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synonyms in this talkChur
h's Simple Type TheoryClassi
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HOL (Alonzo Chur
h, 1940)
◮ simple types α, β ::= ι|o|α � β (opt. further base types)
◮ HOL de�ned bys, t ::= pα | Xα

| (λXα sβ)α�β | (sα�β tα)β

| (¬o�o so)o | (so ∨o�o�o to)o | (∀Xα to)o
| (sα =α�α�o tα)o

◮ HOL is well understood- Origin (Chur
h, J.Symb.Log., 1940)- Henkin semanti
s (Henkin, J.Symb.Log., 1950)(Andrews, J.Symb.Log., 1972)- Extens./Intens. (BenzmüllerEtAl., J.Symb.Log., 2004)(Muskens, J.Symb.Log., 2007)Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )
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Opinions about HOL:
◮ HOL is expressivebut . . .
◮ HOL 
an not be e�e
tively automated
◮ HOL is a 
lassi
al logi
 and not easily 
ompatible with

◮ modal logi
s
◮ intuitionisti
 logi

◮ . . .

◮ HOL 
an not fruitfully serve as a basis for 
ombining logi
s
Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Opinions about HOL: Position of this talk
◮ HOL is expressive and we exploit this herebut . . .
◮ HOL 
an ////not be e�e
tively automated (at least partly)
◮ HOL is a 
lassi
al logi
 and ////not easily 
ompatible with

◮ (normal) modal logi
s
◮ intuitionisti
 logi

◮ . . .

◮ HOL 
an ////not fruitfully serve as a basis for 
ombining logi
s. . . I will give theoreti
al and pra
ti
al eviden
eChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Quanti�ed Multimodal Logi
s (QML)as HOL Fragments(jww Larry Paulson)Christoph Benzmüller Combining Logi
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Quanti�ed Multimodal Logi
s (QML)
◮ QML de�ned by s, t ::= P | (k X 1 . . .X n)

| ¬ s | s ∨ t
| 2r s
| ∀iX s | ∀pP s

◮ Kripke style semanti
s
◮ three notions of (QS5) models: (Fitting, J.Symb.Log., 2005)QS5π−QS5πQS5π+ (BenzmüllerPaulson, Te
hn.Report, 2009)Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Quanti�ed Multimodal Logi
s (QML)
◮ QML de�ned by s, t ::= P | (k X 1 . . .X n)

| ¬ s | s ∨ t
| 2r s
| ∀iX s | ∀pP s

◮ Kripke style semanti
s
◮ three notions of (QS5) models: (Fitting, J.Symb.Log., 2005)QS5π− −→ QKπ−QS5π −→ QKπ (
orresponden
e to Henkin models)QS5π+ −→ QKπ+(BenzmüllerPaulson, Te
hn.Report, 2009)Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



(Normal) QML as Fragment of HOL� related, but signi�
antly extending (Ohlba
h, 1988/93) �Straightforward en
oding
◮ base type ι: non-empty set of possible worlds
◮ base type µ: non-empty set of individualsQML formulas −→ HOL terms of type ι � oQML operators as abbreviations for spe
i�
 HOL terms

¬ = λφ λW ι ¬φW
∨ = λφ λψ λW φW ∨ ψW
2 = λR λφ λW ∀V ¬R W V ∨ φV

(∀i ) Π
µ = λτ λW ∀X (τ X )W (quantif. over individuals)

(∀p) Π
ι�o = λτ λW ∀P (τ P)W (quantif. over propositions)Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )
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(Normal) QML as Fragment of HOL
En
oding of validityvalid = λφι�o ∀Wι φW

Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Example: In all r -a

essible worlds exists truthFormulate problem in HOL using original QML syntaxvalid 2r ∃
pPι�o Pthen automati
ally rewrite abbreviations

2r rewrite
−→ . . .

∃
p rewrite

−→ . . .valid rewrite
−→ . . .
βη↓
−→ ∀Wι ∀Yι ¬r W Y ∨ (¬∀Pι�o ¬(P Y ))and prove automati
ally (LEO-II, IsabelleP, TPS, Satallax, . . .here the provers need to generate witness term P = λYι ⊤)Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )
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Soundness and CompletenessSoundness and Completeness Theorem:
|=QMLQKπ s if and only if |=HOLHenkin valid sι�o(BenzmüllerPaulson, Te
hn.Report, 2009)Soundness and Completeness Theorem for PropositionalMultimodal Logi
 (BenzmüllerPaulson, Log.J.IGPL, 2010)

Christoph Benzmüller Combining Logi
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Further interesting Fragments of HOL
◮ Intuitionisti
 Logi
(exploiting Gödel's translation to S4)(BenzmüllerPaulson, Log.J.IGPL, 2010)
◮ A

ess Control Logi
s(exploiting a translation by Garg and Abadi)(Benzmüller, IFIP SEC, 2009)
◮ Region Conne
tion Cal
ulus � later in this talk
◮ . . .

Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning about Combinations ofLogi
sChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning about Combinations of Logi
s: Corresponden
eCorresponden
es between properties of a

essibility relations likesymmetri
 = λR ∀S ,T R S T ⇒ R T Sserial = λR ∀S ∃T R S Tand 
orresponding axioms
∀R symmetri
R 0.0s

⇐0.0s
⇒ valid ∀pφ φ ⊃ 2R 3R φ (B)

∀R serialR 0.0s
⇐0.0s
⇒ valid ∀pφ 2R φ ⊃ 3R φ (D)Su
h proofs � in
luding axioms D, M, 4, B, 5 � 
an beautomated with LEO-II in no-time!Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )
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Reasoning about Combinations of Logi
s: Modal Cube

K KB

M B = MBS4 S5 = M5 = MB5 = M4B5= M45 = M4B = D4B= D4B5 = DB5
K4 KB5 = K4B5 = K4BD D4

K45
D45DBK5

D5 KM 4 5B
modal 
ube reprodu
ed from(J. Garson, Modal Logi
, SEP 2009)Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )
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Reasoning about Combinations of Logi
s: M5 ⇔ D4B
∀R valid ∀pφ 2R φ ⊃ φ

∧ valid ∀pφ 3R φ ⊃ 2R 3R φ }M5
⇔ valid ∀pφ 2R φ ⊃ 3R φ
∧ valid ∀pφ 2R φ ⊃ 2R 2R φ
∧ valid ∀pφ φ ⊃ 2R 3R φ 




D4B

Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning about Combinations of Logi
s: M5 ⇔ D4B
∀R valid ∀pφ 2R φ ⊃ φ

∧ valid ∀pφ 3R φ ⊃ 2R 3R φ }M5
⇔ serial R
∧ valid ∀pφ 2R φ ⊃ 2R 2R φ
∧ symmetri
 R 




D4B

Christoph Benzmüller Combining Logi
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Reasoning about Combinations of Logi
s: M5 ⇔ D4B
∀R re�exive R

∧ eu
lidean R }M5
⇔ serial R
∧ transitive R
∧ symmetri
 R 




D4B

Christoph Benzmüller Combining Logi
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Reasoning about Combinations of Logi
s: M5 ⇔ D4B
∀R re�exive R

∧ eu
lidean R }M50.1s
⇔ serial R
∧ transitive R
∧ symmetri
 R 




D4B

Proof with LEO-II in 0.1sChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning about Combinations of Logi
s: Cube Veri�
ation
S5 = M5 ⇔ MB5

⇔ M4B5
⇔ M45
⇔ M4B
⇔ D4B
⇔ D4B5
⇔ DB5

KB5 ⇔ K4B5
⇔ K4BM5 ⇒ D45D45 ⇒ M5

Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning about Combinations of Logi
s: Cube Veri�
ation
S5 = M5 0.1s

⇔ MB50.2s
⇔ M4B50.1s
⇔ M450.1s
⇔ M4B0.1s
⇔ D4B0.2s
⇔ D4B50.1s
⇔ DB5

KB5 0.2s
⇔ K4B50.1s
⇔ K4BM5 0.1s
⇒ D45D45 ???
⇒ M5Proofs with LEO-II < 0.2s

Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning about Combinations of Logi
s: Cube Veri�
ation
S5 = M5 ⇔ MB5

⇔ M4B5
⇔ M45
⇔ M4B
⇔ D4B
⇔ D4B5
⇔ DB5

KB5 ⇔ K4B5
⇔ K4BM5 ⇒ D45D45 6⇒ M5Countermodel 34.4s (IsabelleN)

Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning about Combinations of Logi
s: Cube Veri�
ation

K KB

M BS4 S5 = M5 = MB5 = M4B5= M45 = M4B = D4B= D4B5 = DB5
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Reasoning about Combinations of Logi
s: Cube Veri�
ationD −→ MIn
lusion statement � 
ountermodel by HOL model �nder?
∀R serialR ⇒ (serialR ∧ re�exiveR)Negated in
lusion statement � proof by HOL ATP?

(world1 6= world2)
⊢

¬∀R serialR ⇒ (serialR ∧ re�exiveR)Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )
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Reasoning about Combinations of Logi
s: Cube Veri�
ation

K KB

M BS4 S5

K4 KB5D D4
K45
D45DBK5

D5 best proving time(se
onds-System)L=LEO-III=IsabelleNS=SatallaxT=TPS
∑

= 95.1se

?

.2-S.3-S.3-S.1-L 4-S.2-L .7-S.2-L
.4-T7-T10-I.4-T 49-T.4-S.6-S .7-S .4-S.8-T10-I.4-T .4-T

4-T.2-L .5-T 3-SChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning about Combinations of Logi
s: Cube Veri�
ation

K KB

M BS4 S5 = M5 = MB5 = M4B5= M45 = M4B = D4B= D4B5 = DB5
K4 KB5 = K4B5 = K4BD D4

K45
D45DBK5

D5 no. of 'proofs'?
4424 36 35
2222 131 3 1212 5

16 5 3Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning about Combinations of Logi
s: Segerberg(Segerberg, 1973) dis
usses a 2-dimensional logi
 providing two S5modalities 2a and 2b. He adds further axioms stating that thesemodalities are 
ommutative and orthogonal. It a
tually turns outthat orthogonality is already implied in this 
ontext.re�exive a, transitive a, eu
lid. a,re�exive b, transitive b, eu
lid. b,valid ∀φ 2a 2b φ ⇔ 2b 2a φ
⊢HOL valid ∀φ,ψ 2a (2a φ ∨ 2b ψ) ⊃ (2a φ ∨ 2a ψ)

∧valid ∀φ,ψ 2b (2a φ ∨ 2b ψ) ⊃ (2b φ ∨ 2b ψ)Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )
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tually turns outthat orthogonality is already implied in this 
ontext.re�exive a, transitive a, eu
lid. a,re�exive b, transitive b, eu
lid. b,valid ∀φ 2a 2b φ ⇔ 2b 2a φ
⊢HOL proof by LEO-II in 0.2svalid ∀φ,ψ 2a (2a φ ∨ 2b ψ) ⊃ (2a φ ∨ 2a ψ)
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Reasoning within Combined Logi
sChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning within Combined Logi
s: Wise Men PuzzleWise Men PuzzleOn
e u�n a time, a kingwanted to �nd t
 wise< out ofhis three wise< men. He ar-ranged t
m in a 
ir
le and toldt
m t	t 
 would put a whiteor a bla� s�t on t
ir fore
adsand t	t one of t
 three s�tswould 
ertainly � white. T
three wise men 
ould see and
ar ea� ot
r but, of 
ourse,t
y 
ould not see t
ir fa
es re-
e�ed anyw
re. T
 king,t
n, asked to ea� of t
m to�nd out t
 
olor of his owns�t. After a while, t
 wise<
orre�ly answered t	t his s�twas white. Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )
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y 
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re. T
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m to�nd out t
 
olor of his owns�t. After a while, t
 wise<
orre�ly answered t	t his s�twas white.

(adapted from (Baldoni, PhD, 1998))
◮ epistemi
 modalities:

2a ,2b ,2
 : three wise men
2fool : 
ommon knowledge

◮ predi
ate 
onstant: ws: 'has white spot'
Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning within Combined Logi
s: Wise Men PuzzleWise Men PuzzleOn
e u�n a time, a kingwanted to �nd t
 wise< out ofhis three wise< men. He ar-ranged t
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ir
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re. T
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m to�nd out t
 
olor of his owns�t. After a while, t
 wise<
orre�ly answered t	t his s�twas white.

(adapted from (Baldoni, PhD, 1998))
◮ 
ommon knowledge:at least one of the wise men has a white spotvalid 2fool (ws a) ∨ (ws b) ∨ (ws 
)if X one has a white spot then Y 
an see this

(valid2fool (ws X ) ⇒ 2Y (ws X ))if X has not a white spot then Y 
an see thisvalid2fool ¬ (ws X ) ⇒ 2Y ¬ (ws X ))X 6= Y ∈ {a, b, 
}Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning within Combined Logi
s: Wise Men PuzzleWise Men PuzzleOn
e u�n a time, a kingwanted to �nd t
 wise< out ofhis three wise< men. He ar-ranged t
m in a 
ir
le and toldt
m t	t 
 would put a whiteor a bla� s�t on t
ir fore
adsand t	t one of t
 three s�tswould 
ertainly � white. T
three wise men 
ould see and
ar ea� ot
r but, of 
ourse,t
y 
ould not see t
ir fa
es re-
e�ed anyw
re. T
 king,t
n, asked to ea� of t
m to�nd out t
 
olor of his owns�t. After a while, t
 wise<
orre�ly answered t	t his s�twas white.

(adapted from (Baldoni, PhD, 1998))
◮ if X knows φ then Y knows thisvalid∀

pφ (2X φ⇒ 2Y 2X φ)

◮ if X does not know φ then Y knows thisvalid∀
pφ (¬ 2X φ⇒ 2Y ¬2X φ)X 6= Y ∈ {a, b, 
}

◮ axioms for 
ommon knowledgevalid∀
pφ 2fool φ⇒ φ (M)valid∀
pφ 2fool φ⇒ 2fool 2fool φ (4)

∀R valid∀
pφ 2fool φ⇒ 2R φChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )
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m to�nd out t
 
olor of his owns�t. After a while, t
 wise<
orre�ly answered t	t his s�twas white.

(adapted from (Baldoni, PhD, 1998))
◮ a, b do not know that they have a white spotvalid¬ 2a (ws a) valid¬2b (ws b)

◮ prove that 
 does know he has a white spot:
. . . ⊢HOL valid2
 (ws 
)

Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning within Combined Logi
s: Wise Men PuzzleWise Men PuzzleOn
e u�n a time, a kingwanted to �nd t
 wise< out ofhis three wise< men. He ar-ranged t
m in a 
ir
le and toldt
m t	t 
 would put a whiteor a bla� s�t on t
ir fore
adsand t	t one of t
 three s�tswould 
ertainly � white. T
three wise men 
ould see and
ar ea� ot
r but, of 
ourse,t
y 
ould not see t
ir fa
es re-
e�ed anyw
re. T
 king,t
n, asked to ea� of t
m to�nd out t
 
olor of his owns�t. After a while, t
 wise<
orre�ly answered t	t his s�twas white.

(adapted from (Baldoni, PhD, 1998))
◮ a, b do not know that they have a white spotvalid¬ 2a (ws a) valid¬2b (ws b)

◮ prove that 
 does know he has a white spot:
. . . ⊢HOL valid2
 (ws 
)LEO-II 
an prove this result in 0.4s

Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning within Combined Logi
s: Epistemi
 & SpatialRegion Conne
tion Cal
ulus (RCC) (RandellCuiCohn, 1992)as fragment of HOL:dis
onne
ted : d
 = λXτ λYτ ¬(
 X Y )part of : p = λXτ λYτ ∀Z ((
 Z X ) ⇒ (
 Z Y ))identi
al with : eq = λXτ λYτ ((p X Y ) ∧ (p Y X ))overlaps : o = λXτ λYτ ∃Z ((p Z X ) ∧ (p Z Y ))partially o : po = λXτ λYτ ((o X Y ) ∧ ¬(p X Y ) ∧ ¬(p Y X ))ext. 
onne
ted : e
 = λXτ λYτ ((
 X Y ) ∧ ¬(o X Y ))proper part : pp = λXτ λYτ ((p X Y ) ∧ ¬(p Y X ))tangential pp : tpp = λXτ λYτ ((pp X Y ) ∧ ∃Z ((e
 Z X ) ∧ (e
 Z Y )))nontang. pp : ntpp = λXτ λYτ ((pp X Y ) ∧ ¬∃Z ((e
 Z X ) ∧ (e
 Z Y )))Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning within Combined Logi
s: Epistemi
 & SpatialA trivial problem for RCC:Catalunya is a border region of Spain (tpp 
atalunya spain),Spain and Fran
e share a border (e
 spain fran
e),Paris is a region inside Fran
e (ntpp paris fran
e)
⊢HOLCatalunya and Paris are dis
onne
ted (d
 
atalunya paris)
∧Spain and Paris are dis
onne
ted (d
 spain paris)

Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning within Combined Logi
s: Epistemi
 & SpatialA trivial problem for RCC:Catalunya is a border region of Spain (tpp 
atalunya spain),Spain and Fran
e share a border (e
 spain fran
e),Paris is a region inside Fran
e (ntpp paris fran
e)
⊢HOL2.3sCatalunya and Paris are dis
onne
ted (d
 
atalunya paris)
∧Spain and Paris are dis
onne
ted (d
 spain paris)

Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning within Combined Logi
s: Epistemi
 & Spatialvalid ∀φ 2fool φ ⊃ 2bob φ,valid 2fool (λW (e
 spain fran
e)),valid 2bob (λW (tpp 
atalunya spain)),valid 2bob (λW (ntpp paris fran
e))
⊢HOL valid 2bob (λW ((d
 
atalunya paris) ∧ (d
 spain paris)))

Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning within Combined Logi
s: Epistemi
 & Spatialvalid ∀φ 2fool φ ⊃ 2bob φ,valid 2fool (λW (e
 spain fran
e)),valid 2bob (λW (tpp 
atalunya spain)),valid 2bob (λW (ntpp paris fran
e))
⊢HOL20.4s valid 2bob (λW ((d
 
atalunya paris) ∧ (d
 spain paris)))
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Reasoning within Combined Logi
s: Epistemi
 & Spatialvalid ∀φ 2fool φ ⊃ 2bob φ,valid 2fool (λW (e
 spain fran
e)),valid 2bob (λW (tpp 
atalunya spain)),valid 2bob (λW (ntpp paris fran
e))
⊢HOL20.4s valid 2bob (λW ((d
 
atalunya paris) ∧ (d
 spain paris)))
6⊢HOL valid 2fool (λW ((d
 
atalunya paris) ∧ (d
 spain paris)))
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Reasoning within Combined Logi
s: Epistemi
 & Spatialvalid ∀φ 2fool φ ⊃ 2bob φ,valid 2fool (λW (e
 spain fran
e)),valid 2bob (λW (tpp 
atalunya spain)),valid 2bob (λW (ntpp paris fran
e))
⊢HOL20.4s valid 2bob (λW ((d
 
atalunya paris) ∧ (d
 spain paris)))
6⊢HOL39.7s valid 2fool (λW ((d
 
atalunya paris) ∧ (d
 spain paris)))

Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Reasoning within Combined Logi
s: Epistemi
 & Spatialvalid ∀φ 2fool φ ⊃ 2bob φ,valid 2fool (λW (e
 spain fran
e)),valid 2bob (λW (tpp 
atalunya spain)),valid 2bob (λW (ntpp paris fran
e))
⊢HOL20.4s valid 2bob (λW ((d
 
atalunya paris) ∧ (d
 spain paris)))
6⊢HOL39.7s valid 2fool (λW ((d
 
atalunya paris) ∧ (d
 spain paris)))Key idea is �Lifting� of RCC propositions to modal predi
ates:

(tpp 
atalunya spain)
︸ ︷︷ ︸type o −→ (λW (tpp 
atalunya spain))

︸ ︷︷ ︸type ι�oChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



LEO-II(EPRSC grant EP/D070511/1 at Cambridge University)Thanks to Larry PaulsonChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



LEO-II employs FO-ATPs: E, Spass, Vampirehttp://www.ags.uni-sb.de/~leoChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )

http://www.ags.uni-sb.de/~leo


Summary I
◮ HOL seems well suited as framework for 
ombining logi
s
◮ automation of obje
t-/meta-level reasoning � s
alability?
◮ embeddings 
an possibly be fully veri�ed in Isabelle/HOL?(
onsisten
y of QML embedding: 3.8s � IsabelleN)
◮ 
urrent work: appli
ation to ontology reasoning (SUMO)You 
an use this framework right away! Try it!
◮ new TPTP infrastru
ture for automated HOL reasoning(Sut
li�eBenzmüller, J.Formalized Reasoning, 2010)

◮ standardized input / output language (THF)
◮ problem library: 3000 problems
◮ yearly CASC 
ompetitions

◮ provers and examples are online; demo: http://tptp.orgWise Men Puzzle:http://www.
s.miami.edu/~tptp/
gi-bin/SeeTPTP?Category=Problems&Domain=PUZ&File=PUZ087^1.pChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )

http://tptp.org
http://www.cs.miami.edu/~tptp/cgi-bin/SeeTPTP?Category=Problems&Domain=PUZ&File=PUZ087^1.p


ONTOLEO (DFG grant BE 2501/6-1)Appli
ation in Higher-Order Ontology Reasoning(jww Adam Pease)Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Ba
kground: SUMO and Sigma
◮ SUMO � Suggested Upper-Level Ontology (NilesPease, FOIS,2001)

◮ open sour
e, formal ontology: www.ontologyportal.org
◮ has been extended for a number of domain spe
i�
 ontologies
◮ altogether approx. 20,000 terms and 70,000 axioms
◮ employs the SUO-KIF representation language, a simpli�
ationof Genesereth's original Knowledge Inter
hange Format (KIF)

◮ Sigma: browsing and inferen
e system for ontologydevelopment (Pease, CEUR-71, 2003)Important: SUMO (and similarly Cy
) 
ontains a small butsigni�
ant amount of higher-order representations (e.g. embeddedformulas and modalities), but there is only very limited automationsupport so far
⇒ better automation support is goal of the ONTOLOEO proje
tChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )

www.ontologyportal.org


Ba
kground: SUMO and Sigma
◮ SUMO � Suggested Upper-Level Ontology (NilesPease, FOIS,2001)

◮ open sour
e, formal ontology: www.ontologyportal.org
◮ has been extended for a number of domain spe
i�
 ontologies
◮ altogether approx. 20,000 terms and 70,000 axioms
◮ employs the SUO-KIF representation language, a simpli�
ationof Genesereth's original Knowledge Inter
hange Format (KIF)

◮ Sigma: browsing and inferen
e system for ontologydevelopment (Pease, CEUR-71, 2003)Important: SUMO (and similarly Cy
) 
ontains a small butsigni�
ant amount of higher-order representations (e.g. embeddedformulas and modalities), but there is only very limited automationsupport so far
⇒ better automation support is goal of the ONTOLOEO proje
tChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )

www.ontologyportal.org


SUMO to HOL/THF
◮ a
hieved: SUO-KIF −→ THFtranslation me
hanism for SUMO as part of Sigma
◮ main 
hallenge: �nd 
onsistent typing for 'untyped' SUO-KIF(instan
e instan
e BinaryPredi
ate)
◮ translation example available at:http://www.ags.uni-sb.de/~
hris/papers/SUMO.thfChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )

http://www.ags.uni-sb.de/~chris/papers/SUMO.thf


Challenge: Embedded Formulas � Temporal ContextExample (I: Reasoning in temporal 
ontexts)What holds that holds at all times. Mary likes Bill. During 2009Sue liked whoever Mary liked. Is there a year in whi
h Sue has likedsomebody?A: (=> ?P (holdsDuring ?Y ?P))B: (likes Mary Bill)C: (holdsDuring (YearFn 2009)(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))Query: (holdsDuring (YearFn ?Y) (likes Sue ?X))Proof by LEO-II in 0.16sChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Temporal ContextExample (I: Reasoning in temporal 
ontexts)What holds that holds at all times. Mary likes Bill. During 2009Sue liked whoever Mary liked. Is there a year in whi
h Sue has likedsomebody?A: (=> ?P (holdsDuring ?Y ?P))B: (likes Mary Bill)C: (holdsDuring (YearFn 2009)(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))Query: (holdsDuring (YearFn ?Y) (likes Sue ?X))Proof by LEO-II in 0.16sChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Temporal ContextExample (II: Reasoning in temporal 
ontexts � I modi�ed)What holds that holds at all times. Mary likes Bill. During 2009Sue liked whoever Mary liked. Is there a year in whi
h Sue has likedsomebody?A: (=> ?P (holdsDuring ?Y ?P))B: (likes Mary Bill)C: (holdsDuring (YearFn 2009)(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))Query: (holdsDuring (YearFn ?Y) (likes Sue ?X)). Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Temporal ContextExample (II: Reasoning in temporal 
ontexts � I modi�ed)What holds that holds at all times. Mary likes Bill. During 2009Sue liked whoever Mary liked. Is there a year in whi
h Sue has likedsomebody?A': (holdsDuring ?Y True)B: (likes Mary Bill)C: (holdsDuring (YearFn 2009)(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))Query: (holdsDuring (YearFn ?Y) (likes Sue ?X)). Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Temporal ContextExample (II: Reasoning in temporal 
ontexts � I modi�ed)What holds that holds at all times. Mary likes Bill. During 2009Sue liked whoever Mary liked. Is there a year in whi
h Sue has likedsomebody?A': (holdsDuring ?Y (1 + 1 = 2))B: (likes Mary Bill)C: (holdsDuring (YearFn 2009)(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))Query: (holdsDuring (YearFn ?Y) (likes Sue ?X)). Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Temporal ContextExample (II: Reasoning in temporal 
ontexts � I modi�ed)What holds that holds at all times. Mary likes Bill. During 2009Sue liked whoever Mary liked. Is there a year in whi
h Sue has likedsomebody?A': (holdsDuring ?Y (forall (?P) (=> ?P ?P)))B: (likes Mary Bill)C: (holdsDuring (YearFn 2009)(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))Query: (holdsDuring (YearFn ?Y) (likes Sue ?X)). Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Temporal ContextExample (II: Reasoning in temporal 
ontexts � I modi�ed)What holds that holds at all times. Mary likes Bill. During 2009Sue liked whoever Mary liked. Is there a year in whi
h Sue has likedsomebody?A': (holdsDuring ?Y True)B: (likes Mary Bill)C: (holdsDuring (YearFn 2009)(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))Query: (holdsDuring (YearFn ?Y) (likes Sue ?X))Boolean extensionality: (P ⇔ Q) ⇔ (P = Q) .Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Temporal ContextExample (II: Reasoning in temporal 
ontexts � I modi�ed)What holds that holds at all times. Mary likes Bill. During 2009Sue liked whoever Mary liked. Is there a year in whi
h Sue has likedsomebody?A': (holdsDuring ?Y True)B: (likes Mary Bill)C: (holdsDuring (YearFn 2009)(forall (?X) (=> (likes Mary ?X) (likes Sue ?X))))Query: (holdsDuring (YearFn ?Y) (likes Sue ?X))Proof by LEO-II in 0.08s .Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Epistemi
 ContextExample (III: Reasoning in epistemi
 
ontexts � II modi�ed)A�: (knows ?Y True)B: (likes Mary Bill)C': (knows Chris(forall (?X) (=> (likes Mary ?X) (likes Sue ?X)))Query': (knows Chris (likes Sue Bill))Proof by LEO-II in 0.04sbBoolean extensionality is in 
on�i
t with (epistemi
) modalities!(Has Boolean extensionality ever been questioned for KIF?)Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Epistemi
 ContextExample (III: Reasoning in epistemi
 
ontexts � II modi�ed)A�: (knows ?Y (1 + 1 = 2))B: (likes Mary Bill)C': (knows Chris(forall (?X) (=> (likes Mary ?X) (likes Sue ?X)))Query': (knows Chris (likes Sue Bill))Proof by LEO-II in 0.04sbBoolean extensionality is in 
on�i
t with (epistemi
) modalities!(Has Boolean extensionality ever been questioned for KIF?)Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Epistemi
 ContextExample (III: Reasoning in epistemi
 
ontexts � II modi�ed)A�: (knows ?Y True)B: (likes Mary Bill)C': (knows Chris(forall (?X) (=> (likes Mary ?X) (likes Sue ?X)))Query': (knows Chris (likes Sue Bill))Proof by LEO-II in 0.04sbBoolean extensionality is in 
on�i
t with (epistemi
) modalities!(Has Boolean extensionality ever been questioned for KIF?)Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Epistemi
 ContextExample (III: Reasoning in epistemi
 
ontexts � II modi�ed)A�: (knows ?Y True)B: (likes Mary Bill)C': (knows Chris(forall (?X) (=> (likes Mary ?X) (likes Sue ?X)))Query': (knows Chris (likes Sue Bill))Proof by LEO-II in 0.04sbBoolean extensionality is in 
on�i
t with (epistemi
) modalities!(Has Boolean extensionality ever been questioned for KIF?)Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Epistemi
 ContextSolution: Translate into Quanti�ed Multimodal Logi
 QML
◮ T-Box like information in SUMO:(instan
e holdsDuring Asymmetri
Relation) −→valid (instan
e holdsDuring Asymmetri
Relation)ι�o
◮ A-Box like information as in query problem: 
urrent world 
wι(likes Mary Bill) −→ (likes Mary Bill)ι�o 
wι(knows Chris (likes Sue Bill)) −→

(2Chris (likes Sue Bill))ι�o 
wιChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Epistemi
 ContextSolution: Translate into Quanti�ed Multimodal Logi
 QML
◮ T-Box like information in SUMO:(instan
e holdsDuring Asymmetri
Relation) −→

∀Wι (instan
e holdsDuring Asymmetri
Relation)ι�o Wι

◮ A-Box like information as in query problem: 
urrent world 
wι(likes Mary Bill) −→ (likes Mary Bill)ι�o 
wι(knows Chris (likes Sue Bill)) −→
(2Chris (likes Sue Bill))ι�o 
wιChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Epistemi
 ContextSolution: Translate into Quanti�ed Multimodal Logi
 QML
◮ T-Box like information in SUMO:(instan
e holdsDuring Asymmetri
Relation) −→

∀Wι (instan
e holdsDuring Asymmetri
Relation)ι�o Wι

◮ A-Box like information as in query problem: 
urrent world 
wι(likes Mary Bill) −→ (likes Mary Bill)ι�o 
wι(knows Chris (likes Sue Bill)) −→
(2Chris (likes Sue Bill))ι�o 
wιChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Epistemi
 ContextExample (III: Reasoning in epistemi
 
ontexts � Solution)A�: ∀Yι�ι�o (2Y ⊤) 
wB: (likes Mary Bill) 
wC': (2Chris (∀iXµ ((likes Mary X ) ⊃ (likes Sue X )))) 
wQuery': (2Chris (likes Sue Bill)) 
wAxioms for 2Chris 
an be added:M: valid ∀
pφι�o 2Chris φ ⊃ φ4: valid ∀
pφι�o 2Chris φ ⊃ 2Chris 2Chris φ5: valid ∀
pφι�o 3Chris φ ⊃ 2Chris 3Chris φ. Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Epistemi
 ContextExample (III: Reasoning in epistemi
 
ontexts � Solution)A�: ∀Yι�ι�o (2Y ⊤) 
wB: (likes Mary Bill) 
wC': (2Chris (∀iXµ ((likes Mary X ) ⊃ (likes Sue X )))) 
wQuery': (2Chris (likes Sue Bill)) 
wAxioms for 2Chris 
an be added:M: valid ∀
pφι�o 2Chris φ ⊃ φ4: valid ∀
pφι�o 2Chris φ ⊃ 2Chris 2Chris φ5: valid ∀
pφι�o 3Chris φ ⊃ 2Chris 3Chris φ. Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Epistemi
 ContextExample (III: Reasoning in epistemi
 
ontexts � Solution)A�: ∀Yι�ι�o (2Y ⊤) 
wB: (likes Mary Bill) 
wC': (2Chris (∀iXµ ((likes Mary X ) ⊃ (likes Sue X )))) 
wQuery': (2Chris (likes Sue Bill)) 
wAxioms for 2Chris 
an be added:M: valid ∀
pφι�o 2Chris φ ⊃ φ4: valid ∀
pφι�o 2Chris φ ⊃ 2Chris 2Chris φ5: valid ∀
pφι�o 3Chris φ ⊃ 2Chris 3Chris φLEO-II 
annot solve this problem anymore! .Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Epistemi
 ContextExample (III: Reasoning in epistemi
 
ontexts � Solution)A�: ∀Yι�ι�o (2Y ⊤) 
wB: (2Chris (likes Mary Bill)) 
wC': (2Chris (∀iXµ ((likes Mary X ) ⊃ (likes Sue X )))) 
wQuery': (2Chris (likes Sue Bill)) 
wAxioms for 2Chris 
an be added:M: valid ∀
pφι�o 2Chris φ ⊃ φ4: valid ∀
pφι�o 2Chris φ ⊃ 2Chris 2Chris φ5: valid ∀
pφι�o 3Chris φ ⊃ 2Chris 3Chris φBut LEO-II 
an solve this problem (0.15s) ! .Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Challenge: Embedded Formulas � Epistemi
 ContextExample (III: Reasoning in epistemi
 
ontexts � Solution)A�: ∀Yι�ι�o (2Y ⊤) 
wB: (2fool (likes Mary Bill)) 
wC': (2Chris (∀iXµ ((likes Mary X ) ⊃ (likes Sue X )))) 
wQuery': (2Chris (likes Sue Bill)) 
wAxioms for 2Chris 
an be added:M: valid ∀
pφι�o 2Chris φ ⊃ φ4: valid ∀
pφι�o 2Chris φ ⊃ 2Chris 2Chris φ5: valid ∀
pφι�o 3Chris φ ⊃ 2Chris 3Chris φAxioms for 2fool 
an be added . . . .Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Summary II
◮ SUMO (and similarly Cy
) employ higher-orderrepresentations: embedded formulas, modalities, relationvariables, lambda-abstra
tion, et
.
◮ automation remains a 
hallenge
◮ progress possible with HOL/THF provers
◮ problem dete
ted: Boolean extensionality versus modalities
◮ solution proposed: employ our embedding of Quanti�edMultimodal Logi
 into HOL/THF
◮ further reading: (BenzmüllerPease,ARCOE-10,2010)(BenzmüllerPease,PAAR,2010)
◮ Is there any other system/approa
h that 
an elegantly en
odeand solve all the problems presented here? Please let me know!Christoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )



Summary I
◮ HOL seems well suited as framework for 
ombining logi
s
◮ automation of obje
t-/meta-level reasoning � s
alability?
◮ embeddings 
an possibly be fully veri�ed in Isabelle/HOL?(
onsisten
y of QML embedding: 3.8s � IsabelleN)
◮ 
urrent work: appli
ation to ontology reasoning (SUMO)You 
an use this framework right away! Try it!
◮ new TPTP infrastru
ture for automated HOL reasoning(Sut
li�eBenzmüller, J.Formalized Reasoning, 2010)

◮ standardized input / output language (THF)
◮ problem library: 3000 problems
◮ yearly CASC 
ompetitions

◮ provers and examples are online; demo: http://tptp.orgWise Men Puzzle:http://www.
s.miami.edu/~tptp/
gi-bin/SeeTPTP?Category=Problems&Domain=PUZ&File=PUZ087^1.pChristoph Benzmüller Combining Logi
s in Simple Type Theory (and . . . )

http://tptp.org
http://www.cs.miami.edu/~tptp/cgi-bin/SeeTPTP?Category=Problems&Domain=PUZ&File=PUZ087^1.p

