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Research in the (XMEGA project

Aim: assistant for the working mathematician

Means: development and integration of heterogenous tools

B reasoning  proof planning (PP), agent-based reasoning, ATP

B computation computer algebra
B nteraction tactical TP, mixed initiative PP
B proof maintenance proof object, diff. levels of detall
B user interface graphical Ul, natural language
B knowledge management mathematical database
B infrastructure network of service systems

(AMEGA project .=

collection of integrated heterogeneous research projects linked

via the core (2MEGA-system
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(OMEGA’S Proof Data Structure

Abstract Proof Plan

Abstraction
\ B = = ~
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Higher Order Natural Deduction
Proof Object
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Case Study: /2 is irrational

®m Three contributions:
1. Tactical theorem proving
2. New: Interactive island planning
3. Automated proof planning

®m Focus in this talk: Tactical theorem proving and
Interactive island planning
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The v/2-Problem

Theorem: +/2is irrational.
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The v/2-Problem

Theorem: +/2is irrational.

Proof:. (by contradiction)

Assume /2 is rational, that is, there exist natural numbers m,n
with no common divisor such that v/2 = m/n. Then nv2 = m,
and thus 2n? = m?. Hence m? is even and, since odd numbers
square to odds, m is even; say m = 2k. Then 2n* = (2k)* =
4k?, that is, n* = 2k*. Thus, n? is even too, and so is n. That
means that both n and m are even, contradicting the fact that

they do not have a common divisor.
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The v/2-Problem

Theorem: +/2is irrational.

How closely can we prove the theorem interactively along the

previous lines?
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Formalization

The Problem:
(th"defproblem sqrt2-not-rat (in real)
(conclusion (not (rat (sqrt 2))))

(help "sqrt 2 is not a rational number."))

Definitions and Lemmas:
(th”“deftheorem rat-criterion (in real)
(conclusion
(forall-sort (lam (x num)
(exists-sort (lam (y num) (exists-sort (lam (z num)
(and (= (times x y) z)
(not (exists-sort (lam (d num)
(common-divisor y z d)) int))))

int)) int)) rat))

(help "for rationals x there exist integers y,z which

have no common divisor and z=x*y.")) ©C. Benzmiller 2003



Formalization

(th”defdef evenp (in integer)
(definition
(lam (x num) (exists-sort (lam (y num) (= x (times 2 y))) int)))
(help "Definition of even."))

(th”deftheorem square-even (in integer)
(conclusion
(forall-sort (lam (x num) (equiv (evenp (power x 2)) (evenp x))) int)

(help "x is even, iff x"2 is even."))

(th"deftheorem even-common-divisor (in integer)
(conclusion
(forall-sort (lam (x num) (forall-sort (lam (y num)
(implies (and (evenp x) (evenp y)) (common-divisor x y 2)))
int)) int))
(help "If x and y are even, then they have a common divisor."))
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Formalization

(th“defdef sqrt (in real)
(definition
(lam (x num)
(choose (lam (y num) (= (power y 2) x)))))

(help "Definition of square root."))

(th“defdef rat (in ratiomnal)
(definition
(lam (x num)
(exists-sort (lam (y num) (exists-sort (lam (z num)
(and (not (= (mod x y) zero)) (= x (frac y z))))
pos-nat)) int)))

(help "Rationals as reduced fractions a/b of integers."))

@©C. Benzmuller 2003



Tactical TP in QQMEGA

Procedural approach: proof construction by

= applying rules

= applying tactics
(note difference to LCF style tactics!)

® using external systems

m using facts from the database
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Tactical TP in QQMEGA

Procedural approach: proof construction by

= ap

map

D

D

ying rules

ying tactics

(note difference to LCF style tactics!)

® using external systems

m using facts from the database

Verification by proof expansion
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Tactical TP in QQMEGA

Procedural approach: proof construction by

= ap

map

D

D

ying rules

ying tactics

(note difference to LCF style tactics!)

® using external systems

m using facts from the database

Verification by proof expansion

Tools for proof presentation
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Tactical TP in QQMEGA

OMEGA: load-problems real

;55 Rules loaded for theory REAL.

;53 Theorems loaded for theory REAL.
;55 Tactics loaded for theory REAL.
;53 Methods loaded for theory REAL.
;55 Strategies loaded for theory REAL.

OMEGA: prove sqrt2-not-rat
Changing to proof plan SQRT2-NOT-RAT-1
SQRT2-NOT-RAT () |- (NOT (RAT (SQRT 2)))

OMEGA: noti
NEGATION (NDLINE) A negated line: [SQRT2-NOT-RAT]
FALSITY (NDLINE) A falsity line: [()]

L1 (L1) |- (RAT (SQRT 2))
L2 (L1) | - FALSE
SQRT2-NOT-RAT () |- (NOT (RAT (SQRT 2)))

OPEN

HYP
OPEN
NOTI: (L2)
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Tactical TP in QQMEGA

OMEGA: import-ass rat-criterion

RAT-CRITERION (RAT-CRITERION) |- (FORALL-SORT ([X]. THM
(EXISTS-SORT ([Y].
(EXISTS-SORT ([Z].
(AND (= (TIMES X Y) Z)
(NOT (EXISTS-SORT ([D].
(COMMON-DIVISOR Y Z D))
INT))))
INT))
INT))
RAT)
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Tactical TP in QQMEGA

OMEGA: foralle-sort

UNIV-LINE (NDLINE) Universal line: [RAT-CRITERION]
LINE (NDLINE) A line: [(Q)]

TERM (TERM) Term to substitute: (sqrt 2)

SO-LINE (NDLINE) A line with sort: [L1]

L3 (L1) |- (EXISTS-SORT ([DC-248]. FORALLE-SORT: ((SQRT 2))
(EXISTS-SORT ([DC-251]. (RAT-CRITERION L1)
(AND (= (TIMES (SQRT 2) DC-248) DC-251)
(NOT (EXISTS-SORT ([DC-255].
(COMMON-DIVISOR DC-248 DC-251 DC-255))
INT))))
INT))
INT)
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Tactical TP in QQMEGA

OMEGA: mexistse-sortx*

CONCLINE (NDLINE) Conclusion Line.: [L2]

EXLINE (NDLINE) An existentially quantified line: [L3]

SUBGOAL (NDLINE) Subgoal Line.: [()]

PARAMETER (TERMSYM-LIST) Termsym List.: [(dc-248 dc-251)](n m)

L4 (L4) |- (AND (INT N) HYP
(EXISTS-SORT ([DC-251].
(AND (= (TIMES (SQRT 2) N) DC-251)
(NOT (EXISTS-SORT ([DC-255].
(COMMON-DIVISOR N DC-251 DC-255))
INT))))
INT))
L6 (L4) |- (INT N) ANDEL: (L4)
L5 (L5) |- (AND (INT M) HYP
(AND (= (TIMES (SQRT 2) N) M)
(NOT (EXISTS-SORT ([DC-255].
(COMMON-DIVISOR N M DC-255))
INT))))
L8 (L5) - ... © C. Benzmiiller 2003



Tactical TP in QQMEGA

OMEGA: ande

CONJUNCTION (NDLINE) Conjunction to split: [L9]
LCONJ (NDLINE) Left conjunct: [()]

RCONJ (NDLINE) Right conjunct: [()]

L11 (L5) |- (= (TIMES (SQRT 2) N) M) ANDE: (L9)
L12 (L5) |- (NOT (EXISTS-SORT ([DC-255]. ANDE: (L9)
(COMMON-DIVISOR N M DC-255)) INT))

Now we are stuck: from L11 we want to infer
(= (times 2 (power n 2)) (power m 2))
then (evenp (power m 2)) and (evenp m)

No tactic available for this: instead cut rule is needed
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Tactical TP in QQMEGA

OMEGA: lemma

NODE (NDPLANLINE) An open node: [L9]

FORMULA (FORMULA) Formula to be proven as lemma:
(= (power m 2) (times 2 (power n 2)))

L13 (L8 L4 L1) ' (= (POWER M 2) (TIMES 2 (POWER N 2))) OPEN
OMEGA: by-computation

LINE1 (NDLINE) A line with an arithmetic term to justify.: 113

LINE2 (NDLINE-LIST) A list containing premises to be used.: (111)

L11 (L.8) ' (= (TIMES (SQRT 2) N) M) ANDE*: (L8)

.13 (L8 L4 L1) ' (= (POWER M 2) BY-COMPUTATION: (L.11)
(TIMES 2 (POWER N 2)))

The latter tactic employs the CAS MAPLE via MATHWEB.
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Tactical TP in QQMEGA

(L89 (TERTIUM-NON-DATUR POWER-INT-CLOSED NAT-INT SUCC-NAT ZERO-NAT
EVEN-COMMON-DIVISOR SQUARE-EVEN L4)
(EQUIV (EVENP (POWER N 2)) (EVENP N))
(0 ("IMPE" () (L6 L88) "grounded" () ("EXISTENT" "EXISTENT" "EXISTENT")))
)
(L90 (TERTIUM-NON-DATUR POWER-INT-CLOSED NAT-INT SUCC-NAT ZERO-NAT
EVEN-COMMON-DIVISOR SQUARE-EVEN L4)
(IMPLIES (EVENP (POWER N 2)) (EVENP N))
(2 ("EQUIVE" () (L89) "expanded" () ("EXISTENT" "L91" "EXISTENT"))
("ANDE" () (L125) "expanded" () ("EXISTENT" "L91" "EXISTENT"))
("ANDEL" () (L125) "grounded" () ("EXISTENT" "EXISTENT")))
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Tactical TP in Q)MEGA

=Ii: Lovely Omega User Interfac | {
Fle Presentation Edit View Go Theories Planner Agents Misc Preseniation Examples Omega Extem  Analogy Omega Basic Taclics Verify Mbase ul Optmns Help |
| i
=& & #| & «[#| O] 9 o a
Map Lahel Hypothesis Term Method Premises
N LLL Lg fisqrt 23 = n) = m AMDE= Ls Al
Liz LS “{exists-sort (Adc-270, (comm ANDE= {Ek=3
L13 LS Ld RAT-CRI {power m 23 = {2 # {power n BY-COMPUTATIOIL11
L1d L8 L4 BRAT-CRI evenp (power m 2} Defnl )
L15 LE Ld RAT-CRI existz—sort (hdc-278, ({power EXISTSI-SORT ik U
Li& LE Ld EAT-CRI'int {power n 2} WELLSORTED LE
SUUARRE-EYEHN SUUARE-EYEHN forall-=zort {(hx, {{evenp (pow THH
L17 SUQUARE-EYEN Lievenp m ASSERT SOUARE-EWEH L10 L1
L18 SHAUARF-EYEN Liexists—sort (Adc-334, (m = {2 DefnE 17
L19 L1% {int k) A (m = (2 = kb)) HYP
L20 SUUARE-EYWEN L' WERKEN L29
L21 L19 int k AHDE 1
A /_\ * * | =1 BE m = (2 % Rk} AMDE i)
? v : 7] '_23 15 SQUﬂRE—E&{Il(prEF n 27 = (2 * {power K EY—_EDMPUTQTIDI'_Q L2
LZd L19 SQUARE-EV| evenp {(power mn 2} Defnl L2b
' L25 firgs! QUQRE EVlexiztz-sort (hdc-3dd, {{power EXISTSI-SORT 23 L2A
L26 19 SHUAR {power k 23} WELLSORTED 21
. . Lz27 13 flevenp n ASSERT SOUARE-EWEHW L& LZ4
EVEN-COMMON-D0 EVEH | forall-sort (k. (forall-szort THH
° . LzZ8 EVEN IH-0iint 2 WELLSORTED
v ' L29 EWEH-COMMON-0. 1 ASSERT EWEN-COMMON-OIWISO)
o el = Pr] - — = El |
Pretty Term
= (Ax, tForall-sort (Ay, ({l{evenp x} A ftevenp y?!id o {common—divisor x y 2323 inti} b
= = it
Output] Mesgage | Error | Warning | Trace ‘ evenp N
#+2:C5M Creator [213 Command agent for command NEUT [%| ==~ o T o e T T T e e
r2*:C5M Creator [21:; Defining 3 default agents for int {power k 20
++:C5M Creator [213 Blackboard for command INVERSE Icaca e ra L e R . . ra e
r::C5M Creator [21:; Command agent for command INVE
£::C5M Creator [21: Defining 2 default agents for exists-zort {ddc-344, ({power n 2} = (2 = dc-3d4))) int
++*:C5M Creator [2]1: Blackboard for command APPLY-A == . . e . . . o
£::C5M Creator [21: Command agent for command APPL
$::C5M Creator [21: Defining 2 default agents for tpower m 20 = {2 * dpower n 233
$::C5M Creator [21: Blackboard for command DEFHE<P] |—--- e i A e e e e e A e
++:CSM Creator [21: Command agent for command DEFH e
++:C5M Creator [2]1; Defining 1 default agents fFor
£::C5M Creator [2]1: Blackboard for command REFLEX- T o R e e A R R R R R
£+:C5M Creator [21: Command agent for command REFL {power n 2} = (2 % {power k 2)} ‘
"Agentz now NOT reszource adaptive |" Initialized h _ v
Kl | | |
@©C. Benznjuller 2003
Ho €0 O @0 @5 Ad A3 Ao To Tota 3 Depth 0 Command: Execute-Theorem-Log Time: 1569 |




Tactical TP in QQMEGA

6 LML Browser ol
File Help

Locotion: |

| Theorem: Letevenx and even v impdy thad 2 5 @ common divisor I

lofx and v forafl vin 2 for alix in 2, Led x be even if and

londy if "2 iz even foralix i Z Let there be a y in Z such

| thae Shere sz th Z such thar X = z and there doesn’t exist
i@ i1 Z such thet o is @ common divisor of y and Zfor alix in Q.
Thus sgri( 2) 1sn't radiond,

| Proof:

|Let 2 be a common divisor of x and 7 if xis even and v is even
fffor alvinZforallzinZ, Let zbe even if and only if 2 is

f; egvenfor allzinZ Let there be a v in Z such that there exists
jazinZ such that x*y = z and there is no din Z such that dis a
55 cornmen divisor of ¥ and z for all xin Q.

[ We prove that sqrt(2) isn't rational by a contradiction, Let

| 2qrti2) be ratonal.

|Letnin £ andlet there be a de 262 in Z such that sqrif2)*n=

| de 269 and thereisno de 273 in Z such that de_ 273 is a common

| divisor of n and dc_268.

[LetminZ, let sqrtt2i*n = m and let there be no de. 279 in Z such

{that dc_279 is a common divisor of nn and m.

| We prove that m*2 = 2*n"2 in order to prove that there exists a

lde 287 inZ suchthat m"2 = 2*dc 287. m"2 = 2*n"2 because

| sgrii2)*n = m.

| Hence m®2 is even. Hence mis even since min Z, Then there exists

iade 343 inZ suchthatm=2%dc 343,

(LetkinZandletm=2%k 2in Z,

| We prove that n"2 = 2*k”2 in order to prove that there is a dc_353

Iin Z such that n"2 = 2*de. 353,02 = 2*k"2 since m”2 = 2*n"2 and m

i=2%k

| That implies that n*2 is even. Thatleads to evennbecausenin Z,
That leads to a contradicion because min £, nin £, there is no

|de_ 279 in Z such that de_279 iz a common divisor of n and m, mis

leven and 2 in 2.
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Tactical TP in QQMEGA

Result:
= 33 interactive steps
= resulting proof consists of 33 nodes

= expanded proof consists of about 200 nodes
(automatic expansion)

Problematic (this also applies to other systems):
= tactics are not fitted to the problem at hand

m proving Is tedious and user has to adapt to the
system
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Interactive islands planning

Declarative approach versus procedural approach
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Interactive islands planning

Declarative approach versus procedural approach

2

2 % n? = m?
Even(m?) Island

Eve?(m)

Network of proof ‘islands’ Island
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Interactive islands planning

Declarative approach versus procedural approach

Network of proof ‘islands’

S

S

ang

ang

2

2 % n? = m?
Even(m?) Island

Eve?(m)

Island

s structure the proof in natural form

S provide no argument for soundness

= Verification: expansion of island steps

(automated, interactive, recursive island
approach)

@©C. Benzmuller 2003



L6 (L4) I (INT N) ANDEL: (L4)
L8 (L5) ! (INT M) ANDEL: (L5)
L11 (L5) ! (= (TIMES (SQRT 2) N) M) ANDE: (L9)

OMEGA: island-tactic

CONC (NDLINE) Conclusion of step: nil

PREMS (NDLINE-LIST) Premises of step: (L11 L6 L8)

PARAM (TERM) Formula of Conclusion: (= (times 2 (power n 2)) (power m 2))

L13 (L4 L5) |- (= (TIMES 2 (POWER N 2)) (POWER M 2)) ISLAND-TACTIC: (Li11 L6 L8)
OMEGA: island-tactic nil (L13 L6 L8) (evenp (power m 2))

L14 (L4 L5) |- (EVENP (POWER M 2)) ISLAND-TACTIC: (L13 L6 L8)
OMEGA: island-tactic nil (L14 L8) (evenp m)

L15 (L4 L5) |- (EVENP M) ISLAND-TACTIC: (L14 L8)
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Proof with Islands

Results:
m 15 interactive steps (8 island steps, 7 tactic steps)
® resulting proof consists of 25 nodes

B expanded proof consists of about 280 nodes (interactive
expansion)
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Proof with Islands

‘, LML Emwser .._EI 3[
' File Help
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.Lucution:

i Theorem: Lefthere be a)y in 2 such that there exists azin 2
|such thar x*y = zand there is nod in £ such thar & it @ common
\dnzsor of yand 2for alix in Q. Therefore sqrdfZ) isn't
Lrexdionad,

 Proof:

| Let there be a v in £ such that there exists a2z in Z such that
lx*y = z and there is no d in Z such that d is a commoen divisor of
iy andzforall=in Q,

| We prove that sqrt{2) isn't rational by a contradiction, Let

| sqrt(2y be raonal,

|Letnin Z and let there be a de_ 251 in 2 such that sqrti2)*n =
idc_251 and there is no de_255 in Z such that de_ 255 is a common
(divisor of nand de 251, Letmin Z, let sqri{2y*n = m and let

‘there be no de_255 in Z such that de_255is & cornmon divisor of n
tand . N in Z, min 7 and sqrt(2)*n = mlead to 2*n"2 = m*2,

| Therefore m™2 is even becanse nin Z and min 72 That implies that
im is even because m in Z, That implies that thereis ade 263inZ
isuch that m=2*dc 263,

:LetkinZ andletm=2%k n"2 =2*"2 sinceninZ minZ kin

(7, = 2%k and 2*n"2 = m"2. That implies that n*2 is even sincen
linZ and kin £, Thatleads to evenn becausenin 2. Hence2is g

| cornmon divisor of nand m since mis even, nin £ and min £, Thus
iwre have a contradicton because there is no do 255 in Z such that
{dc_255 is a cornmon divisor of n and m.

\QED
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Summmary of Island Approach

m Sketch top-level proof in a declarative way

® |In general. expansion of island steps generates proof
object in its own right

B |In our case study: Expansion of island steps with
external systems almost completely automatic.

® Problems in the automatization:

m W
m W
m W

NIC

NIC

NIC

N definitions need to be folded or unfolded?

N assumptions are missing?

N facts need to be included from the database?
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Proof Planning the Problem

Since (XMEGA Is also a proof planner: Can the proof can be
automatically proof planned?

m First needed: Acquisition of methods by generalization of
steps in island proof

m Possible then: automatically prove plan arbitrary
problems of the /1 is irrational domain

m But note: knowledge acquisition process is crucial for the
success

® Methods still to problem specific: e.g. with respect to
lemma retrieval or folding/unfolding of definitions

B See article submitted to Journal of Automated Reasoning
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Proof Planning the Problem

(1)

Use RAT-CRITERION and construct an indirect proof.

(2) To get a contradiction show that the two constants

(3)

(existential variables) in RAT-CRITERION, which are
supposed to have no common divisor, actually do have a
common divisor d.

To find a common divisor transform equations (for
example, V2 -n =m — 2 - n? = m?), derive new divisor
statements (for example, from 2 - n? = m? derive that m?
has divisor 2, or from m? has divisor 2 derive that m has
divisor 2); derive from given divisor statements new
representations of terms, and use them for further
transformations.
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Conclusion

Although the v/2-example is mathematically trivial, it
nevertheless provides a challenge for mathematical assistant
systems: not about automation, but about “natural” interaction
and proof construction.

The example particularly requires the combination of

® deduction

B computation

® lemma retrieval

m folding or unfolding definitions

There should be more such case studies!

Criteria for the comparison of systems?
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Conclusion cont'd

(AMEGA Is much more than just a proof planner:
m tactical theorem prover
B new: interactive island planning
® it provides various integrated support tools

Automated proof planning of v/I-examples is of course

possible: by generalizing and programming reasoning
patterns

But note the price to be paid: knowledge acquisition!

There is still much to do! And the main problem is not that we
need stronger “general” proof tools!
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Future of OMEGA

m ... of course, many things to mention ...
m Central issue at the moment:

® New Logic Layer based on Core System instead if ND
m Benefits:

m Core hides many aspects of the logic layer from the
user.

= ... many further group internal benefits ...
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Future of OMEGA

Al symmetric(A)
A2 symmetric(B)

G symmetric(AN B)

System suggestion: Apply-Assertion(def-symmetric) then you

would get the following proof state ...
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Future of OMEGA

Al symmetric(A)
A2 symmetric(B)

G Vo,(z,y) e ANB = (y,x) € ANB

System suggestion: Still Apply-Assertion(def-symmetric) ...
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Future of OMEGA

Al symmetric(A)
A2 symmetric(B)
A3 V., (z,y) € A= (y,z) € A
A4 Y, (x,y) € B= (y,x) € B

G V.,(z,y) e ANB = (y,z) € ANDB

System suggestion: Focus on right-hand-side of implication . ..

@©C. Benzmuller 2003



Future of OMEGA

Al symmetric(A)

A2 symmetric(B)

A3 V., (z,y) € A= (y,z) € A
A4 Y, (x,y) € B= (y,x) € B
Ad (c1,c0) € ANB

G (c1,c0) € ANB

System suggestion: Apply-Assertion(def-N) ...
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Future of OMEGA

Al symmetric(A)

A2 symmetric(B)

A3 Vy(x,y) € A= (y,z) € A
A4 Yy (z,y) € B= (y,x) € B
Ad (c1,c0) € ANB

A5 (c1,c9) € AN{c1,c0) € B

G (co,c1) € AN {co,c1) € B

System suggestion: Apply-Assertions(A3,A4) ...
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Future of OMEGA

Al symmetric(A)
A2 symmetric(B)
A3 Vy(x,y) € A= (y,z) € A
A4 Yy (z,y) € B= (y,x) € B

System suggestion: Goal proved by Apply-Assertions(A6,A7 ) ...
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Future of OMEGA

© © N o ok~ W D PE

=
©

1

2,
1,2;
1,2;
S}
1,2,5;
1,2,5;
1,2,5;
1,2;
1,2;

T T T T T©T T©T ‘T T T T

symmetric(A)
symmetric(B)

Vey(z,y) € A= (y,z) € A
Veu(z,y) € B= (y,x) € B
(c1,c2) € AN {c1,c2) € B
(c2,c1) €

(c2,¢1) €
(ca,c1) € AN {co,c1) € B

Vey(z,y) € ANB = (y,z) € ANB

symmetric(A N B)

Hyp
Hyp
AA[Sym-Def] 1
AA[Sym-Def] 2

Hyp

AA[3] 5
AA[4] 5
AA[6,7] 67

AA[N-Def] 58
AA[Sym-Def] 9
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