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For exercises 1-3, 1€ be the standard frame with, = { L, T} andD, = {1}.

Exercise1 Assuméé&, ).cr is a standard frame with
E={L,T}

& =1{1}

Prove:Na € T : £, =D,

Solution: We argue by induction on types. At both base types we know
& ={1} =D,

and
E={L,T}=D,

For the induction step, we assuie= D, and&sz = Dj.
Since bothD and& are standard frames,

Dap = (Do) = (Ea)® = Eap.
That was easy!

Exercise 2 Prove:Va € T : D, is finite.

Solution: We argue by induction on types. Obviougly = { L, T} andD, = {1} are both finite.
For the induction step, we assurfg andD; are both finite. Sinc® is a standard frame, we know
D.s = (D,)P?. Hence we calculate

Dag| = [Da P < o0
Thus all the domains are finite.

Exercise 3 Define inductively an infinite sét' C 7 s.t.
VaeT! |D,|=1

Solution: Let7* be the least set of types such that
e, cT!
e (af3) € T'wheneven € T'andB € T

Intuitively, 7! is the set of types of the foria3" - - - 1) for n > 0 and arbitrary typeg?, ..., 5.
We can inductively provéD,, | = 1 for eacha € 7.

e Base casdD,| = 1.

e Induction case: Assume the type(is3) wherea € 7' andj € 7. AssumeD,| = 1. (We do
notassuméD;| = 1 —why not?) We calculate:

1Dos| = |pa|lDﬁ\ —1/Psl = 1.
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Exercise 4 Prove every functional-evaluation is-functional.

Solution: To show functionality implieg-functionality, letM, N € wff;(3), an assignmenp
and a variableX,, be given. Supposg, ,/x)(M) = &, ./x](N) for everya € D,. We need to show
E,(AXM) = E,(AX.N). This follows from functionality since

g‘p()\XM)@a = &Pv[avX}(()‘X'M)X) = gcp [a/X](M)
= Eoa/x1(N) =& 12 x)(AX.N)X) = E,(AX.N)Qa

for everya € D,.

Exercise5 Let J := (D, @, ) be a functionalX-evaluation,y be an assignment intg/, F €
wff, 5(X) and X, ¢ Free(F). Prove

E,AXFX) =E,(F).
Solution: Leta € D, be given. SinceX,, ¢ Free(F), we have, [, x(F) = &£,(F). Since&
respects’-equality, we can compute
E,(AXFX)Qa =&, /x)(AXFX)X) =&, /x)(FX) = £,(F)Qa.
Generalizing oves, we conclude, (A X.FX) = &,(F) by functionality.

Exercise6 Let M := (D, @, £, v) be aX-model. Prove if eithefT, L € ¥ or = € %, thenwv is
surjective.

Solution: Supposer, L € 3. By £1(£(T))andL, (£(L)),wehavey(E(T)) = Tandv(E(L)) =
F. Thusw is surjective.

Suppose- € ¥. Choose any € D,. We knowv(E(—)@Qa) # v(a) by £.(E(—)). Thusv is
surjective.

Exercise 7 Let M := (D, @, £,v) be aX-model. Suppose eithéf, L € ¥ or = € X. Prove M
satisfies iff D, has two elements.

Solution: By the previous exercise, we knawis surjective. Thus\ satisfies property iff v is
bijective iff D, has two elements.

Exercise 8 Assume that the signature contains only the logical comnect and the quantifiefl®.
Construct ax-modelM such that

1. M =VP,P

Solution: There is a model such tha#t = VP,.P. Let D be the standard frame with, = {T}
andD, = {1}. Note that everyD, has only one element. L& be the application operator. For
every assignmenp and A € wff,, let £,(A) be the unique member @,. It is easy to checl¥
is an evaluation function. Let : D, — {T,F} be the inclusion function given by(T) :=T. It is
easy to check~ (()€(D)) and £ (()€(11°)) hold where€(D) is the unique element dP,,, (the
“constantly constant true function”) ar®{11°) is the unique element d,,,) (the “constant true
function”). HenceM := (D, @, £,v) is aX-model.

Now to checkM |= VP,.P, simply note thaiM |=, ;r/p] P and soM =, ./p P for all a € D,

Exercise 9 What are the weakest calc@iiR. in which the following sentences can be derived? Plea-
se give the derivations.

1. VX, VY, X VY &Y VX

2. VX, VY, XVY =Y VX

3. AXAYLX VY = 2AX,AY,Y VX
4.V = AX,\Y,Y VX



