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goals [8], and a calculus with specific rules for equality is also important for this
application.
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Implicit Typing in Lambda Logic

Michael Beeson1

San José State University, San José, Calif.
beeson@cs.sjsu.edu,

www.cs.sjsu.edu/faculty/beeson

Abstract. Otter-lambda is a theorem-prover based on an untyped logic
Otter, so it uses resolution proof search, supplemented by demodulation
and paramodulation for equality reasoning, but it also uses a new al-
predicates. The basic idea of a typed interpretation of a proof is to “type”
the function and predicate symbols by specifying the legal types of their



II

of saying x + 0 = 0, we would say R(x) → x + 0 = 0, or in clausal form,
−R(x)|x + 0 = 0. (The vertical bar means “or”, and the minus sign means
“not”.) Similarly, the axiom of induction would be relativized to N . The axiom
of induction is usually formulated using a symbol s for the successor function, or
“next-integer” function. For example, s(4) = 5. The specific instance of induction
we need for this proof can be expressed by the two (unrelativized) clauses

xo( (
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Definition 1. A type specification is an expression of the form type(R, f(U, V )),
where R, U , and V are “type symbols”. Any first-order terms not containing vari-
ables may be used as type symbols. Here ‘type’ must occur literally, and f can
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Here P stands for any atomic formula and t and r might stand for several terms if
P has more than one argument position. Since P (r) and P (t) are correctly typed
by hypothesis, r and t must have the same value type (if they are not variables).
The result of the resolution will be a disjunction of literals Qσ|
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Theorem 2. Suppose each function symbol and constant occurring in a theory
T is assigned a unique type specification, in such a way that all the axioms of
T



VII

Example
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even xy. In this paper, Ap will always be written explicitly, but we use both
lambda(x, t) and λx. t.
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(4) all type specifications with symbol lambda have the form
type(i
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(ii) The argument in (i) also applies if s is Ap(r, q) and t is Ap(R, Q) and
lambda unification succeeds by unifying these terms as if they were first-order
terms.
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If the term r occurs in A, then r occurs in some C[ 8 ], so by the correctness of
T [ 8 ], there is a type specification in S as required.

(iii) each occurrence of each term r that occurs in A



XVI

the form Ap(X, w). Hence T ype(r) = T ype(rσ) = T ype(tσ) = T ype(qσ), which
is what had to be shown.

Now consider demodulation. In this case we have already deduced t = q and
P [z := tσ] and we conclude P [z := qσ], where the substitution σ is produced
by lambda unification of t with some subterm ρ of P [z := ρ]. Taking r = tσ, we
see that demodulation is a special case of paramodulation, so we have already
proved what is required. That completes the proof of the theorem.

Example: fixed points. The fixed point argument which shows that the group
axioms are contradictory in lambda logic requires a term Ap(f, Ap(x, x)). The
part of this that is problematic is Ap(x, x). If the type specification for Ap is
type(V, Ap(i(U, V ) )), then for Ap(x, x) to be correctly typed, we must have
V = U = i(U, U ). If U and V are type symbols, this can never happen, so the
fixed point construction cannot be correctly typed. It follows from the theorem
above that this argument cannot be found by Otter-λ from a correctly typed
input file. In particular, in lagrange3.in we have correctly typed axioms, so we
will not get a contradiction from a fixed point argument.

On the other hand, in file lambda4.in, we show that Otter-λ can verify the
fixed-point construction. The input file contains the negated goal

Ap(c, Ap(lambda(x, Ap(c, Ap(x, x))), lambda(x, Ap(c, Ap(x, x)))))
6= Ap(lambda(x, Ap(c, Ap(x, x))), lambda(x, Ap(c, Ap(x, x)))).

Since this contains the term Ap(x, x), it cannot be correctly typed with respect
to any coherent list of type specifications T . Otter-λ does find a proof using
this input file, which is consistent with our argument above that fixed-point
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2 Leo is a Subsystem of Ωmega

Leo has been realized as a part of the 
mega framework. This framework (and
thus also Leo) is implemented in Clos [25], an object-oriented extension of Lisp.



itself employ a Henkin
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OMEGA: show-commands leo-interactive

[...]
DECOMPOSE: Applies
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THEORY-LIST (SYMBOL-LIST) Theories whose definitions will be expanded: [()]

Expanding the Definitions....
[...]

OMEGA: show-clauses
================= BEGIN ===============================

The set of



not employ optimizations and implementation tricks that are well known in the
�rst-order community) and therefore the refutation of this clause set is not very
e�cient. This motivates a cooperation with �rst-order provers; see Sections 5
andcla7for furthercladetails.

5 Leo is an Automated Theorem Prover

Leo is �rst andclaforemostan automated theorem prover for classical higher-order
logic. Within 
mega it can be appliedtoclaprovecla(sub)problemsautomatically.

Below wecla�rstreinitialize 
mega with the problem less-little and then call
Leo in its



Leo’s Architecture and Main Loop

Leo’s basic architecture adapts the set of support approach. The four corner-
stones of Leo’s architecture (see Fig. 1) are:
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Step 13 (Integrate to SOS) In the last step Leo integrates all pre-uni�ed
clauses in UNIFIED into the sorted store SOS. Forward and/or backward sub-
sumption is employed depending onending

39
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Start proving ...

Loop: (100sec left)
#1 (SOS 2 USABLE 0 EXT-QUEUE 0 FO-LIKE 4)

(99sec left)
#2 (SOS 1 USABLE 1 EXT-QUEUE 0 FO-LIKE 4)

(98sec left)

[...]
(96sec left)

#9 (SOS 3 USABLE 4 EXT-QUEUE 0 FO-LIKE 12)
[...]
Calling bliksem process 22267 with time resource 50sec .

PARSING BLIKSEM OUTPUT ...
Bliksem has found a saturation.

[...]
(96sec left)

#10 (SOS 10 USABLE 5 EXT-QUEUE 0 FO-LIKE 20)
[...]
(94sec left)

#21 (SOS 39 USABLE 9 EXT-QUEUE 0 FO-LIKE 60)
Calling bliksem process 22454 with time resource 50sec .

bliksem Time Resource in seconds:
PARSING BLIKSEM OUTPUT ...

Bliksem has found a proof.
Bliksem’s time:
; cpu time (non-gc) 0 msec user, 0 msec system

; cpu time (gc) 0 msec user, 0 msec system
; cpu time (total) 0 msec user, 0 msec system

; real time 174 msec
; space allocation:
; 416 cons cells, 0 symbols, 15,720 other bytes,



Leo has initially been implemented as a demonstrator system for extensional
higher-order resolution in the context of the author’s PhD thesis [4]. The exper-
iments carried out with Leo so far, in
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(1) 8B;C; D:B [ (C \ D) = (B [ C) \ (B [ D)
# clause initialization
# def.-expansion, cnf
# B; C; D Skolem const.

(2) [(�x:Bx _ (Cx ^ Dx))= (�x:(Bx ^ Cx) _ (Cx ^ Dx))]F

# uni�cation constraint

(3) [(�x:Bx _ (Cx ^ Dx))=?(�x:(Bx ^ Cx) _ (Cx ^ Dx))]
# f-extensionality
# x new Skolem constant

(4) [(Bx _ (Cx ^ Dx))=?((Bx ^ Cx) _ (Cx ^ Dx))]
# B-extensionality

(5) [(Bx _ (Cx ^ Dx)),((Bx ^ Cx) _ (Cx ^ Dx))]F

# cnf, factor., subsumption
(6) [Bx]F

(7) [Bx]T _[Cx]T propositional problem!
(8) [Bx]T _[Dx]T

(9) [Cx]F _[Dx]F

# propositional reasoning
(10) �

Table 4. Problem SET171+3: Solution in Leo

For the experiments with Leo and the cooperation of Leo with the �rst-order
theorem prover Bliksem, �-abstraction as well as the exsionalit y treatment
inherent in Leo’s calculus [4] is used. This enables a theoret79778y1 Henkin-
complete proof system for set theory. In the above example SET171+3, Leo gen-
era78yuses the application of functional exsionalit y to push uni�-
cation constraints down to base t t



51



� Some problems are immediately mapped by recursive de�nition expan-
sion (without extensionality reasoning) and normalisation into the empty
clause such that proof search does not even start; an example is SET646+3.

� Some problems require several rounds of extensionality processing within
Leo’s set-of-support based proof search procedure before the bag of �rst-
order like clauses turns into a refutable



ing systems such as automated theorem provers, computer algebra systems, or
model generators into the architecture.

3.1 Cooperation via multiple inference rules

The use of the external systems is modelled by inference

53



3.2 Cooperation via a single inference rule

In order to overcome the problem



layer of the 
ants blackboard architecture. This is not an ad hoc solution,
but



{ When the above suggestion of a successful joint proof attempt is
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type variables during the search for a proof. A third alternative is the most real-
istic. We provide precisely the relevant axioms and previously proven theorems,
with the correct type variable instantiations, and try to prove C follows. In gen-
eral, of course, we cannot know which of the Ai’sare relevant. However, for the

Grundlagen theorems, we can extract this informationfrom the Automath proof
terms. Using this information, we obtain thousands of theorems of the form

[A′

i1
∧ · · · ∧ A′

i

k
] ⊃ C

where A′

i1
is Ai 1

with types instantiated appropriately52p78 w70ofann887

extrac-337.618 Td
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11.7485 0 d
(obtain)Tj
33.32syp0 21.96 3832m09ms.ti62145j
21.5682imp Td
(ining6nds)Tj
47.d
(yp)Tj
11.0295 0 Td
(es)Tj
11.7485 0 d
(obt0in)Tj
30.936821 yd
(ofan20467336 0 ,d
(for
/RR42 6.973sTd
(pro)6Tj
19.42970 Td
8hetract)Tj
33.5p0 Td
(o7)Tj83Tj
26.3802d
(t.)T9111.14983  -31 0 Td
(pro)2j
14.26i 0mad
(W)r)077.7.1483 yd
(obt79011.2692.837s 0 Tdd
(52)Tj
14.86o7 0 Td
(p78nn8
16.061 0 Td
(w72)Tj
14.26ha0m Td
8w)Tjn8
47.1483 yd
(obt79019Tj
33.5p0 Ts1.88
(�3.
11.Tj
23.743nd
(w72)R19/R19 9.96264
(rele3ct)Tj
32.82imp Td
(1nT6)7.19333 5 .d
(yp)Tj
11.0295 0 Td
(es)Tj
11.7485 0 dd
(W)r)5
12.2233 0Td
(e)Tj
/R19 9.9626rs 0 .dd
(52)893Tj
26.38� Td
(gen-h2.16.5483 0ui0 Td
(e)Tj
97.7.1483 2-112 Tro)6T.95303 0 ,d
(e)T4/RR42 6.973whaTd
5A)T717995303 0 Td
(e)Tj
7.55337 0 asd
(ex2ng6n3s)Tj
47.d
(yp)Tj
11.0295 0 Td
(es)Tj
11.7485 0 d
(o)115t)Tj
32.489d
(^)T110Tj
9vide e



Co-Synthesis of New Complex Selection
Algorithms and their Human Comprehensible

XML Documentation
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Theorem, which was originally proven in 1976 by Appel and Haken who used
computer programs to check a very large number of cases.

However, for a mathematician it is unsatisfying to know that there exists
a solution or no solution for a problem, because thousands, hundreds of thou-
sands or millions of states have been explored by a theorem prover whose rules
have been verified, and at the same time, not be able to comprehend the te-
dious machine-generated proofs and not be able to draw conclusions from the
automated proof.
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context-specific rules as how to decompose the proof graph, when to generate
lemmata and what kind of additional visual information to present at various
stages can be provided. The method has been applied to automatically synthe-
sise documents for new complex selection algorithms which were automatically
synthesised.



The author stated the hypothesis Vi(n) = Hi(n) for all i, n. For all known upper
and lower bounds either Vi(n) ≥ Li(n) or Vi(n) ≤ Ui(n) with one exception
which will be described later on. The hypothetical formula for the median coin-
cides with the conjecture of Yao and the conjecture of Paterson Vn/2 ≈ 2.4094n.
In [Ets92b] we designed a system in order to assist the refinement of rtles. Using
this system, it was possible to prove the values for very small n within a few



Fig. 1.





– to facilitate the automatic synthesis of human comprehensible XML-based
documents;

–
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type document into the corresponding XML syntax. The resulting documents
can be processed by the tbook tools. The synthesised method is formalised by
higher-order predicates which relate programming types and document types. A



6 Experimental Results



hours. It should be noted that these indicators are snapshots of an implementa-



A major advantage of combining higher-order program synthesis and doc-
ument synthesis is that the generated proof terms describe programs at the



sis or program documentation and merely exploit the correspondences between
XML data and logical terms, e.g., [BDHG,LR03,SR01]. The presented framework
distinguishes itself from related approaches (cf. [Pec04,GKP96,Oks05]) in which
computer have been used for the compleKity analysis of unsolved mathematical
problems. The results synthesised by SEAMLESS are constructive, comprehen-
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selection problems. J. Assoc. Comput. Mach., 26:227–238, 1979.

[FR75] R.W. Floyd and R.L. Rivest. Expected time bounds for selection. Comm.
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75



2

known from published literature. The cases 1, 27, 48, 49, 739, 743, 744, 873,
874, 7772, 7773, 7823, 7824, 7839, 7840 are instances of published theorems.

(c) Place holders for calls to simplification functions, especially isomorphism
functions, which are denoted by boxes. There are two type of function calls.
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Mixing Finite Success and Finite Failure

in an Automated Prover

Alwen Tiu1, Gopalan Nadathur2, and Dale Miller3

1 INRIA Lorraine/LORIA
2 Digital Technology Center and Dept of CS, University of Minnesota

3 INRIA & LIX, �Ecole Polytechnique

Abstract. The operational semantics and typing judgements of mod-
ern programming and speci�cation languages are often de�ned using re-
lations and proof systems. In simple settings, logic programming lan-
guages can be used to provide rather direct and natural interpreters



programming system, not in a purely logical way at least, even though they
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Σ, σ
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de�nitions is an extension of work by Schroeder-Heister [SH93], Eriksson [Eri91],
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the following classes of formulas:

Level 0: G := > | ⊥ | A | G ∧ G | G ∨ G | ∃x:G | ∇x:G
Level 1: D := > | ⊥ | A | D ∧ D | D ∨ D | ∃x:D | ∇x:D | ∀x:D | G ⊃ D
atomic: A := p t1 : : : tn

Here, atomic formulas A in level 0 j6264 Tf
19.9052 962648l5



Concrete syntax The concrete syntax for Level 0/1 prover follows the syntax of
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more subtle. Consider the case where both eigenvariables and logic variables are
present in a negative goal, for example, consider proving the goal

∀x:∃y:( px ∧ py ∧ x = y ⊃ ⊥) ;

where p is de�ned as {pa
4
= >; pb

4
= >; pc

4
= >}. In proof search for this formula,

we are asked to produce for
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z : p in : n → (n → p) → p



onep (in X M) (dn X) M. % bound input

one (out X Y P) (up X Y) P. % free output

one (taup P) tau P. % tau

one (match X X P) A Q :=tauQ

91



We now col47er a notion of equivalence between processes, called bisimu-
lation. It is formally de�ned as follows: a relation R is a bisimulation, if it is a
symmetric relation such that for every (P; Q) ∈ R,

1. if P
α

−−→ P0 and � is a free action, then there is Q0 such that Q
α

−−→ Q0

(P0 Q0 ∈ R,

2. if P
x(z)
−−→ P0 and z 6∈ n(P; Q) then there is Q0 h that Q

x(z)
−−→ Q0 for every

name y, (P0
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sat P top.

sat P (and A B) := sat P A, sat P :.

sat P (or A B) := sat P A; sat P :.

sat P (boxMatch X Y A) := (X = Y) => sat P A.

sat P (diaMatch X Y A) := (X = Y), sat P A.

sat P (boxAct X A) := pi P1\ one P X P1 => sat P1 A.

sat P (diaAct X A) := sigma P1\ one P X P1, sat P1 A.

sat P (boxOut X A) := pi Q\ onep P (up X) Q => nabla y\ sat (Q y)



an unevaluated expression, and its evaluation is
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9 F
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Σ ; σ . B, Γ − σ . B
init

Σ ; ∆ − B Σ ; B, Γ − C

Σ ;



[MPW93] Robin Milner, Joachim
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Tps: A Theorem Proving System for Church’s

Type Theory

Chad E. Brown

Universit�at des Saarlandes, Saarbr�ucken, Germany, cebrown@ags.uni-sb.de

Tps [1, 2] is a theorem proving system providing support for automated
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System Description: The Metis Proof Tactic

Joe Hurd?

Computing Laboratory
University of Oxford,

joe.hurd@comlab.ox.ac.uk
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