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Research Topics of the {2veca Group Q

QE g\mag,

Integrated mathematics assistance systems

Talk:

for formal methods, mathematics, and e-learning
Mediation between “mathural” and "maschine mathematics”
Publication oriented wysiwyg user interface (TeXmacs)
Human oriented and cognitively adequate proof calculi
Integration: interactive TP, proof planning, agent-oriented TP
Verifiable proof objects
Internal & external specialist (sub)systems: e.g. FO/HO-ATPs
Foundational framework(s) for mathematics

Mechanization of Church’s simple type theory; test problems
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Test Problems for Theorem Provers Q
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= [est problems for FOL theorem provers

» [McCharenOverbeekWos76], [WilsonMinker79],
[Pelletier86], etc.

» TPTP [PelletierSutcliffeSuttner02]
» significantly fostered the development of FOL ATPs

= [est problems for HOL theorem provers
» common library missing

s This talk: example problems from our paper [TPHOLS-05]

= Are we proposing challenging HOL benchmark problems?
» No!!l

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)
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Our Examples Q

QEQ \mag,

= Examples are simple
» highlight the essence of some semantical or technical point
» easy to understand and easy to encode
» relevant for both: automated and interactive TP

s Examples are structured

» quick indicators for completeness and soundness wrt to
HOL model classes from [Benzm.BrownKohlhase-JSL-04]

» Shall precede formal soundness / completeness analysis
» many are collected from experience with LEO and TPS

= (Some more challenging examples are also added)

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)
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= HOL (notion and syntax)

= HOL-CUBE: different model classes for HOL (semantics)
» Boolean extensionality

» functional extensionality
. n-equality
. &-equality

s HOL-Problems: simple problems structured along HOL-CUBE

= Conclusion

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)
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0 (truth values)
Simple Types 7 L (individuals)
(aB) (functions from 3 to «)

() abbreviates ((af)7)
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Xa Variables (V)
Ao Parameters (P)
Terms: Co Logical constants (S)

FasBgla  Application
(AY5A.]as  A-abstraction

Equality of terms: af8n

a-conversion Changing Bound Variables
B-reduction  [[\Y5A,]B] - [B/Y]A
n-reduction AYg[FagY]] — F (Ys ¢ Free(F))
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HOL: Simply Typed A-Terms |

Xa Variables (V)
Ao Parameters (P)
Terms: Co Logical constants (S)

FasBgla  Application
(AY5A.]as  A-abstraction

Equality of terms: af8n

Every term has a unique gn-normal form (up to a-conversion).

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



HOL: Logical Constants

Some logical constants which may be in S:
s [,—true
s |, —false
= o0 — Negation
= Vooo — disjunction
= /\ooo — CONjUNCction
B =00 — IMplication

B So00 — €quivalence

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



HOL: Logical Constants

Some logical constants which may be in S:

s =2 —equality at type «

oo

m [1¢

o(oc

)~ universal guantification over type «

m 2 °

o(o«)

— existential quantification over type «

Intuition:
[ 2 [ AX, Gol] is true iff {X,, | C} is nonempty.
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HOL: Logical Constants

o V Bo] means [Voo0 Ao By
o N Bo] means [Aqo0 Ao Bo
o = Bo] means =00 Ao Byl

o & Bo]l means [0 Ao Bo)

|
> > > > >

o« =% Byl means =2, A, B

s [V X, Ayl means [I‘Ig‘(oa) « AXo Ao
« A X Ao

= [3X, As] means [Zg‘(oa)

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)
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HOL: Equality and Extensionality Q
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Some important conventions and reminders for the talk:
= = denotes primitive equality
= = denotes Leibniz equality: A, = B, := VPa. (PA) = (PB)

= = ...other definition of equality (e.g., see [Andrews02])

We use = in the following to refer to any of the above

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)
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HOL: Church’s Type Theory

Church’s Type Theory:
= Simply typed A-calculus with the signature
S={-,VIu{ll*|aeT}
(and perhaps a description or choice operator).
= Axioms of extensionality
= Axiom of description or choice

= Axiom of infinity
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HOL: Other Fragments

S Fragment of
= Simply typed A-calculus with the signature S
= No extensionality
= No axiom of description or choice

= No axiom of infinity

S Fragment of Extensional Type Theory:
= Simply typed A-calculus with the signature &
= Extensionality
= No axiom of description or choice

= No axiom of infinity
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Semantics: HOL-CUBE

s | Landscape of HOL model classes
3 , \ [Kohlhase-PhD-94]
/ v b [Benzmiiller-PhD-99]
\ [Brown-PhD-04]

Ve f M, M [Benzm.BrownKohlhase-JSL-04]

o
TN ﬁ%v

mﬁf mﬁg b Bnb
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Semantics: HOL-CUBE
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RN

N
b ¢,
f

: e

Mgy

i

Niane

Landscape of HOL model classes
[Kohlhase-PhD-94]
[Benzmiiller-PhD-99]
[Brown-PhD-04]
[Benzm.BrownKohlhase-JSL-04]

model class for S fragment of



Semantics: HOL-CUBE

va Landscape of HOL model classes
§ n \ [Kohlhase-PhD-94]
/ [Benzmiiller-PhD-99]

v b\ [Brown-PhD-04]

Ve f M, M [Benzm.BrownKohlhase-JSL-04]
i i model class for S fragment of
\/ " Y

U M f Mo

| / e model class for S fragment of
\ n / 3 extensional type theory (Henkin models)
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Semantics: HOL-CUBE

va Landscape of HOL model classes
/5 n \ [Kohlhase-PhD-94]

v b [Benzmiiller-PhD-99]
N [Brown-PhD-04]
Mise f N, Msp [Benzm.BrownKohlhase-JSL-04]
| : e S ¢ 7/
g i model class for S fragment of
\ " \
Mgy Mseo f Mignp
| e e model class for S fragment of
n £ extensional type theory (Henkin models)
N\774
Signature S defined as
mtﬁfb ~ ﬁ g
{T, LAV, =, U {9, 5%, =2}
full (less logical connectives are possible)
\J

(©Benzmiller & Brown (Dagstuhl 05431, 2005)
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B: models support 3-equality
/ g. models provide identity relations
V "A
e

V "\ Y
f
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Semantics: HOL-CUBE Q
OMNEEL CROIP
¢ yd | B: models support S-equality
/ n g. models provide identity relations
\ "\ _
o
“

</
\4 b \ -
* m [Andrews72]. without property q

; Leibniz equality = not necessar-

| - ily evaluates to identity relation —
\ 3 even in Henkin semantics

(©Benzmiller & Brown (Dagstuhl 05431, 2005)
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Mg

b: models are Boolean extensional

/g/i\b\
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mﬁ f: models are functional

\ Vf,g c Dﬁoz 5
/ v f=giff f{@Qa = gQa (Va € D)

Mg Nge

| f
\ £\ ;)%V

e

\xw/

mﬁfb = 55

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)
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n: models are n-functional

// v \ Eo(A) = Ep(A L)
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Semantics: HOL-CUBE Q

AEEL ER O
Ms &: models are ¢-functional
S/ .
§ o Ep(MXaw Mg) = Ep(MXar Ng) iff
/ v b\ Epla/x](M) = &, 1a/x1(N) (Va € Dq)
f My, My

P P
\ | e
’}’] £
N V¥
mgfb ~ 9
fL.I||

\/
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= Abstract consistency properties are provided in
[Benzm.BrownKohlhase-JSL-04]
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HOL-CUBE: Abstract Consistency Q

= Abstract consistency properties are provided in
[Benzm.BrownKohlhase-JSL-04]

= They support completeness and soundness analysis of calculi
by syntactical means for the HOL-CUBE

= Proposal:
use the examples of this paper before trying a formal analysis

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



HOL-Problems requiring /3 Q

E:hurch numerals:
A% = (AFaaAYa. (F"Y))

g/ | \ + := AMANAFAY. MF(NFY)
/ K X := AMANAFAZ N(MF)Z

, ¢ ¢
Y "
97{55[, f mtﬁnb
| e
\ n 3
L7748
Mssp >~ H
ful
\/
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HOL-ProbIemS requiring o m%.

Church numerals:
n® := (AFaaAYa- (F"Y))

T := AMANAFAY. ME(NFY)
/ v X := AMANAFAZ. N(MF)Z

Efficiency of 3-conversion:

zm

65 m 3x4=5%7

% m (10X10)X10 = ((10%5)F(5x10))x I
V A V

Maep f
\ 7I7 5/
L7748
Mgsp ~ 9
ful
\/
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HOL-Problems requiring (3 Q

E:hurch numerals:
n® := (AFaaAYa- (F"Y))

g/ | \ T := AMANAFAY. MF(NFY)
/ f X := AMANAFAZ N(MF)Z
Efficiency of 3-conversion:

m 3%X4 =517

A
A

| €/ \b . | e S
n n B (10x10)x10 = ((10x5)+(5%x10))x1
b
Y KN Yy -
Pre-unification with 3-conversion:
Digeo f Digno

u EIN(L—>L)—>L—>L' ((Nﬁ) = T)
¢ (two solutions if only 3;

\ |
a o
one solution if 3n)
b

m 3IN.NX4 =557

Maio = 9 m 3H. (H2)3) Z6A((H1)2) 2
fQ|| ® IN,M.Nx4 = 5+M
 / (infinitely many solutions!)

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)
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Some non-theorems:

m essentially FOL
/ v b* m apply to all model classes
m address
e

» Skolemization
» axiom of choice

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



HOL-ProbIems requiring 3 m%'

= is equivalence relation
B VX X=X
B VX0, Yo XZ=Y =Y =X
O vx NarZae X=EYAY ZZ)= X =

%g v
V%x ;)%V

Maep f
L f/
‘\ v~
Mgsp ~ 9
fuII
\/
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HOL-ProbIemS requiring o m%.

= is equivalence relation

B VXa X =X
/ v B VXo,Yee X=Y =Y =X
¥ vxa,Ya,z X=EYAY=Z)=X=

= IS congruence relation
v & v B VXa,Ya,Faa X =Y = (FX) = (FY)

Msep f nb B YXo,Ya,Poar X =Y A (PX) = (PY)
| v
\ 7 §
b
L7744
Mgsp ~ 9
fL'JII
v

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



HOL-ProbIems requiring

//v
V%x ;)%V

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)

\

77[1

= is equivalence relation
B YXa X =X

B VXo,Yee X=Y =Y =X
¥ vxa,Ya,z X=EYAY=Z)=X=

= IS congruence relation
B YXo,Ya,Faae X =Y = (FX) (FY)
B VXao,Ya,Poa: X = Y/\(PX) (PY)

Trivial directions of Boolean and functional ex-
tensionality

®m VA,,Bo.A=B= (A< B)
B VYF5a,Gpa- F = G = (VXa. FX = GX)



HOL-Problems requiring b Q
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yd | Non-trivial direction of Boolean extensionality
/5 n m VA,,Bo. (A= B)=AZB

n s /)
Y "\ Y
Digeo f Digne
\ | / /
n §
N 774
Mgsp ~ 9
full
\/

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



HOL-ProbIems requiring f

//V "t

e
V A \A
:

. [N ..

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)

)

OMEFL CROUP

Non-trivial direct. of functional extensionality

B YFsa,Gpa (VXa FX = GX) = F =G



HOL-Problems requiring n m%m

yd Example requiring property n
¢ |
/ U N (pO(LL) (AXL' fLLX)) = (p f)

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



HOL-PI‘Ob|emS requiring § m%m

Example requiring property & (and g!)

B (VXe (LX) = X) A po(,) (AXe X)
= p(AX,. fX)
/ V & :
EX
n 5 T 5 g
\ £\ \

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



HOL-ProbIems requiring f Q

Example requiring property f (and q')

B (VXe (LX) = X) A po(,) (AXe X)
[, = (pf)
/ V x

m

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)
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OMEEL CROP

Examples requiring property b
/ v b B (Poo @) A (P bo) = (p (@A b))
* (in particular —(a = —a))

[ —la——la)

ES hio((hT) £ (h1))) = (hL)
V% A A)% V
mﬁf

f

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



HOL-Problems: Other Examples

) i
\4 "\

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)

0O

Playing with DeMorgan’s Law:
B VXY . XAY & (=X VAY)

'Ok’ for all model classes




HOL-ProbIems: DeMorgan’s Law Q
OMEED RO

Playing with DeMorgan’s Law:
v [’ B VX Y.XAY & —(=X V)

zmﬁg B YX Y. XAY = (=X VAY)
V% N A)% V
mﬁf

gb f requires b
/

" / ¢

b

N\774

Mgsp ~ 9

fuII
\/

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



HOL-ProbIems: DeMorgan’s Law Q
OMEEL CROUP

Playing with DeMorgan’s Law:
v [’ B VY. XAY & —(=X V =Y)

B VX, Y. XAY Z (=X V)

97%&

% B (AUAV.UAV) = (AXAY. =(=X V Y))
728N MV
Wﬁf

f gmﬁnb requires b and &

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



HOL-ProbIems: DeMorgan’s Law Q

OMEEL CROIP
/ v b Playing with DeMorgan’s Law:
B VX Y.XAY & (=X VY)
Smﬁb B VX, Y. XAY = (=X V=Y)
n é. S 5 7|7 B (AUAV.UAV) = (AXAY. =(=XV =Y))

v b* v B A= (OXAY. (=X V 2Y))
requires b and f§
f

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)
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/ Set comprehension
/ v b* m big challenge for automation

m [Benzm.BrownKohlhase-Draft-05] set

- Digp instantiations can be used to simulate
| . / S : S/ cut-rule if one of the following axioms
n n IS given: comprehension, induction,
v b* v extensionality, choice, description
m dependend on logical constants in S
2. [
| -
\ ) ¢
N\774
Migpe =~ 9
full
\/

(©Benzmiller & Brown (Dagstuhl 05431, 2005)



HOL-ProbIems: Set Comprehension Q
OMEFL CROUP

/ Set comprehension
/ v b* m big challenge for automation

m [Benzm.BrownKohlhase-Draft-05] set

- Dige instantiations can be used to simulate
| / S S/ cut-rule if one of the following axioms
n § S n IS given: comprehension, induction,
v b* v extensionality, choice, description
m dependend on logical constants in S
2 S |
| - In the remainder
\ n £ m signature S varying
b* v / ® no property g assumed
Sﬁﬁﬁ, ~ 55
full
\/

(©Benzmiller & Brown (Dagstuhl 05431, 2005)



HOL-ProbIems: Set Comprehension Q

OMNEEL CROIP
Set comprehension
/ v b ! m big challenge for automation
M m [Benzm.BrownKohlhase-Draft-05] set
- 5 instantiations can be used to simulate
| / A b v | cut-rule if one of the following axioms

i : IS given: comprehension, induction,

v b* v extensionality, choice, description

m dependend on logical constants in S
2. [ i °
| / In the remainder
\ n § ® signature S varying
b* v / ® no property q assumed
Msip = 5 External vs. internal logical constants
mif—-¢S:
full — refers to 'external’ symbol

M E= —-A means M [~ A

(©Benzmiller & Brown (Dagstuhl 05431, 2005)



HOL-ProbIems: Set Comprehension Q

Set comprehension

mﬁs
B dNooVPo. NP & =P
v * v » fmeSor{l,=}CSor
{L,e}CS

e I > e.g.: Noo —— AXo. =X
| / ¢ / e.g.: Noo «— XXo. X = L
n
"& Y /
NMare ~ 9
ful
\

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



HOL-ProbIems: Set Comprehension Q

OMEEL CROIp
/ Set comprehension

gﬁﬁe
u EII\Ioo\V/Po- NP & —-P
» If= ¢ S and
v * v {L,=}¢Sor{l, <} ZS

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



HOL-ProbIems: Set Comprehension Q

OMEEL CROIp
/ Set comprehension

u EII\Ioo\V/Po- NP & —-P
» If= ¢ S and
v * v {Li=}¢Sor{l,&}ZS

.f,b f nb Other examples from [Brown-PhD-04]

\ ¢ e m Surjective Cantor Theorem
/ m Injective Cantor Theorem

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)
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Conclusion
OMEEL CROUP
s Presented simple examples
» highlight some semantical or technical point
» easy to understand / encode
» relevant for automated and interactive TP

» shall precede formal soundness / completeness analysis

s Further examples needed
» to illustrate properties of different forms of equality
» mediocre and challenge ones to built up a HOL TPTP

= Outlook
» Refine model classes for: description, choice, etc.
» Build powerful HOL ATPs (see e.g. [LPAR-04])
» Integrate them with proof assistants

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



Thank You

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)



[LPAR-04] HOL versus FOL

)

SET171+3  VYXoa, Yoa, Zoa - XU (YNZ)=(XUY)N(XUZ)
SET611+3  VXoa, Yoa-(XNY =0) & (X\Y = X)
SET624+3  VXoa, Yoa, Zoa-Meets(X,; YN Z) < Meets(X,Y) V Meet s(X,Z)
SET646+3  Vxq,yg.Subrel (Pair (x,y), (Aua.T) X (Avg.T))
SET67043  VZoa,Roga;Xoa; Yos.l SRel ON(R, X,Y) = I sRel On(Restri ct RDomR,Z),Z,Y)
_ e Moy Aoa - [AX]
) [AXq.L]
_N_ Moo, Boa - [Axa.x € A A X € B
_uU_ Moo, Boa - [Axa.x € AV x € B]
“\— Moo, Boa - [Axa.x € AV x & B]
Meets(—,—) Moo, Boa [FXxa.x € AA X € B]
Pair(—,—) Mo, YB-[AUa,Vg.u =X AV =]
_ X _ Moo, Bog [Aua,vg.u € ANV € B
Subrel (—,—) ARogas Qoga-[VXa, y3.-Rxy = Qxy]|
|sRel On(_,—,_) ARogas Aoay Bog - [VXa, yg.-Rxy = x € ANy € B]
Restrict RDom_,_) ARogas Aoa-[MXa, Yg.x € A A Rxy]

(©Benzmiiller & Brown (Dagstuhl 05431, 2005)
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