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Motiv ation and Goal of the Project DIALOG
Project
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� Support for e-learning in mathematics:

(interactive) tutoring of mathematical proof

I in addition to traditional classroom courses

I as part of an e-learning course

Assume that a 2 X.
If X \ Y = ; ,

then a =2 Y.
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Why Focus on “Mathural”? DIALOG
Project
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� “Mathural”: natural language (NL) and mathematical formulas

� [Moore 93]: use of NL supports active learning

� Understanding “mathural” is an interesting challenge for CL

� Progress in project � ! probably we can one day automatically
proof check mathematical publications

Theorem:
p

2 is irrational.
Proof: (by contradiction)
Assume

p
2 is rational, that is, there exist natural numbers m; n with no common divisor

such that
p

2 = m=n. Then n
p

2 = m, and thus 2n2 = m2. Hence m2 is even and,
since odd numbers square to odds, m is even; say m = 2k. Then 2n2 = (2k)2 = 4k2,
that is, n2 = 2k2. Thus, n2 is even too, and so is n. That means that both n and m are
even, contradicting the fact that they do not have a common divisor.

q.e.d.
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A Demo ... DIALOG
Project
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. . . of the DIALOG proof tutor
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WOZ-Experiment ! Own Corpus DIALOG
Project
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Subject (Student) Room:

Wizard Room:
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Wizard of Oz Experiment DIALOG
Project
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� research experiment in which subjects interact with a computer
system that subjects believe to be autonomous, but which is
actually being operated or partially operated by an unseen
human being

� missing system functionality that the wizard provides may be
implemented in later versions of the system, but its precise
details are generally considered irrelevant to the study

� the name of the experiment comes from The Wonderful Wizard
of Oz story, in which an ordinary man hides behind a curtain
and pretends to be a powerful wizard
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WOZ-Experiment ! Own Corpus DIALOG
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Experi�
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Architecture of DIAWOZ-II DIALOG
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More than a con�g-
urable chat tool for
maths . . .
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� The DIALOG project in the SFB 378

� Corpora we obtained from experiments

� The components of the DIALOG system

� A research challenge of the DIALOG project:

I proof step evaluation and granularity

� An agent-based dialog manager

� Conclusion
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The DIALOG Project in the SFB 378 DIALOG
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Experiment 1 (2003):

� sets and simple operations on sets

� 1 maths teacher (wizard)

� 24 students / two hours for each student

� 66 dialogs / av. 12 turns / 1115 sentences

Experiment 2 (2005):

� relations and simple operations on relations

� 4 maths teachers (wizards)

� 37 students / two hours for each student

� 902 student turns

� some information on the students: different study subjects, 27
had maths as “specialized course” in their A-levels (Abitur)
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Corpora available at:
www.ags.uni- sb.de/~chris/dialog/
www.ags.uni- sb.de/~schiller/dialog2005study.html
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Corpus Example: 1. Experiment (2003) DIALOG
Project
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T1: Bitte zeigen Sie: K((A [ B) \ (C[ D)) = (K(A) \ K(B)) [ (K(C) \ K(D)) !
[Please show: K((A [ B) \ (C [ D)) = (K(A) \ K(B)) [ (K(C) \ K(D)) !]

S1: nach deMorgan-Regel-2 ist K((A[ B) \ (C[ D)) = (K(A[ B) [ K(C[ D)) .
[by deMorgan-Rule-2 K((A[ B) \ (C[ D)) = (K(A[ B) [ K(C[ D)) holds.]

T2: Das ist richtig!
[This is correct!]

S2: K(A [ B) ist laut deMorgan-1 K(A) \ K(B)
[K(A [ B) is K(A) \ K(B) according to deMorgan-1]

T3: Das stimmt auch.
[That is also right.]

S3: und K(C [ D) ist ebenfalls laut deMorgan-1 K(C) \ K(D)
[and K(C [ D) is also K(C) \ K(D) according to deMorgan-1]

. . .

Ringvorlesung – p.17



c
 Benzmüller & DIALOG Team 2006

Corpus Example: 2. Experiment (2005) DIALOG
Project
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S0: was ist �

T0: Das Relationenprodukt, auch Komposition von Relationen genannt.
Bitte schauen Sie sich die De�nition unter Abschnitt 4 an. (k.A.;
k.A.; k.A.)

S1: (R� S) � 1 = {(z,x)j 9 y((x,y) 2 R ^ (y,z) 2 S}

T1: Das ist korrekt. (korrekt; angemessen; relevant)

S2: R � 1 = {(x,y)j(y,x) 2 R}

T2: Ebenfalls korrekt. (korrekt; angemessen; relevant)

S3: Also ist S � 1 � R � 1 = {(v,x)j v 2S � 1 ^ x2R � 1 }

T3: Nein. Auch die inversen Relationen, S � 1 und R � 1 , sind binaere
Relationen! (inkorrekt; angemessen; relevant)

S4: Also ist S � 1 � R � 1 = {(v,x)j 9z((v,z) 2S � 1 ^ (z,x)2R � 1 }

T4: ...
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Observation in 2005 corpus:

� Two dialog fragments for exercise W: (R � S)� 1 = S� 1 � R� 1

� Student A

student] One needs to show equality between two sets

tutor] That's right! How do you proceed?

student] I use the extensionality principle

tutor] That's correct!

� Student B

student] (R � S)� 1 = f (x; y)j(y; x) 2 (R � S)g

tutor] correct

student] (R � S)� 1 = f (x; y)j(y; x) 2 f (x; y)j9z(z 2 M ^ (x; z) 2 R ^
(z; y) 2 Sgg

tutor] okay, but can be done simpler.
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Research Goal DIALOG
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� Can we mechanize and automate the maths teachers tasks?

� What are the main challenges?

� Focus on some these challenges in the DIALOG project

Assume that a 2 X.
If X \ Y = ; ,

then a =2 Y.
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The DIALOG System and Components DIALOG
Project
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function
function

function

function

function

function
function

function
function

Information State

1
2
3
4
5
6
7
8 SDMS

TMS

user_in

LM

LU

LS

DMS

PSI

system_out9

Dialog Managment Platform
� identifies function of utter�

in

out DMS

LM

ance wrt. dialog context

in

out

Proof Manager
LU

LS

� is proof completed?
� remaining proof steps?
� employs OMEGA�CORE

� evaluate user proof step
� resolve underspecification

� typed user input
� converts into textual
  representation

in

out user_in

� receives system output

in

out

GUI

system_out

STDOUT STDIN

string
� displays system output

in

out

TMS, DMS

SDMS

Dialog Manager

in

out

LU, LS

PSI

� determine relev. concept

� employs LS proof step

� controls module inter�
action and IS updates
� determines the appropri�

the TMS and DMS

Domain Info Manager

al knowledge

in

out

PSI, DMS, LS

TMS

Tutoring Manager

� uses input evaluation

� socratic algorithm prod.
pedagogical feedback, hints

linguistic resources

� meaning representation,
domain�specific semantics
� underspecified proof step
� uses domain�motivated 

in

out

Input Analyzer
user_in

LM, LU

� employs P.rex system

� NL recapitulation of 

in

out

SDMS

system_out

NL Generator

� flexible NL verbalization
  of dialog moves

  the proof

� DAMSL DMs taxonomy

string

� uses tutorial knowledge

� based on DIAWOZ tool � based on DIAWOZ tool

ate SDMS based on

user model, and pedagogic�

Dialog Move Recognition

dimension
extended by TASK
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GUI DIALOG
Project
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Information State
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7
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user_in

LM
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DMS

PSI

system_out9

Dialog Managment Platform
� identifies function of utter�

in

out DMS

LM

ance wrt. dialog context

in

out

Proof Manager
LU

LS

� is proof completed?
� remaining proof steps?
� employs OMEGA�CORE

� evaluate user proof step
� resolve underspecification

� typed user input
� converts into textual
  representation

in

out user_in

� receives system output

in

out

GUI

system_out

STDOUT STDIN

string
� displays system output
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Dialog Manager
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� determine relev. concept

� employs LS proof step

� controls module inter�
action and IS updates
� determines the appropri�

the TMS and DMS

Domain Info Manager

al knowledge
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Tutoring Manager

� uses input evaluation

� socratic algorithm prod.
pedagogical feedback, hints

linguistic resources

� meaning representation,
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Input Analyzer
user_in
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� employs P.rex system

� NL recapitulation of 
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NL Generator

� flexible NL verbalization
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  the proof
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string
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ate SDMS based on
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Dialog Move Recognition
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function
function
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function

function
function

function
function

Information State

1
2
3
4
5
6
7
8 SDMS

TMS

user_in

LM

LU

LS

DMS

PSI

system_out9

Dialog Managment Platform
� identifies function of utter�

in

out DMS

LM

ance wrt. dialog context

in

out

Proof Manager
LU

LS

� is proof completed?
� remaining proof steps?
� employs OMEGA�CORE

� evaluate user proof step
� resolve underspecification

� typed user input
� converts into textual
  representation

in

out user_in

� receives system output

in

out

GUI

system_out

STDOUT STDIN

string
� displays system output

in

out

TMS, DMS

SDMS

Dialog Manager

in

out

LU, LS

PSI

� determine relev. concept

� employs LS proof step

� controls module inter�
action and IS updates
� determines the appropri�

the TMS and DMS

Domain Info Manager

al knowledge

in

out

PSI, DMS, LS

TMS

Tutoring Manager

� uses input evaluation

� socratic algorithm prod.
pedagogical feedback, hints

linguistic resources

� meaning representation,
domain�specific semantics
� underspecified proof step
� uses domain�motivated 

in

out

Input Analyzer
user_in

LM, LU

� employs P.rex system

� NL recapitulation of 

in

out

SDMS

system_out

NL Generator

� flexible NL verbalization
  of dialog moves

  the proof

� DAMSL DMs taxonomy

string

� uses tutorial knowledge

� based on DIAWOZ tool � based on DIAWOZ tool

ate SDMS based on

user model, and pedagogic�

Dialog Move Recognition

dimension
extended by TASK
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. . .
T8: “This is correct! Please continue the proof.”
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Perspective of Mathematical Domain Reasoning (MDR):

� Support for resolution of Ambiguities and Underspeci�cation

� Proof Step Evaluation

I Soundness: proof step veri�ab le by formal system?

I Granularity: size/argumentative complexity of proof step?

I Relevance: proof step needed/useful in achieving the goal?
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declarative abstract level sketches

Communication Gap

procedural calculus level proofs
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(DM-1) . . .
(DM-2) . . .

?

(G) . . .

Given: (DM-1) X [ Y = X \ Y
(DM-2) X \ Y = X [ Y

Task: Please show (A [ B) \ (C [ D) = (A \ B) [ (C \ D)

New: By deMorgan (A [ B) \ (C [ D) = (A [ B) [ (C [ D).
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?
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Given: (DM-1) X [ Y = X \ Y
(DM-2) X \ Y = X [ Y

Task: Please show (A [ B) \ (C [ D) = (A \ B) [ (C \ D)

New: By deMorgan (A [ B) \ (C [ D) = (A [ B) [ (C [ D).

(DM-1) . . .
(DM-2) . . .

(New) . . . #
?

(G) . . .

Soundness: yes
Granularity: 1x(DM-2)
Relevance: yes

(DM-1) . . .
(DM-2) . . .

?

(New) . . . "
(G) . . .

Soundness: yes
Granularity: 2x(DM-1)
Relevance: yes
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Discourse:

(1) A ^ B
(2) A ) C
(3) C ) D
(4) F ) B

?

(G) D _ E

New:

We show E.

(1) . . .
(2) . . .
(3) . . .
(4) . . .

?

(G') E
(G) . . .

PSE:

Soundness

Granularity

Relevance
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� (G0) ` ? (G)

� any proof

Granularity

Relevance
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� any proof

Granularity

� measure-size((G0) ` ? (G))

� cognitively adequate proofs

Relevance
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(1) A ^ B
(2) A ) C
(3) C ) D
(4) F ) B

?

(G) D _ E

New:
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(1) . . .
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?
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PSE:

Soundness

� (G0) ` ? (G)

� any proof
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� cognitively adequate proofs
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� (1); (2); (3); (4) ` ? (G0)

� detours?, shorter proofs?
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Granularity and Relevance

call for

cognitively adequate abstract level proofs

+

enumeration of (some) proof alternatives
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In the 2005 experiment:

� the wizards additionally had to categorize the contributions

student] Let (x; y) 2 (R � S)� 1

tutor] Correct. Good start!

correct appropriate relevant

� this data has been recorded and is now available for evaluation
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Granularity ... the size/argumentative complexity of a proof step

Granularity factors:

� abstraction

� explicitness/underspeci�cation

� cognitive effort

Ringvorlesung – p.57



c
 Benzmüller & DIALOG Team 2006

Granularity ... in the 2005 Corpus DIALOG
Project

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� abstraction

student] let (x; y) 2 (R [ S) � T, then (x; z) 2 (R [ S) ^ (z; y) 2 T

(...) then (x; z) 2 R _ (x; z) 2 S

tutor] This statement is true.

student] what can be concluded from (A _ B) ^ C?

tutor] Then for example it holds (A ^ C) _ (B ^ C)

student] then holds ((x; z) 2 R ^ (z; y) 2 T) _ ((x; z) 2 S^ (z; y) 2 T)

� explicitness/underspeci�cation

� cognitive effort
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� abstraction

� explicitness/underspeci�cation

student 13] (R [ S) � T thus is

...

student 19] (R � T) [ (S� T) thus is (...)

tutor ] Correct. Can you also indicate according to which law

you have transformed input 13 to the current input 19?

student 20] ªdistributivity lawº

� cognitive effort
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� abstraction

� explicitness/underspeci�cation

� cognitive effort

student] (x; y) 2 (R � S)� 1

tutor] Now try to draw inferences from that!

student] (x; y) 2 S� 1 � R� 1

tutor] One cannot directly deduce that.

You need some intermediate steps!
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Mechanize granularity ratings with thm. proving techniques:

� Use 
 MEGA framework

� Hypothesis: granularity level of a mathematical statement is
related to number of inference steps required for its justi�cation

� Calculi: Gentzen's ND (Gentzen 1934) and “Psychology of
Proof” (Rips 1994)

� Granularity analysis framework for proofs

� Evaluation: compare mechanical classi�cation to expert's
ratings
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What is Mechanized/Automated Theorem Proving?

Example on blackboard:

B � A [ B
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� Example:

student] (x; y) 2 (S� 1 � R� 1) , 9z[(z; x) 2 S^ (y; z) 2 R]

tutor] This is correct! correct too coarse-grained relevant

� generate LU:
. . .
(equiv
((composed M (inverse-1 S) (inverse-1 R)) x y)
(exists (lam (z a) (and (and (M z) (S z x)) (R y z)))))

. . .

� analyze with domain reasoner . . .

Ringvorlesung – p.63



c
 Benzmüller & DIALOG Team 2006

Granularity Evaluation DIALOG
Project

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� Example:

student] (x; y) 2 (S� 1 � R� 1) , 9z[(z; x) 2 S^ (y; z) 2 R]

tutor] This is correct! correct too coarse-grained relevant

� generate LU:
. . .
(equiv
((composed M (inverse-1 S) (inverse-1 R)) x y)
(exists (lam (z a) (and (and (M z) (S z x)) (R y z)))))

. . .

� analyze with domain reasoner . . .

Ringvorlesung – p.63



c
 Benzmüller & DIALOG Team 2006

Granularity Evaluation DIALOG
Project

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� Example:

student] (x; y) 2 (S� 1 � R� 1) , 9z[(z; x) 2 S^ (y; z) 2 R]

tutor] This is correct! correct too coarse-grained relevant

� generate LU:
. . .
(equiv
((composed M (inverse-1 S) (inverse-1 R)) x y)
(exists (lam (z a) (and (and (M z) (S z x)) (R y z)))))

. . .

� analyze with domain reasoner . . .

Ringvorlesung – p.63



c
 Benzmüller & DIALOG Team 2006

DIALOG
Project

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

Ringvorlesung – p.64



c
 Benzmüller & DIALOG Team 2006

Granularity Evaluation DIALOG
Project

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

Ringvorlesung – p.65



c
 Benzmüller & DIALOG Team 2006

Granularity Evaluation DIALOG
Project

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

Ringvorlesung – p.66



c
 Benzmüller & DIALOG Team 2006

Granularity Evaluation DIALOG
Project

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

Ringvorlesung – p.67



c
 Benzmüller & DIALOG Team 2006

Granularity Evaluation DIALOG
Project

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

� � � � �

A: (x; y) 2 (S� 1 � R� 1) , 9z[(z; x) 2 S^ (y; z) 2 R]

B: 8x8y[9z[(y; z) 2 R ^ (z; x) 2 S] ! (y; x) 2 (R � S)]

C: therefore it follows: (x; y) 2 (S� 1 � R� 1) ! (y; x) 2 (R � S)

Statement A Statement B Statement C

Tutor ªtoo coarse-grainedº ªappropriateº ªappropriateº

PSYCOP

5 2 10

[Gentzen34]

3 3 9

Number of justifying proof steps for PSYCOP and Gentzen's NK.
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1. Develop proof analysis mechanisms:

� Enumeration & analysis of proof alternatives.

� Develop & investigate complex evaluation hypotheses.

� Develop & investigate cognitively “realistic” proof systems.

� Relationship: granularity $ relevance ?

2. Apply techniques and evaluate them empirically .
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function
function

function

function

function

function
function

function
function

Information State

1
2
3
4
5
6
7
8 SDMS

TMS

user_in

LM

LU

LS

DMS

PSI

system_out9

Dialog Managment Platform
� identifies function of utter�

in

out DMS

LM

ance wrt. dialog context

in

out

Proof Manager
LU

LS

� is proof completed?
� remaining proof steps?
� employs OMEGA�CORE

� evaluate user proof step
� resolve underspecification

� typed user input
� converts into textual
  representation

in

out user_in

� receives system output

in

out

GUI

system_out

STDOUT STDIN

string
� displays system output

in

out

TMS, DMS

SDMS

Dialog Manager

in

out

LU, LS

PSI

� determine relev. concept

� employs LS proof step

� controls module inter�
action and IS updates
� determines the appropri�

the TMS and DMS

Domain Info Manager

al knowledge

in

out

PSI, DMS, LS

TMS

Tutoring Manager

� uses input evaluation

� socratic algorithm prod.
pedagogical feedback, hints

linguistic resources

� meaning representation,
domain�specific semantics
� underspecified proof step
� uses domain�motivated 

in

out

Input Analyzer
user_in

LM, LU

� employs P.rex system

� NL recapitulation of 

in

out

SDMS

system_out

NL Generator

� flexible NL verbalization
  of dialog moves

  the proof

� DAMSL DMs taxonomy

string

� uses tutorial knowledge

� based on DIAWOZ tool � based on DIAWOZ tool

ate SDMS based on

user model, and pedagogic�

Dialog Move Recognition

dimension
extended by TASK
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....

Update2
Update3

Update1 slot2
slot3
slot4

slot1

....

Update Rule
Agents

Agent
Update Update

Blackboard

IS Update

Information
State

Notion of agents here: software agents
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� Information State

I A set of named, typed slots

I Readable by update rules and writable by the update agent

� Update Rules

I Compute updates of IS slots

I Consist of preconditions, sideconditions, effects:

f (s1; b1); : : : ; (sj ; bj )g
f (s1; f1); : : : ; (sl; fl)g

n < (v1; f1); : : : ; (vk; fk) >
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� Current IS satis�es the preconditions ) Rule can �re

I Sidecondition expressions are evaluated and bound to
variables

I Effect expressions evaluated

I IS update is computed and written to update blackboard

Example:

f equal (lm;00domain� contribution 00)g f non_empty(lu )g
f eval _lu ! r g

PM < r := pm_analyse (lu ) >

� Update agent monitors update blackboard & executes update

� Other agents see change in IS
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What do we gain from this approach?

� Concurrency, �e xibility

� A natural way to integrate external systems

� Application of heuristics in update strategy

� Reasoning on instantiated updates

� Better support for interleaving system modules
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� `Natural language dialog on mathematical proofs' is a very
ambitious research task

� Interdisciplinary ± solutions and methods from different
disciplines need to be combined

� Instance of a big integrated AI system

� Basic research questions ± e.g., cognitively adequate proofs

� Technical and software engineering issues

) : : : A fascinating research area

� Several research activities not suf�ciently addressed in talk:

I NL Analysis, Tutoring, Dialog Planning, NL Generation,
Maths Knowledge Bases, Theorem Proving, . . .
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