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Overview: Issues of this Talk

e Computer-supported Mathematics
— representation does matter
e Automation of Mathematical Reasoning
—  higher-order may outperform first-order in certain domains
e Automation of Higher-Order Theorem Proving (HOTP)
— cooperation with a first-order theorem proving (FOTP) is beneficial
e Architectures supporting System Integrations
— agent-based reasoning with OANTS
e Problem Libraries such as TPTP

— should support alternative (higher-order) problem representations
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Computer Maths: Representation Matters

e Computer-supported Mathematics / Mathematics Assistance Systems

full automatization not realistic and only partly desireable
support for collaboration mathematician and computer is needed
interaction should be based on expressive languages

fact: maths in practice uses higher-order constructs

fact also: prominent proof assistents already support higher-order logic

e Example:

P(A)

textbooks higher-order logic first-order logic
{z|z C A} Ar.x CA rePA)exCA
P(0)is finite finite(P(0)) ... lessnice ...

Im(F,A) {y|l3zxeAny=F(z)} JAydzaoxeAANny=F(z) seeTPTP (terrible)
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Computer Maths: Representation Matters

Start with higher-order representations
in a mathematics assistance system

e Idea: and combine higher-order and first-order
(and propositional) reasoning
(supported by tranformational mappings)

e Test Problems:
— 45 theorems on sets, relations, and functions
— taken from the TPTP domain "SET”
— also used in paper on Saturate system [GanzingerStuber-1JCAR-04]
— we added some problems that cannot be solved by any FOTP

e Conciseness of Higher-Order Representations:
— 45 problem formulations (required defintions + theorems) fit on 1,5 page

— not possible in first-order without A-abstraction
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Computer Maths: Representation Matters b

e Examples of Basic Definitions on Sets and Relations

¢ Examples of the Test Problems
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Fairness of the Experiment D
ONEFL RO

e (Observation:

— complete encodings of set theory in higher-order (comprehension via A-abstraction, Boolean
and functional extensionality, ...)

VS.
— incomplete and sometimes artificially tailored (useful lemmata) problem formulations in TPTP

e Example: TPTP171+43
Assumptions: VB, C,z.xe€(BUC)& (reBVvzel) (1)
VB,C,zxe(BNC)& (xe BVvzel) (2)

VB,C.B=C& (BCCACCB) (3)

VB,C.BUC=CUB (4) derivable from 1,3,6
VB,C.BNC=CnNB (5) derivable from 2,3,6
VB,C.BCC& (Vz.xe B=>z€() (6)

VB,C.B=C& (Vz.xe B&xel) (7) derivable from 3,6

Proof Goal: VXY, ZXU(YNZ)=(XUuY)Nn(XUuZ) (8)

¢ Hence: Our Comparison is Unfair
— our higher-order problem formulations are more general and non-tailored
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HOTP

may outperform FOTP

e Observation not new:

e New:

TPS [see papers on TPS]
LEO [CADE-98,Benzmiiller-PhD]
OMEGA-OANTS [KI-01]

others .

Combination of HOTP and FOTP may even perform better

e Approach:

Make use of complementary strenghts of both worlds

Our HOTP of choice: LEO (extensional higher-order resolution)
Our FOTP of choice: Bliksem [Nivelle-99]

Our integration means of choice: JANTS [AIMSA-98,Sorge-PhD]

© C.BENZMULLER, 2005




SET171+3: A Motivating Example

Problem:

VB,C,D.CU(BNnD)=(CUuB)Nn(CUD)
VB,C,D.CU(BNnD)=(CuB)n(CuD)”

[((Az.BxzV (Cx ADz)) =(Azx.(BxACz)V (Cz A Dz))]*
[(Az.Bz VvV (Cz ADz)) =" Az.(BxACz)V (Cz A Dz))]
[(BxV (CzADz)) ="((BxACz)V (Cz A Dz))]
(BxV (CzxADz)) < (Bt ACz)V (CzADz))]"
[Ba)’
ﬁmiwk [Cz]"
[Bz)' Vv [Dz]!
[Cz])"'V [Dz]"

within LEO or within FOTP?
L]

—

—

def.-expansion, cnf
B.,C,D Skolem const.

unification constraint

f-extensionality
z new Skolem constant

B-extensionality

cnf, factor., subsumption

Propositional Problem!!!

propositional reasoning
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SET624+3: Direct Mapping into FO

Problem:

VX,Y,Z Meets(X,Y NZ) < Meets(X,Y) VMeets(X, Z)

VX ,Y,Z.Meets(X,Y NZ) < Meets(X,Y) V Meets(X, Z)|¥

[Az.(Bz A (CzV Dz)) < ((3z.Bx ACzx)V (3z. Bz A Dz)]*

26 FO-like clauses

!
!

def.-expansion

cnf

within LEO?
within FOTP?
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SET646+3: No Proof Search

Problem: Vo, yg.Subrel(Pair(z, y), (Auq. T) X (Avg.T))

Vz, y.Subrel(Pair(z, y), (Au.T) x (Av.T))]F

|l def.-expansion
Vz,y,u,v.(u=zAv=x)= ((=L)A (=L))]"

1l cnf

LV L =0
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SET611+3: Repeated Extensionality D

OMEEL CROP

Problem: VA,B.(ANB=0)< (A\B=A)
VA, B.(ANB=0)< (A\B=A)|"
|l def.-expansion
VA, B. (Ax.(Ax ABzx))=(Ax.l)
< (Az.(Az A—Bzx))= (Az.Azx)]"
1 cnf, A, B Skolem
(1) [(Az.(Az A Bz)) = (Az. L)' V[(Az.(Az A—Bz)) = (Az.Az)]"
(2) [(Az.(Az A Bz))="(Az.L)]V|[(Az.(Az A—=Bz))="(A\z.Az)]
([((Az.(Az A Bz))=(Az. L)' V[ Az.(Az A—=Bz)) = (Az.Ax)]")
several rounds
of B&f-ext.
and cnf

—

inconsistent set of FO-like clauses within LEO?
within FOTP?
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HOTP-FOTP: Modeling in {2ANTS

OMEELA R O1p
e ()JANTS:
— distributed suggestion mechanism for interactive theorem proving
— blackboard architecture, supports redefinition of agents at run-time
— automation of proof search possible [Calculemus-00]
Rule 1
Suggestions ; Rule 2
Interactive Rule 4 ” @ =
GM@H Rule 1 m
and/or @ Ruet | Rule 3 '
Selector ” @ sk
m sesekkok o
| - o
' | Ruled f
, @L, P Partial
HHHH** Proof
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HOTP-FOTP: Modeling in {2ANTS

OLD Solution

o ﬂmom_ _ImOA_ImO|_Ume3\_mv

o Conjunction-of-FO-clauses LEO-with-partial-result(LEO-params)
HO-goal

o ﬂmom_ _HO|_|_UA_HO|_|_U|UD-‘N3\_mV

NEW Solution

o a _ImOA_ImO|_Ume3\_mv

* THO-zoal zoal LEO+FOTP(LEO-partial-proof,FO-clauses, FO-proof,LEO-params)
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Experiments: Results (I)
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Experiments: Results (I1)
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HOTP-FOTP: Soundness and Completeness

Soundness
e LEQO'’s calculus is sound
e Bliksem’s calculus is sound
e Crucial part:

— transformation from FO-like clause in LEO to real FO clauses in Bliksem
must preserve satisfiability

— we use TRAMPs [Meier00] injective mapping
wﬁ\ﬁgvv - @WBQA@“ @WEA\“ @vv

Completeness
e LEO's calculus is Henkin complete (the implementation of LEO is not though)

e Completeness of the cooperative approach relies on the completeness of LEO
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HOTP-FOTP: Problems

Generation of proof-objects
e How can we obtain a common proof object?

— solved since Tuesday (LPAR "programming session” with Volker)

Leibniz equality (and other definitions of equality)

e Leibniz equality: = can be defined as Az.A\y.VP.P(z)= P(y)
e Example: a=b= f(a)= f(b)
Primitive equality Leibniz equality
[a=0]" [P (a)]F v [P(B)]"
[f(a) = f(b)]" [Q(f(a)]*
[Q(£(b))]*
refutable in LEO refutable only in LEO
and Bliksem P+ Xx.Q(f(x))
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Related Work

e Denzinger/Fuchs [IJCAI-99]:

TECHS system

— only cooperation of first-order systems

Andreas Meier Joe Hurd Jia Meng, Larry Paulson
[CADE-00] |[CADE-02] [ILJCAR-04]

o TRAMP, generic

interface between

OMEGA and FOTPs

— no calls to FOTP from within automated HO proof search
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Summary

e Computer-supported Mathematics
— representation does matter
¢ Automation of Mathematical Reasoning
— higher-order may outperform first-order in certain domains
e Automation of Higher-Order Theorem Proving (HOTP)
— cooperation with a first-order theorem proving (FOTP) is beneficial
e Architectures supporting System Integrations
— agent-based reasoning with OANTS
e Problem Libraries such as TPTP

— should support alternative (e.g. higher-order) problem representations
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And Finally ...

| can fully recommend TEXacs as scientific editor
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Verified Mathematical Texts: Motivation
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