm called“PCS”, wasinventedin [60] for proofsin
elementananalysis It is, however, thedesignguideline which mary of the proving methodsdevelopedn
theframeof THEOREMA follow, notablythe settheoryproverdescribedn [268]. Analogouslycomputing
will employ phase®f proving andsolvingandsolvingwill integratephase®f proving andcomputing.It
is achallengingtaskfor the systemdesignto setupthe componentsothatall theseinteractionsareeasily
possibleon acorrectandsoundlogical basis.

Constraint Contextual Rewriting in MAPLE

UGE andUKA have jointly worked at the reconstructiorof MAPLE's symbolicevaluatorandits assume
facility, introduced[261] to solve inconsistenciesrisingfrom ruleslike v22 = z. This rule is wrong

unlessz denotesarealnumberandz > 0. Remwing the rule makesthe simplifier correct,but alsoless

powerful. The assumdacility providesa way out of the dilemma: it maintainsa context which enables
the userto specifypropertiesof terms,andthe rule is appliedto an expressionv/a? only if a > 0 canbe

derived from the context. Thus,dueto the additionof the assuméacility, MAPLE’s symbolicevaluator
is a complex mathematicaserviceresultingfrom the combinationof specializedeasoningnodules:the

evaluator the propertyreasonera solver for linear programmingproblems anda generakolver.

The notion of context playsalsoa key role in ConstraintContextual Rewriting (CCR, for short)[14] (cf.
Sectionl.2.f). CCRis apowerful form of conditionalrewriting whichincorporatesheservicegprovidedby
adecisionprocedureln CCR contextualinformationis storedandmanipulatedy the decisionprocedure
whoseinterfacefunctionalitiesareneatlyspecifiedn anabstractvay.

Thegeneralityof theintegrationschemamployedin CCR promotests reuse.lndeedwe have shovn that
MAPLE’s evaluationprocessanberecastin CCRasa setof cooperatingeasoningpecialistavith neatly
specifiednterfaces.Thisis notjustanacademiexercise:

e A fault thatcausedM APLE to returnwrong resultswith somecontexts was discoreredduring the
analysisof the assumédacility. The reasonfor this is thatthe facility is basedon the assumptions
that one of its modules,namelythe solver, is completein the sensethat it usesall the available
assumptionin the context. Thisis notthe case.

e CCR providesa solutionto this problem,at leastif the context containsonly linear equalitiesand
inequalities py integratinglineararithmeticmoretightly with simplificationthanthe presenimple-
mentationin theassumdacility does.

¢ Only acertainclassof lemmasaboutfunctionsis amenabléo theassuméacility. It hasbeenshovn
thataugmentatiortanbe usedto extendthis class.

This leadsalsoto the obsenationthat propertiesof userdefinedfunctionsshouldbe declaredratherthan
programmed.Last but not least, Weibel and Gonnets propertyreasonehasbeenmadeavailableto the
automatedeasoningcommunity
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Theresultsof thiswork have beenpublishedn [3].

1.1.e Designof Mathematical Concepts

It is oneof the deepmathematicainsightsthatfoundationakystemdik e first-orderlogic or settheorycan
be usedto constructiarge partsof existing mathematic&ndformal reasoning.Unfortunately this insight
hasbeenusedin the field of automatedheoremproving asan argumentto disregardthe needfor a di-
versevariety of representationsWhile designissuesplay a major role in the formationof mathematical
conceptsthetheoremproving communityhaslargely neglectedthem.We arguethatthis leadsnot only to
problemsin humancomputerinteraction,but thatit causesevere problemsat the core of reasoningsys-
tems,namelyat their representatioandreasoningapabilities.In orderto improve applicability, theorem
proving systemseedto take careaboutthe representationgsedby mathematicians.

DonaldNormangivesafascinatingntroductioninto “The Designof EverydayThings! His insightsareof

avery generahatureandwe arguethatprinciplesfor gooddesignholdin mathematicaswell. Thedesign
of conceptsn mathematicsakesalot of the burdenon gettingthingsright from thehumanuserby theuse
of appropriaterepresentationsThe differentrepresentationare usedto keepinformationtogethey hide
unimportantdetails,andallow to concentraten theimportantparts.Sometimesheright representatiors
thekey stepin the procesof problemsolving. If onewereto useafoundationakystenmdirectly, however,

everythingwould have to be expressedxplicitly in a uniform representationyhich offersno or only little

structuralsupport.

To exemplify this, we will take a closerlook at multiplicationtables.

o | d - d,
di | ci1 - cin
dn Cnl *tt Cpn

Theinformationaccessiblérom thetableis thatit is abinaryoperationjt is discreteanddefinedon afinite
domain.Domainandrangearedirectly given. Thetablehasits own notion of well-formednessthatis, all
d; have to occurandhave to be different,the tablemustbefully filled. In the designwe find naturaland
cultural constraints.Multiplication tablesare designedn a way that their structureputs“information in
theworld” thatmakesit difficult to violate well-formednessAn underspecificationwould leave a holein
thestructurejt is impossibleto entermorethanoneentryperfield. Furthermorealthoughthe orderof the
d; in the columnsandrows couldin principle be different,cultural corventionspreventthat. Thisin turn
malkesparticularreasoningnethodspossiblewhich areconnectedo the representationFor instancethe
commutatvity of o is checledby verifying thatthetableis symmetricwith respecto the diagonal.

Thiswork hasbeencarriedoutin collaboratiorof thenodesn BirminghamandSaarbiicken. It particularly
involvedthe YVR Martin Pollet. Theresultswherepublishedn [153, 154].
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Task 1.2: Definition of Mathematical
Sewice

TASK LEADER: ITC-IRST

SCIENTISTSIN CHARGE: FAUSTO GIUNCHIGLIA, ROBERTO SEBASTIANI, MARCO BOZZANO, ALESSAN-
DRO CIMATTI

RESEARCH TEAM: USAAR, UED, UKA, RISC, ITC-IRST, UGE

1.2.a Overview

Broadly speaking,a mathematicakerviceis a setof implementationgunning on a particularmachine
which accomplishesomemathematicatask. An implementationis a particularrealizationof an algo-
rithm asexecutablesoftware,possiblywith additionalconstraintson the input andadditionalpossibilities
for the output. Mathematicalservicesare traditionally subdvided into thoseproviding proving, solving
or computingcapabilities[58]. E.g., DeductionSystemsDSs) mostly provide proving serviceswhilst
ComputerAlgebraSystemgCASs)mostly provide solving and/orcomputingservices?

The primarygoal of this taskis the enhancemertf existing computeralgebrasystemsanddeductve sys-

tems, with the aim of turning theminto opensystemscapableof using and/or providing mathematical
services.Sincewe aim at providing a definition encompassinthe compleity of state-of-the-arsystems
(with issuesrangingover from the very theoreticalonesat the mathematicalevel to the very technolog-
ical onesat the communicatiorlevel) we found it cornvenientto pursuea variety of differentapproaches
(classifiedn bottom-upandtop-davn, asstatedbelow).

In particular the supportof communicatiorandinteractionbetweerthesecateyoriesof mathematicaser

vicesis requiredfor tacklingrealproblemsn mathematicsThus,akey goalof thistaskis to find common
frameaworksfor definingmathematicaservicesand descriptionformatsthat abstracfrom the particulari-
tiesof animplementatiorandfocuson the actualproblembeingsolved. To thisaim, it is alsoimportantto

identify the architecturabndfunctionalrequirementge.g,communicatiorprotocolsfor networked math-
ematicalservices)for turning existing systemsJike CASsand DSs, into opensystemscapableof using
and/ordeliveringmathematicaservices.

We summarizévelow thecontributionsrelevantfor task1.2. Thecontritutionsaredetailedn theremainder
of this report. After a preliminary analysisof the state-of-the-arteasoningsystems,t was decidedto
tacklethe problemin parallelby a top-davn anda bottom-upapproach.In the top-dovn approachnewn
infrastructuregboth at the conceptual specificationandarchitecturalevel) for the seamlessntegration
of mathematicaterviceshave beeninvestigated.This wasintendednot only for currentsystemsput also
andin particularfor futureimplementationsTo this extent,a particularemphasisiasbeendevotedto the

4Noticethatthe meaningof theterms“proving”, “solving” and“computing”is not universallystatedandmay be differentamong
thedifferentscientificcommunities.E.g.,in the SAT communitySAT toolsarecommonlycalled“solvers”, whilst in our sensehey
provide proving services.
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definition of frameworks (languagesprotocols,semanticspecificationsarchitecturalschematajpuitable
for makingmathematicaservicesaccessiblevertheweh

Therelevantcontributionsare:

¢ OMRS (OpenMechanizedReasoningsystems)developedby UGE andITC-IRST, is a specifica-

tion framework for logical services An OMRS specificatiorconsistf threelayers:thelogic layer
(specifyingthe assertionsnanipulatedoy the systemand the elementarydeductionsuponthem),
thecontmwl layer(specifyingtheinferencestratgyies),andtheinteractionlayer (specifyingtheinter

actionof the systemwith the environment). Notice that this layering allows for an additionaland
complementaryvay to structurethe specificationswith respecto the standardapproachbasedon
modularity As aconsequenc&MRSspecificationarethereforemorestructuredhancorventional
specificationsThis domain-specifi¢eatureof the OMRS specificatiorframewvork is fundamentato

copewith the compleity of functionalitiesprovidedby state-of-the-arimplementations.

LBA (Logic Broker Architecture),developedby UNIGE, is anarchitecturevhich providesthe re-

quiredinfrastructurdor makingmechanizedeasoningystemsnteroperateln theLBA eachmech-
anizedreasoningsystemis seenasan entity providing and/orrequiringa setof mathematicaker

vices. The LBA provideslocationtranspareny, a way to forward requestdor logical servicesto

appropriatereasoningsystemsvia a simpleregistration/subscriptioomechanismand a translation
mechanisnensuringthe transparenandprovably soundexchangeof logical services.

MathW eb-SB(MathWeb Software Bus) [278] connectsa wide rangeof reasoningsystemgmath-
ematicalservice}, suchasATPs, (semi-) automatedoroof assistantsComputerAlgebra Systems
(CASs),modelgenerator§MGs), constraintsolvers(CSs),humaninteractionunits, andautomated
concepformationsystemsby acommonmathematicasoftwae bus Reasoningystemsntegrated
in the MathWeb-SBcanthereforeoffer new servicego the pool of servicesandcanin turn useall
servicefferedby othersystems.

MathBr oker, developedby RISC, is a software framawork for brokering mathematicakervices
that are distributedamongnetworked seners. The foundationof this framawork is a languagefor

describinghe mathematicaproblemssolvedby the services Senersregistertheir problemsolving

capabilitieswith a”semanticbroker” to which clientssubmitcorrespondingaskdescriptions.

In the bottom-upapproachwe have investigatechow complex mathematicakervicescan be built out
of simplerones. A particularemphasishas beendevoted to decisionproceduresandin particularto
the integrationof procedurespecificfor solving mathematicaproblemswith proceduresvith deductve
power. We providedformal modelingof thefollowing integrationschemata:

20

e CCR (ConstraintContectual Rewriting), developedby UNIGE, is a generalizedorm of rewriting

thatallowsfor the effectiveandplug & playintegrationof decisionprocedures formulasimplifica-
tion. CCRis ageneralizatiorof (contextual) rewriting thatincorporateghe functionalitiesprovided
by a decisionprocedure.The servicesof the decisionprocedureare characterizedbstactly (i.e.,
independenthyof the theorydecidedby the decisionprocedureandthe notationCCR(X) (by anal-
ogy with the CLP(X) notation)is usedto stresshis fact. By using CCR(X) asa refelencemode|
the problemof the integration of decisionproceduresn formula simplificationis reducedto the
implementatiorof a decisionprocedurdor the fragmentof choice.

MathSat [129, 22, 21], developedby ITC-IRST, introducesa formal frameawork, a generalizedl-
gorithmandarchitecturdor integratingboolearreasonerandmathematicasolverssothatthey can
efficiently solve booleancombinationf booleanandmathematicapropositionsMany techniques
aredescribedo optimizethis integration. Moreover, the MathSAT framework evidencesthe main
requirementdooleanreasonerand mathematicasolversmustfulfill in orderto be integratedcor-
rectly andto achieze the maximumbenefitsfrom their integration. The MathSatprocedurg20, 23]
is ITC-IRST implementatiorof anintegratedprocedurébasedn the MathSatframework.
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e AClam is aproof planningsystemwhich hasbeenintegratedinto the MathWeb-SBframework. As
aresult,A\Clam cannow usereasoningervicegrovidedby existing systemsn MathWeb-SB,and,
in turn, provide new reasoningservicego them.

In Task 1.2 the CALCULEMUS network also closely cooperatesvith the EU project MONET (project
numberlST-2001-34145Rnda joint workshop hasbeenorganisedoy O. Caprottiin November2002at
RISC.In MONET specialontologiescomprisingmathematicaproblems,queriesandserviceshave been
definedandinvestigated.

1.2.b The OMRS SpecificationFramework

The OpenMechanizedReasoningystemgOMRS)projecthastheobjective of designinga formal frame-
work for the specificatiorof state-of-the-arprovers.The startingpoint of the OMRS approachs to struc-
turethespecificatiorof asystenin alogic componentacontrolcomponentandaninteractioncomponent,
therebysuggestinghefollowing equation:

OMRS=LOGIC + CONTROL + INTERACTION

Preliminarybut significantresultshave beenobtainedn the applicationof the OMRS framework for sup-
porting (i) the definitionandthe developmentof proversasopenarchitecturesisablein a”plug-and-play”
fashionand(ii) thedesignanddevelopmenif proof-checkabl@andcustomizablegeasoningystems.

Starting from the consideratiorthat any reasoningsystem,as such, performsdeductionswithin some
logic(s), guidedby some(more or lesscomplex) heuristics,and exhibits someinteractioncapabilities,
an OMRS specificationof a reasoningsystemis structuredin a logic componenta control component,
andaninteractioncomponent.Thelogic componenprovidesa descriptionof the assertionsnanipulated
by the systemandthe elementarydeductionauponthem;the controlcomponentllows for the specifica-
tion of the strategies guiding the constructionof comple« deductionsout of the elementaryones;finally

the interactioncomponentpecifieshow the systeminteractswith the externalworld (including human
usersandotherprovers). Crisply separatinghe concernsof the threelayers,resultsin clearerandbetter
specificationsThis is animportantissueasit allows usto copewith thecomplexity of existing systems.

UNIGE (togethemwith ITC-IRST) hascontributedto the definitionof the controllayer of the OMRS spec-
ification framawork [5]. This key ideaof theapproachis to specifythe controllayerby

(i) addingcontrolknowledgeto the datastructuregepresentinghelogic by meansof annotationsthis
leadsnaturallyto anextendednotionof inferencewhich accountdor the simultaneousnanipulation
of logic andcontrolinformation;

(ii) specifyingproof strat@iesvia tactics i.e., expressionglenotingsetsof admissiblederivations.

1.2.c The LBA Architecture

UNIGE hasbothdesignedhe conceptuamodelof the LBA [17, 18] anddevelopedtwo prototypeimple-
mentationof the LBA: onebasedon CORBA and- recently— onebasedon XML. Moreover, a bridge
betweerLBA andMathWebhasbeendefined[27€)].

The Logic Broker Architecture(LBA) addresseshe problemsarising from the integration of different
reasoningsystems.In particulay interconnectiorof two differentreasonerganleadto unsoundresults,
becausef differencesn theunderlyingsemanticsThe LBA architectureaddressethis problemby means

5Seewww.esblurock.com/“ocaprott/mathbrokerwS.htm I .
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C prove (I'|-a) S

subscribe  (Is) LB register  (Is)

Maioh d
t

atcher DB

~_

Figurel: The Logic Broker Architecture.A client C wantsto prove a formula; it subscribests queryto
the Logic Broker (LB), waiting for aresult. LB triesto find in the databas€DB) a sener matchingthe
requestederviceandprovide to C theservicepointet

of adiversificationbetweerthelogic layerandthecommunicatiodayer. A reasoningheorycanbethought
of ascomposedf a sequensystemand someinferencerules, which respectiely modelassertionsand
inferencesteps.Beforeinstantiatinga communicationa client sendgo the Logic Brokera pair containing
its setof inferencerulesandthe servicerequestedThe broker thentriesto make a matchbetweerclient
guery and servicesregisteredin its own database.If thereis a positive result, then the Logic Broker
providesthe connectiorbetweenthe objects. The architecturecanbe seenfrom the point of view of the
client like a library of functions,which canbe easilyintegratedinto the local ervironment,without ary
overheadcomingfrom network connections.Note thatthe client doesnt askabouta specificsener, but
callsaservicelike simplify ~ anequationsolve asetof constraintsetc. As a result,the sameclient
canreceve mary solutionscomingfrom differentsenersandit canapplysomepoliciesto decidewhichis
thebestfor its computation.This level of decisioncanbe shiftedto the broker, askingfor thefirst solution,
or for thecompletdist of them.

Oneof the main goalsof LBA is to useonly consolidatestandardswhich canbe easilyimplementedn
the mostcommondevelopmentervironments. Due to this, the new versionof LBA supportstwo main
technologiesnamelyCORBA and XML. CORBA comesout from the tradition of LBA, guaranteeshe
possibilityto shareanddistribute not only results but alsopartsof the proof or partsof the strateyy, when
thisis possible. XML ensureghe possibilityto communicatevith a large variety of web servicesandto
interpolatedatavery fast. LBA alsousesa standardor sharingmathematicalocumentspamely OPEN-
MATH. Thanksto the extremelyopendesign, OPENMATH canbeusedto describea hugevariety of math-
ematicalknowledge.Everythingis regulatedby the agreemenbf the ContentDictionaries,which contain
the classification®f mathematicakymbols.Eachclient/sener hasits own phrase-boolthattranslateshe
local languagénto thecommonlayer OPENMATH.

1.2.d The MathW eb Software Bus

Specificationof Automated Theorem Provers

In[10], Armando,KohlhaseandRanisepresented firsttaxonomyof possiblestatedor automatedeason-
ing systems.J. Zimmeradaptedhis taxonomyto the specialcaseof AutomatedTheoremProvers(ATPS)
andextendedit by stateswhich describeerrors,timeoutsandsituationswherethe searchs exhaustedor

somereason.First resultsof this work aredescribedn aninformal note[275]. The currentstateof our

taxonomycanalsobeseenin Figure2.

J. Zimmer extendedall first orderATP servicesin the MathWeb-SBsuchthatthe prove servicealways
returnsone of the valid ATP states. Furthermore all first-order ATPsin the MathWeb-SBnow accept
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[ state | ForinputformulaF ATP has
proof founda prooffor F
counter-proof founda prooffor —F'.
valid determinedhat F' is valid by somemethod
unsatisfiable determinedhat F' is unsatisfiabld:<—- —F valid)
satisfiable determinedhat F' is satisfiablghasa model)
counter-sat determined-F' is satisfiablg(hasa model)
successful successfullyerminatecdbut couldnt determineoneof theabore
error detectedanerror(e.g.,incorrectproblemdescription)
syntax-error detectedh syntaxerrorin F
timeout usedup agiventime resourceandis notyet determined
incomplete the prover couldnotgo onwith thesearche.g. SoSempty)
unsuccessful beenunsuccessfulor somereason
determined determinedneof theabove (thiswill neverbeused)
undetermined notdeterminedary state

Figure?2: Valid statesof MathWeb ATPs,wheretheformula F' is logically equivalentto thegivenproblem
description(setof assumptions conclusion).

[ Name | IntegerSort |

Context Sort
Types
Input xs: ListOf  Integer
Output ys: ListOf  Integer
InConstraints le(length(xs),100);
OutConstraints before(x,y, ys) «— ge(x.y);

in(x, ys) < in(x, xs);
ConcDescriptions
TextDescriptions sortlist of atmost100integers

Figure3: A LARKS descriptionof a sortingservicefor integers.

problemdescriptionsn the standardanguage§ PTPandOMDoc. Thedescribedvork formsa crucial
steptowardsthe definition of a uniform first-ordertheoremproving servicethatis independenof concrete
implementations.

Capability Description Languagesfor Mathematical Sewvices

In the context of a further agentificationof the MathWeb-SB,J. Zimmer investigatedhe possibleuseof
existing frameavorksfor the descriptionof mathematicakervices.MathWeb agentsshouldoffer abstract
mathematicakervicesthat are describedn a servicedescriptionlanguage. Servicedescriptionsshould
describethevalid inputandoutputparametersf a service aswell asthesemanticsi.e., themathematical
task a serviceperforms(e.g. proof of a theoremor factorizationof a polynomial). Sincethe latter is
closelyrelatedto the definition of webserviceswe studieda possibleuseof framewnorks developedin the
semantioveb community suchasRDF [55], UDDI, andWSDL [103], andof languagesievelopedin the
informationagentscommunity suchasthe capabilitydescriptionanguagd ARKS [247] (a Languagdor
AdvertisemenandRequesfor KnowledgeSharing).

LARKS is expressie, easyto use,andcapableof supportinginferencesn capabilitydescriptions.t also
incorporatespplicationdomainknowledgein agentadwertisementandrequestsDomain-specifiknowl-

edgeis specifiedaslocal ontologiesin the conceptanguagdTL. Figure3 shavsthe LARKS description
of asortingservicefor lists of integers.Theslotsof thedescriptionin Figure3 have thefollowing meaning:

Name The nameof capabilitydescriptionfor humanconsumption.
Context  of keywordsdenotingthe domainof the description.

Types slotallowsto definetypeabbreiationsusingthe existing primitive types.
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Input  (Output ) slotcontainghe specificatiorof theinput (output)parametersf theservice.

InConstraints and OutConstraints slotscontainconstraintson the input and outputvariables.
Theseconstraintareexpressedn Horn clausesanddescribethe actualfunctionality of the service.
In the example,the constraintssay that the outputlist ys containsat leastthe elementsf xs in a

sortedorder

ConcDescriptions cancontainoptionaldescription®f conceptsn theontologydescriptiorlanguage
ITL.

TextDescription describeshe capabilityandthe meaningof the contentof the otherslotsin natural
language.

Usingthisandthetaxonomyof statesdescribedibove, we can,for instancespecifythefirst-ordertheorem
proving serviceasit is offeredby the MathWeb-SB.

[ Name | proveFOP
Context ProofTheory
Types
Input 1: FOConjecture
format: String
replyWith: (state:ATPState , host: String
time: (user:Real , real: Real , sys:Real ));
Output atpresult: (state:ATPState , host: String
time: (user:Real , real: Real , sys:Real ));
InConstraints default(formatitptp”);
default(replyWth, record(pair(state?));
default(time,120);
OutConstraints
ConcDescriptions
TextDescriptions Try to determinethelogical statusof afirst orderproblem.

This descriptiondoesnot containmuchexplicit knowledgeaboutthe semanticof the service.This is due
to thefactthat mostof the semanticss hiddenin the definition of the ATPState sin sectionl.2.d. This
raisesa crucial questionthat hasto be answeredn the context of the definition of mathematicatervice,
namelywhat knowledgeshouldbe locatedin the definition of the ontology andwhat knowledgeshould
explicitly begivenin the servicedescriptionghemseles.

1.2.e The MathBr oker Web Framework

At RISCthe work on Task 1.2 hasmainly beendevotedto the definition of alanguagehatdescribeghe

mathematicaproblemssolved by the services[186]. This languagehasto sene as a foundationfor a

framawork for brokering mathematicakervicesdistributedamongnetworked seners, assuchit extends
WSDL, thewebservicedescriptionanguage Senersregistertheir problemsolving capabilitiessxpressed
in this languagewith a “semanticbroker” to which clients submit correspondingproblemdescriptions.
Thebroker (possiblyin cooperatiorwith a deductionsystem)determineghe suitableservicesandreturns
themto the client for invocation. This mechanisnthus hidesfrom the client the actualimplementation
of mathematicakervicesand focuseson the semanticalaspectscarriedout. The overall designof the

descriptionlanguageis structuredin layerswhich proceedfrom an abstractview, namelythe problem

addressethy the mathematicakervice,all the way down to the hostname-poraddresf the service,as

depictedn Figure4.

Ontopof this,arun-timesystemacceptshedescription®f compoundasksandcoordinatesheinvocation
of the serviceofferedby thebroker. This mechanisnthushidesfrom the clientthe coordinationof math-
ematicalservices.Embeddednto XML-documentsandinterpretedoy browserapplets,suchdescriptions
may actasinteractive hypermedianterfacesfor distributedmathematicahpplications.
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proving

solving
Problem Class computing
simplifying

name
input
Problem output

1/0 conditions

ABSTRACT DESCRIPTION

name
Algorithm complexity

1/0 conditions

name

. 1/O restrictions
Implementation software system

programming language

name
Service host—port address
communication protocol

| PHYSICAL DESCRIPTION |

Figure4: Mathematicakervicedescriptionanguagdayers

The mathematicaservicedescriptionanguagehasbeenpresentedt the InternationalCongresof Math-
ematicalSoftware, in Beijing [98] and at the MathML InternationalConference2002,in Chicago[97].

Sinceapplicationareasarisingfrom thework of the Calculemugartnerd87] arethe prime candidategx-

ampleswherewe intendto applythe mathematicaservicedescriptionanguageye organizedaworkshop
atRISC[187], on Novemberl1-12,20020n thetopic of MathematicaMeb Servicego follow up on the
informal meetingghattook placein Marseille(July 2002)andin Pisa(Septembe002).

1.2.f The CCR Rewriting Framework

The effective integration of decisionproceduresn formula simplification constitutesone of the key in-
gredientsn mary state-of-the-arautomatedeasoningsystems.In mary caseghe interplaybetweerthe
reasoningnodulesis sotight andcomplicatedthat providing an accuratedescriptionof the integrationis
a challenge. As a matterof fact, the descriptionsavailablein literatureare given by examplesor in in-
formal wayswith designdecisionoftenintermixedwith implementatiordetails. As a consequencenost
of the existing integrationschemasare difficult to grasp,makingit very difficult any attemptto modify,
extend,reuse andreasorabout. The goal of the CCR Projectis the integrationof reasoningspecialistsn
simplifiers.

This goal can be achieved in two ways. Firstly, (in mary cases)}he integration of decisionprocedure
in verification systemss performedby meansof a tight cooperatiorbetweena rewriting engineand a
decisionprocedure. Making this cooperationeffective is a dauntingtask and it requiressophisticated
techniquesThedifficultieslie in bothformalizingandproving the desiredoropertiege.g.,termination)of
the designedntegrationschema.Second the decisionprocedurecan be extendedby meansof alemma
speculatiormechanismrin sucha way thatit is capableof tackling problemsfalling outsidethe scopeit
hasbeenoriginally designedor. Devising sound terminating,complete(at leastfor certainsubclassesf
formulae),andefficientmechanisms$o extenddecisionproceduras a very difficult task.

ConstraintContectual Rewriting [6, 15] is a new form of contectual rewriting, basedon the integrationof
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alinear arithmeticdecisionprocedurdn the rewriting actiity of the Boyer andMoore prover, wherethe
decisionprocedures allowedto accesandmodify therewriting context. Undertheassumptiorthatcertain
interfacefunctionalities(satisfyingsomeabstractproperties)are provided by the decisionprocedureDP,

CCRenjoysthefollowing propertieqwhich have beenformally statedandproved): it is parametridn DP,

it is sound,andit is terminating. The formalizationof CCR relieson the notion of Contextual Reduction
System(CRS),which generalizeshe standarchotion of anabstracteductionsystem.Informally, a CRS
is definedby a setof ternaryrelationstogetherwith a setof inferencerulesthat definethe relationsby

(mutual)induction. The conceptof CRSis the startingpoint for formally specifyingandreasoningabout
integrationschemadetweerrewriting anddecisionprocedures.

CCRis at the coreof the simplifier of RDL [6] (cf. Task3.4), a fully automatictheoremprover for the
quantifierfreefragmentof first-orderlogic with equality

1.2.g The MathSat Framework

Moti vations and Goals

Marny real-world problemsrequirethe ability of reasoningefficiently on formulaewhich arebooleancom-
binationsof booleanandunquantifiednathematicapropositionson integer or real variables.(Notewor-
thy examplescomefrom the domainsof compilersdesign[224)], temporalreasonind4], resourceplan-
ning [272], automatederificationof systemswith numericaldata[102] or of timed and hybrid systems
[200, 23], software and protocol designand verification[121, 246].) This ability requiresan efficient
combinationof booleanreasoningandmathematicasolvingcapabilities.

Fromtheviewpointof boolearreasonindSAT), in thelastyearswe have withessedanimpressve advance
in the efficiency of SAT techniqueswhich hasallowed to solve previously intractableproblems. Unfor-
tunately simple booleanexpressionsare not expressve enoughfor representingnostof the real-world
domaindistedabove.

From the viewpoint of mathematicabkolving, in the last yearsalso mathematicakolverslike computer

algebrasystemsand constraintsolvers have very muchimproved both in expressvity andin efficiency,

beingableto solve classef problemswhich were previously unsohableor intractable. Unfortunately
mathematicasolverscannothandleefficiently problemsnvolving heary boolearsearch—or donothandle
thematall— sothatmostof thereal-world domainsabore areout of their reachtoo.

MathSat

MathSaf129, 22, 21] isageneraframewnork proposedy ITC-IRST for efficiently integratingboolearrea-

soningandmathematicatsolvingtools. MathSatconsistsof a formal framework, a generalizedalgorithm

and architecturefor integrating booleanreasonerand mathematicabkolvers so that they can efficiently

solve booleancombinationsof booleanand mathematicapropositions. The basicidea underlyingthe

MathSatapproachs to decomposéhesearchinto two orthogonakomponentspamely onepurely propo-

sitionalcomponenaindone”boolean-free’domain-specificomponen{e.g.,a mathematicatomponent).
The fist componenis basedon a SAT solwer, typically a (modified) Davis PutnamLongemanriLoveland
(DPLL) procedure(The DPLL procedurehasbeenshavn to be preferableto alternatve approachegro-

posedin theliterature,suchas, e.g.,the onesbasedon Disjunctive Normal Form (DNF), TableauSearch
Graph,or (Ordered)Binary DecisionDiagramgOBDDs).)

MathSatdescribesnary techniquego optimizetheintegration,andhighlightsthe mainrequirementSAT
tools and mathematicakolvers mustfulfill in orderto be integratedcorrectly andto achieve the maxi-
mum benefitsfrom their integration. Specifically a suitableSAT tool complieswith the following crucial
requirements:

26



CALCULEMUS Midterm Report

generatiorof completecollectionsof booleanassignments;

generatiorof non-redundantollectionsof booleanassignments;

lazy(i.e.,oneatatime) generatiorof booleanassignments;

optimalspaceperformance;

goodintegrationwith the mathematicasolver componente.g.,it allows for severalrun-timesearch
optimizations).

A suitablemathematicasolver complieswith thefollowing crucialrequirements:

e beincrementalthatis, beableof reusingthe computatiorof previouscallson sub-problemsvithout
restartingfrom scratch;

e beableto providefailure informationwhich candrive thebooleanreasoneim pruningits search.

The ultimate goal of the MathSatframework is to develop tools able to handlereal-world problemsin
complex domaindik e thosedescribedabove. Fromthe viewpoint of booleanreasoningSAT toolscanbe
extendedn suchaway they canhandlealsomathematicatonceptsandoperators Fromthe viewpoint of
mathematicabkolving, computeralgebrasystemsand constraintsolverscanbe enrichedby very efficient
booleanreasoningcapabilities.

Modeling Systemswithin the MathSat Framework

As evidencedin [22, 21], a significantamountof existing procedureusedin variousapplicationdomains
canbe modeledwithin the MathSatframewvork. Theseprocedureitherarepurely symbolicor combine
symbolicandnumerictechniquesThiswill bediscussedvith moredetailsin Task3.4.

The MathSat Procedure

The MathSatsolver [20, 23], developedby ITC-IRST, is a state-of-the-arsolver basedon the MathSat
framework, ableto reasoron booleancombination®f lineararithmeticformulas. The efficiency of Math-

Satis due both to the tight integration of the booleanand mathematicakolving subroutinesandto the
layeredstructureof the mathematicablecider which is organizedinto levels dealingwith subclassesf

formulasof increasingcomplexity. Thiswill be discusseavith moredetailsin Task?2.3.

Applications

The MathSatsolver hasbeenusedto addresserificationproblemsin differentdomains.e.g.,in temporal
reasoning20] andtimed systemd23]. In particular the verificationof timed systemss a very important
and challengingproblem,in that it combinesthe challengeof handling finite-statevariables,which is
typically encodedasa booleandeductionproblem,with the problemsrelatedto time elapsingwhich are
encodednto mathematicatonstraintson real variablesrepresenting@bsolutetime andclocks. This will
bediscusseavith moredetailsin Task3.2.

1.2.h The AClam Proof Planning System

Duringhis stayasayoungvisiting researchefYVR) in Edinburgh,J. Zimmerintegratedtheproofplanning
system\Clam into the MathWeb-SB[114]. Dueto thisintegration,A\Clam cannotonly usetheservices
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[ Name | ripple

Context Rewrite Theory

Types

Input omdoc:OMDog¢

Output result: OMDoc

InConstraints elements(omdod&lements)Jemmas(ElementfevRules)
member(sequeniy, Elements),
not(RevRules= nil).

OutConstraints elements(resul{Sequent]),
not(member(RuleRenvRules),applicable(Rulegoal(Sequent)).

TextDescriptions Triesto reducethedifferencebetweerthe goal of the given
OMDoc sequenaindoneof its hypothesesising\Clams
stepcasemethodandthe rewritesgivenaslemmas
intheOMDoc.

Figure5: Therippling serviceofferedby A\Clam

of ary reasoningspecialistalreadyintegratedin the MathWeb-SB,suchasthe CAS MAPLE, but canalso
offer its theoremproving expertiseto othersystemsn the MathWeb-SB.First, A\Clam offersaninductive

theoremproving serviceto the MathWeb-SBwhich takes a problemdescriptionformulatedin OMDoc

asaninput andruns AClam on the given problem. Second the rippling heuristicsof AClam [241] is

offeredasa servicethattakesa setof rewrite rulesanda proof planningsequentsaninputandappliesthe

rippling methodof AClam with thegivenrewrites. Thetwo servicefferedby AClam arenew examples
for mathematicaserviceofferedby the MathWeb-SBthathave not beendescribedormally until now.

However, we tried to usethe descriptionlanguagd ARKS describedn Sectionl.2.dto give afirst char
acterizatiorof therippling serviceofferedby A\Clam (seefigure5).

1.2.i Discussion

Thereis a growing interestin combiningthe reasoningand computationakapabilitiesof heterogeneous
systems|ik e deductve systemsandcomputeralgebrasystemsln fact, state-of-the-artools arethe result
of mary man-yearof careful developmentand engineeringand usually they provide a high degree of
sophisticatiorin their respectie domain. However, they often perform poorly whenappliedoutsidethe
domainthey have beendesignedor.

We have investigatedwo complementanapproacheso pursuethe above goal. Onthe onehand,we have

explored the possibility of enhancingthe capabilitiesof existing systems(seeSectionsl.2.f, 3.4.band

1.2.h). On the otherhand,we have studiedthe possibility of integrating existing systemshy meansof a

suitableinfrastructureproviding serviceexchangeseeSectionsl.2.b,3.4.d,1.2.dand1.2.e).A particular
emphasishasbeendevoted to the definition of frameworks suitablefor making mathematicakervices
accessiblevertheweh

Unfortunatelyserviceintegration betweendifferent systemsis not an easytask. The main difficulty is

thatmostof the existing reasoningsystemsare conceved andbuilt asstand-alonesystemgo be usedby

humansusers. Moreover, if the logical servicesprovided by the componentreasoningsystemsare not

interfacedin a properway, thenthe logical servicegprovided by the compoundsystemamay be unsound.
This is somethingwhich mustbe carefully avoided, particularlyin all the applicationdomainswherethe
correctnesss of paramountimportanceas, e.g., in the formal verification of safetyor security critical

systems.

For this purpose a reasonablamountof work hasbeendevotedto the identificationof the infrastructure
(i.e.,languagesprotocols semanticspecificationgndarchitecturakchemataheededo implementservice
exchangeandto the investigationof the requirementghat the infrastructureshouldsatisfy During the

workshopon MathematicaMeb Serviced187] organizedby RISCin November2002,a joint discussion
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hasdevelopedbetweemartnersof the CALCULEMUS projectandpartnersof the MONET [201] project.
As aresultof the discussionthe following preliminarylist of requirementgor web-basednathematical
serviceshasbeensingledout:

e mathematicaservicesaresimilar to web servicesjn that: eachserviceis describedy XML-based
meta-informationinformationis publishedjt canbediscoveredandqueriediclientsuseinformation
to find appropriateservicesandconnecto them;

¢ thisprocesshouldbebasedn existing webtechnologieandstandardesmuchaspossible;

e eachservicedescriptioncan be decomposednto multiple partsdescribingdifferentfacetsof the
service eachfacetmay have multiple formalizationlevels, from informal text for humanreadersup
to formal statementshataremachine-understandatdedthushave a precisesemantics;

e descriptionsand facetsmay be organizedin