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Research in the MEGA project

Aim: assistant for the working mathematician
Means: development and integration of heterogenous tools

reasoning proof planning (PP), agent-based reasoning, ATP
computation computer algebra
interaction tactical TP, mixed initiative PP
proof maintenance proof object, diff. levels of detail
user interface graphical UI, natural language
knowledge management mathematical database
infrastructure network of service systems

�

MEGA project :=

collection of integrated heterogeneous research projects linked

via the core

�

MEGA-system
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System Overview
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MEGA’s Proof Data Structure
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Abstract Proof Plan
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Proof Object
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Case Study: is irrational

Three contributions:

1. Tactical theorem proving

2. New: Interactive island planning

3. Automated proof planning

Focus in this talk: Tactical theorem proving and
interactive island planning
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The -Problem

Theorem:

�

is irrational.
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The -Problem

Theorem:

�

is irrational.

Proof: (by contradiction)

Assume

�

is rational, that is, there exist natural numbers ��� �

with no common divisor such that
� � � � �. Then � � � �,

and thus

� � � � � � . Hence � � is even and, since odd numbers

square to odds, � is even; say � � � �

. Then

� � � � � � � 	 � �


 � �

, that is, � � � � � �

. Thus, � � is even too, and so is �. That

means that both � and � are even, contradicting the fact that

they do not have a common divisor.
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The -Problem

Theorem:

�

is irrational.

How closely can we prove the theorem interactively along the

previous lines?
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Formalization
The Problem:

� � �� ��� �	� 
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Definitions and Lemmas:
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� � � � �#" � �� �� � �  � ! �

� � � � � � � � � � � � � � 
 � � 
 � � � � � � � �
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 � � � � � � � � � � %� 
 �  & ! ' �� � �

� � $ � � � � � � � � � �� $� � � 
 � � � ! " � ( � � � �
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Formalization

� � �� ��� � ��� � � $ � �� �� � � � � � %� 
 �

� ��� �� �� �� � �

� 
 � � ��� � � � � � � � � � � � � � � 
 � � 
 � � �� � � � � �#" � � �� �� � �  � � � � � � � � �

� ��� 
 � �� � �� �� �� � � � � � $ � �� � � �
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 � � � � � � $ � �� � � � � � � � � �

� ��� 
 � � � � � � $ � � & � � � � � � � � � $ � �� � � �

� � �� ��� � � ��� � 
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Formalization

� � �� ��� � ��� � �� 
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Tactical TP in MEGA

Procedural approach: proof construction by

applying rules

applying tactics
(note difference to LCF style tactics!)

using external systems

using facts from the database
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Tactical TP in MEGA

Procedural approach: proof construction by

applying rules

applying tactics
(note difference to LCF style tactics!)

using external systems

using facts from the database

Verification by proof expansion
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Tactical TP in MEGA

Procedural approach: proof construction by

applying rules

applying tactics
(note difference to LCF style tactics!)

using external systems

using facts from the database

Verification by proof expansion

Tools for proof presentation
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Tactical TP in MEGA

� �� � ��� �	� 
 �
� �� � � �	� � � � � 
 �

� � � ��� �	� � �	� 
 �� � � � � � �� � � � �� �� �

� � � � �� � � � � � �	� 
 �� � � � � � �� � � � �� �� �

� � � � 
� �  � � �	� 
 �� � � � � � �� � � � �� � � �

� � � �� � �� � � �	� 
 �� � � � � � �� � � � �� � � �

� � � ! � � 
 � � "  � � �	� 
 �� � � � � � �� � � � �� � � �

� � �
� �� � ��� �� � #� �$ � � % � &� � � � 
 �

' � 
 & "  & " � � �� � � � � � 
 & !( � � % � ) � � � � � � � *

!( � � % � ) � � � � � � +, - � + ) � � + � � � + !( � � %, , , �. � )

� �� � ��� &� �  

)� � � �/ � ) + )0 � / )� , � &� " 
 � � � �  &� � 1 !( � � % � ) � � � � � � 2

3 � � ! / �4 + )0 � / ) � , � � 
 � �  � � �  &� � 1 + , 2

� * + � *, - � + � � � + !( � � %, , 54 .

� % + � *, - � 3 � � ! � �. � )

!( � � % � ) � � � � � � +, - � + ) � � + � � � + !( � � %, , , ) � �/ � + � %,
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Tactical TP in MEGA

� �� � ���  � �� � � � 
 � � � 
 � � � �  � � �  � &

� � � � ' �/ � � �/ � ) + � � � � ' �/ � � �/ � ), - � + 3 � � � � � � ! � � � + 1� 2 � � 5 �

+ � � / ! � ! � ! � � � + 1 4 2 �

+ � � / ! � ! � ! � � � + 1� 2 �

+ � )0 + � + �/ �� ! � 4 , � ,

+ ) � � + � � / ! � ! � ! � � � + 1 0 2 �

+ ' � � � � ) � 0 / �/ ! � � 4 � 0 , ,

/ ) �, , , ,

/ ) �, ,

/ ) �, ,

� � �,
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Tactical TP in MEGA

� �� � ��� � � � 
 � � � � � � � �

� )/ � � � / ) � + )0 � / ) � , � &  #� � � 
 � �  &� � 1 � � � � ' �/ � � �/ � ) 2

� / ) � + )0 � / ) � , � �  &� � 1 + , 2

� � � � + � � � �, �� � � � � � � � � �  � � � � � + �$ � � %,

! � � � / )� + )0 � / ) � , � �  &� �  � � � � � � � 1 � * 2

� � + � *, - � + � � / ! � ! � ! � � � + 1 0 ' � % �� 2 � 3 � � � � � � � ! � � �� + + !( � � %, ,

+ � � / ! � ! � ! � � � + 1 0 ' � %� * 2 � + � � � � ' �/ � � �/ � ) � *,

+ � )0 + � + �/ �� ! + !( � � %, 0 ' � % � � , 0 ' � %� *,

+ ) � � + � � / ! � ! � ! � � � + 1 0 ' � %� � 2 �

+ ' � � � � ) � 0 / �/ ! � � 0 ' � % � � 0 ' � %� * 0 ' � %� � , ,

/ ) �, , , ,

/ ) �, ,

/ ) �,
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Tactical TP in MEGA

� �� � ��� �� �  � � � � � � � � ��

' � ) ' � / ) � + )0 � / )� , '� & � � � �  � & �  &� � � 1� % 2

� � � / ) � + )0 � / ) � , � & � �  � � � & �  
 � � � $ � 
 & �  �  � � �  &� � 1 � � 2

! �� � � �� + )0 � / ) � , ! � � "� 
 � �  &� � � 1 +, 2

. � � � �� � � � + � � � � ! 4 � � � / ! �, �� � � � � � �  � � � � 1 + � � � % �� �	� � %� *, 2 + & �,

� � + � �, - � + � )0 + / ) � ), 54 .

+ � � / ! � ! � ! � � � + 1 0 ' � %� * 2 �

+ � )0 + � + �/ �� ! + !( � � %, ), 0 ' � %� *,

+ ) � � + � � / ! � ! � ! � � � + 1 0 ' � %� � 2 �

+ ' � � � � ) � 0 / �/ ! � � ) 0 ' � %� * 0 ' � %� � , ,

/ ) �, , , ,

/ ) �, ,

� � + � �, - � + / ) � ), � )0 � � � + � �,

� � + � � , - � + � )0 + / ) � �, 54 .

+ � )0 + � + �/ �� ! + !( � � %, ), �,

+ ) � � + � � / ! � ! � ! � � � + 1 0 ' � %� � 2 �

+ ' � � � � ) � 0 / �/ ! � � ) � 0 ' � %� � , ,

/ ) �, , , ,

� � + � � , - � � � � c
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Tactical TP in MEGA

� �� � ��� 
 & ��

' � )� � ) ' �/ � ) + )0 � / ) � , '� & � � & � �  � & � � � � �  � � 1 � � 2

� ' � )� + )0 � / )� , � � � � � � & � � &� � � 1 + , 2

� ' � )� + )0 � / )� , �  " � � � � & � � & � � � 1 + , 2

� * * + � � , - � + � + �/ �� ! + !( � � %, ), �, � )0 � � + � �,

� * % + � � , - � + ) � � + � � / ! � ! � ! � � � + 1 0 ' � %� � 2 � � )0 � � + � �,

+ ' � � � � ) � 0 / �/ ! � � ) � 0 ' � %� � , , / ) �, ,

Now we are stuck: from L11 we want to infer

� � ��� � � 	
 � �
� �� 	� � � � � � � �� 	� � � � �

then

� 	� 	 �� �
� �� 	� � � � �

and
� 	� 	 �� � �

No tactic available for this; instead cut rule is needed
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Tactical TP in MEGA

� �� � ��� � � � � 


) � 0 � + )0 . � � )� / ) � , � & � �� & &� �� � 1 � � 2

3 � � � �� � + 3 � � � �� �, 3� � �� � 
 � � �� �� � #� & 
 � � � � � 
�

+ � + �� �� � � %, + �  �� � % + �� �� � & %, , ,

� * � + � � � � � *, � + � + . � �� � � %, + �/ �� ! % + . � �� � ) %, , , �. � )

� �� � ��� � � � � � � � � � 
 �  � &

� / ) � * + )0 � / )� , � �  &� �  � � 
 & 
�  � � �� �  � � � � � � � � � � �  � � � � � * �

� / ) � % + )0 � / )� � � / ! �, � �  � � � � & � 
  &  & " �� � �  � � � � � �� � � � � � � + � * *,

� * * + � � , � + � + �/ �� ! + !( � � %, ), �, � )0 � � � + � � ,

� * � + � � � � � *, � + � + . � �� � � %, � 4 � ' � �. � � � �/ � )� + � * *,

+ �/ �� ! % + . � �� � ) %, , ,

The latter tactic employs the CAS MAPLE via MATHWEB.
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Tactical TP in MEGA

� � �
+ � � � + � � � �/ � � � ) � ) � 0 � � � � . � �� �� / ) � � ' � � ! � 0 ) � � � / ) � ! � ' ' � ) � � � � � � � ) � �

� � � ) � ' � � � � ) � 0 / �/ ! � � !( � � �� � � � � ) � �,

+ � ( �/ � + � �� ). + . � �� � ) %, , + � � � ). ), ,

+� +� / �. � � + , + � � � � � , � "� � � & �� �� +, +� � � / ! � � ) �� � � � / ! � � ) �� � � � / ! � � ) �� , , ,

,

+ � �� + � � � �/ � � � ) � ) � 0 � � � � . � �� �� / ) � � ' � � ! � 0 ) � � � / ) � ! � ' ' � ) � � � � � � � ) � �

� � � ) � ' � � � � ) � 0 / �/ ! � � !( � � �� � � � � ) � �,

+ / �. � / � ! + � � � ). + . � �� � ) %, , + � �� ). ), ,

+ % +� � ( �/ �� � + , + � � �, � � � � 
 & �� �� +, +� � � / ! � � ) �� � � � *� � � � / ! � � ) �� , ,

+� � )0 � � + , + � * %� , � � � � 
 & �� �� + , +� � � / ! � � ) �� � � � *� � � � / ! � � ) �� , ,

+� � )0 � � � +, + � * %� , � "� � � & �� �� +, +� � � / ! � � ) �� � � � / ! � � ) �� , , ,

,

� � �
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Tactical TP in MEGA
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Tactical TP in MEGA
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Tactical TP in MEGA

Result:

33 interactive steps

resulting proof consists of 33 nodes

expanded proof consists of about 200 nodes
(automatic expansion)

Problematic (this also applies to other systems):

tactics are not fitted to the problem at hand

proving is tedious and user has to adapt to the
system
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Interactive islands planning

Declarative approach versus procedural approach
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Interactive islands planning

Declarative approach versus procedural approach

Network of proof ‘islands’
� � � � � � �

�� � � � �	


�� 
�� � �

�� � � �	


 � 
 � � �

....
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Interactive islands planning

Declarative approach versus procedural approach

Network of proof ‘islands’
� � � � � � �

�� � � � �	


�� 
�� � �

�� � � �	


 � 
 � � �

....

Islands structure the proof in natural form

Islands provide no argument for soundness

Verification: expansion of island steps
(automated, interactive, recursive island
approach)

c

�

C. Benzmüller 2003



� � + � �, � + / ) � ), � )0 � � � + � �,

� � + � � , � + / ) � �, � )0 � � � + � � ,

� * * + � � , � + � + �/ �� ! + !( � � %, ), �, � )0 � � + � �,

� �� � ���  � � 
 & �
� � 
� �  �

' � ) ' + )0 � / ) � , '� & � � � �  � & � � � � � �� &  �

. �� � ! + )0 � / )� � � / ! �, . � � �  � � � � � � � � �� + � * * � � � � ,

. � � � � + � � � �, 3� � �� � 
 � � '� & � � � �  � &� + � + �  �� � % + �� �� � & %, , + �� �� � � %, ,

� * � + � � � � , - � + � + �/ �� ! % + . � �� � ) %, , + . � �� � � %, , / ! � � )0 � � � ' �/ ' � + � * * � � � � ,

� �� � ���  � � 
 & �
� � 
� �  � &  � + � * � � � � � , + � #� & � + �� �� � � %, ,

� * � + � � � � , - � + � �� ). + . � �� � � %, , / ! � � )0 � � � ' �/ ' � + � * � � � � � ,

� �� � ���  � � 
 & �
� � 
� �  � &  � + � * � � � , + � #� & � �,

� * � + � � � � , - � + � �� ). �, / ! � � )0 � � � ' �/ ' � + � * � � � ,
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Proof with Islands

Results:

15 interactive steps (8 island steps, 7 tactic steps)

resulting proof consists of 25 nodes

expanded proof consists of about 280 nodes (interactive
expansion)
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Proof with Islands
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Summmary of Island Approach

Sketch top-level proof in a declarative way

In general: expansion of island steps generates proof
object in its own right

In our case study: Expansion of island steps with
external systems almost completely automatic.

Problems in the automatization:

Which definitions need to be folded or unfolded?

Which assumptions are missing?

Which facts need to be included from the database?
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Proof Planning the Problem

Since

�

MEGA is also a proof planner: Can the proof can be
automatically proof planned?

First needed: Acquisition of methods by generalization of
steps in island proof

Possible then: automatically prove plan arbitrary
problems of the

�

�

is irrational domain

But note: knowledge acquisition process is crucial for the
success

Methods still to problem specific: e.g. with respect to
lemma retrieval or folding/unfolding of definitions

See article submitted to Journal of Automated Reasoning
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Proof Planning the Problem

(1) Use

� �� � � �� � � �� ��

and construct an indirect proof.

(2) To get a contradiction show that the two constants
(existential variables) in

� �� � � �� � � �� ��

, which are
supposed to have no common divisor, actually do have a
common divisor

	

.

(3) To find a common divisor transform equations (for
example,

��
 � � � � 
 � 
 � � � � �), derive new divisor
statements (for example, from

� 
 � � � � � derive that � �

has divisor

�

, or from � � has divisor

�

derive that � has
divisor

�

); derive from given divisor statements new
representations of terms, and use them for further
transformations.
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Conclusion

Although the

�

-example is mathematically trivial, it
nevertheless provides a challenge for mathematical assistant
systems: not about automation, but about “natural” interaction
and proof construction.
The example particularly requires the combination of

deduction

computation

lemma retrieval

folding or unfolding definitions

There should be more such case studies!

Criteria for the comparison of systems?
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Conclusion cont’d

�

MEGA is much more than just a proof planner:

tactical theorem prover

new: interactive island planning

it provides various integrated support tools

Automated proof planning of

�

�

-examples is of course
possible: by generalizing and programming reasoning
patterns

But note the price to be paid: knowledge acquisition!

There is still much to do! And the main problem is not that we
need stronger “general” proof tools!
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Future of OMEGA

. . . of course, many things to mention . . .

Central issue at the moment:

New Logic Layer based on Core System instead if ND

Benefits:

Core hides many aspects of the logic layer from the
user.

. . . many further group internal benefits . . .
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Future of OMEGA

A1 symmetric

�� 	

A2 symmetric

�� 	

. . .

G symmetric

�� � � 	
System suggestion: Apply-Assertion(def-symmetric) then you

would get the following proof state . . .
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Future of OMEGA

A1 symmetric

�� 	

A2 symmetric

�� 	

. . .

G

��
��� �

��� � 	 
 � � � � � � 	�� �

 � � � �

System suggestion: Still Apply-Assertion(def-symmetric) . . .
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Future of OMEGA

A1 symmetric

�� 	

A2 symmetric

�� 	

A3

��
��� �

��� � 	 
 � � � � 	 � �

 � �

A4

��
��� �

��� � 	 
 � � � � 	�� �

 � �

. . .

G

�
��� �

��� � 	 
 � � � � � � 	�� �

 � � � �

System suggestion: Focus on right-hand-side of implication . . .
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Future of OMEGA

A1 symmetric

�� 	

A2 symmetric

�� 	

A3

��
��� �

��� � 	 
 � � � � 	 � �

 � �

A4

��
��� �

��� � 	 
 � � � � 	�� �

 � �

A4

�
��� � � �

 � � � �

. . .

G

�
��� � � �

 � � � �

System suggestion: Apply-Assertion(def-

�

) . . .
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Future of OMEGA

A1 symmetric

� � �

A2 symmetric

�� �

A3

���� �
���	� 
 � � � 
 � 
� � � � �

A4

���� �
���	� 
 � � � 
 � 
� � � � �

A4

��� �� � � � � ��� �

A5

��� �� � � � � ��� �� �� � � � � �
. . .

G

��� �� � �
� � ��� �� �� � �
� � �

System suggestion: Apply-Assertions(A3,A4) . . .
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Future of OMEGA

A1 symmetric

� � �

A2 symmetric

�� �

A3

���� �
���	� 
 � � � 
 � 
� � � � �

A4

���� �
���	� 
 � � � 
 � 
� � � � �

A4

��� �� � � � � ��� �

A5

��� �� � � � � ��� �� �� � � � � �
A6

��� �� � �
� � �

A7

��� �� � �
� � �

G

��� �� � �
� � ��� �� �� � �
� � �

System suggestion: Goal proved by Apply-Assertions(A6,A7 ) . . .
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Future of OMEGA

1. 1;

�

symmetric

� � �

Hyp

2. 2;

�

symmetric

�� �

Hyp

3. 1,2;

� � �� �
���	� 
 � � � 
 � 
� � � � �

AA[Sym-Def] 1

4. 1,2;

� � �� �
���	� 
 � � � 
 � 
� � � � � AA[Sym-Def] 2

5. 5;

� ��� �� � � � � �� �� �� � � � � � Hyp

6. 1,2,5;

� ��� �� � �
� � �

AA[3] 5

7. 1,2,5;

� ��� �� � �
� � � AA[4] 5

8. 1,2,5;

� ��� �� � �
� � �� �� �� � �
� � � AA[6,7] 6 7

9. 1,2;

� � �� �
���	� 
 � � ��� � 
 � 
� � � � � � � � � ��

-Def] 5 8

10. 1,2;

�

symmetric

� � � � �

AA[Sym-Def] 9
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