
PD Dr.-Ing. Christoph Benzmüller

Exercise sheet 1
Semantics of Higher-Order Logics

(2007)

For exercises 1-3, letD be the standard frame withDo = {⊥,⊤} andDι = {1}.

Exercise 1 Assume(Eα)α∈T is a standard frame with
Eo = {⊥,⊤}
Eι = {1}
Prove:∀α ∈ T : Eα = Dα

Solution: We argue by induction on types. At both base types we know

Eι = {1} = Dι

and
Eo = {⊥,⊤} = Do

For the induction step, we assumeEα = Dα andEβ = Dβ.
Since bothD andE are standard frames,

Dαβ = (Dα)Dβ = (Eα)Eβ = Eαβ.

That was easy!

Exercise 2 Prove:∀α ∈ T : Dα is finite.

Solution: We argue by induction on types. ObviouslyDo = {⊥,⊤} andDι = {1} are both finite.
For the induction step, we assumeDα andDβ are both finite. SinceD is a standard frame, we know
Dαβ = (Dα)Dβ . Hence we calculate

|Dαβ| = |Dα|
|Dβ| < ∞

Thus all the domains are finite.

Exercise 3 Define inductively an infinite setT 1 ⊆ T s.t.
∀α ∈ T 1 |Dα| = 1

Solution: Let T 1 be the least set of types such that

• ι ∈ T 1

• (αβ) ∈ T 1 wheneverα ∈ T 1 andβ ∈ T

Intuitively, T 1 is the set of types of the form(ιβn · · ·β1) for n ≥ 0 and arbitrary typesβ1, . . . , βn.
We can inductively prove|Dα| = 1 for eachα ∈ T 1.

• Base case:|Dι| = 1.

• Induction case: Assume the type is(αβ) whereα ∈ T 1 andβ ∈ T . Assume|Dα| = 1. (We do
notassume|Dβ| = 1 – why not?) We calculate:

|Dαβ| = |Dα|
|Dβ| = 1|Dβ| = 1.
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Exercise 4 Prove every functionalΣ-evaluation isξ-functional.

Solution: To show functionality impliesξ-functionality, letM,N ∈ wffβ(Σ), an assignmentϕ
and a variableXα be given. SupposeEϕ,[a/X](M) = Eϕ,[a/X](N) for everya ∈ Dα. We need to show
Eϕ(λX M) = Eϕ(λX N). This follows from functionality since

Eϕ(λX M)@a = Eϕ,[a,X]((λX M)X) = Eϕ,[a/X](M)

= Eϕ,[a/X](N) = Eϕ,[a,X]((λX N)X) = Eϕ(λX N)@a

for everya ∈ Dα.

Exercise 5 Let J := (D, @, E) be a functionalΣ-evaluation,ϕ be an assignment intoJ , F ∈
wffα→β(Σ) andXα /∈ Free(F). Prove

Eϕ(λXα FX) = Eϕ(F).

Solution: Let a ∈ Dα be given. SinceXα /∈ Free(F), we haveEϕ,[a/X](F) = Eϕ(F). SinceE
respectsβ-equality, we can compute

Eϕ(λX FX)@a = Eϕ,[a/X]((λX FX)X) = Eϕ,[a/X](FX) = Eϕ(F)@a.

Generalizing overa, we concludeEϕ(λX FX) = Eϕ(F) by functionality.

Exercise 6 Let M := (D, @, E , υ) be aΣ-model. Prove if either⊤,⊥ ∈ Σ or ¬ ∈ Σ, thenυ is
surjective.

Solution: Suppose⊤,⊥ ∈ Σ. By L⊤(E(⊤)) andL⊥(E(⊥)), we haveυ(E(⊤)) = T andυ(E(⊥)) =
F. Thusυ is surjective.

Suppose¬ ∈ Σ. Choose anya ∈ Do. We knowυ(E(¬)@a) 6= υ(a) by L¬(E(¬)). Thusυ is
surjective.

Exercise 7 Let M := (D, @, E , υ) be aΣ-model. Suppose either⊤,⊥ ∈ Σ or ¬ ∈ Σ. ProveM
satisfiesb iff Do has two elements.

Solution: By the previous exercise, we knowυ is surjective. ThusM satisfies propertyb iff υ is
bijective iff Do has two elements.

Exercise 8 Assume that the signature contains only the logical connective⊃ and the quantifierΠo.
Construct aΣ-modelM such that

1. M |= ∀Po P

Solution: There is a model such thatM |= ∀Po P . LetD be the standard frame withDo = {T}
andDι = {1}. Note that everyDα has only one element. Let@ be the application operator. For
every assignmentϕ andA ∈ wffα, let Eϕ(A) be the unique member ofDα. It is easy to checkE
is an evaluation function. Letυ : Do → {T, F} be the inclusion function given byυ(T) := T. It is
easy to checkL⊃(()E(⊃)) andLΠo(()E(Πo)) hold whereE(⊃) is the unique element ofDooo (the
“constantly constant true function”) andE(Πo) is the unique element ofDo(oo) (the “constant true
function”). HenceM := (D, @, E , υ) is aΣ-model.

Now to checkM |= ∀Po P , simply note thatM |=ϕ,[T/P ] P and soM |=ϕ,[a/P ] P for all a ∈ Do.

Exercise 9 What are the weakest calculiNK∗ in which the following sentences can be derived? Plea-
se give the derivations.

1. ∀Xo ∀Yo X ∨ Y ⇔ Y ∨ X

2. ∀Xo ∀Yo X ∨ Y
.
= Y ∨ X

3. λXo λYo X ∨ Y
.
= λXo λYo Y ∨ X

4. ∨
.
= λXo λYo Y ∨ X
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